VAN KAMPEN THEOREMS FOR DIAGRAMS OF SPACES*

Ronald Brown and Jean-Louis Loday

INTRODUCTION

LET X be a pointed space and {A, B} an open cover of X such that A;B and C = A N B are connected, and
(A,C), (B, C) are 1-connected. One of the corollaries of the main theorem of §5 is an algebraic description of
the third triad homotopy group:

m3(X; A, B) = ma(A, C) ® ma(B, C) )

where ® means “non-Abelian tensor product” of the two relative homotopy groups, each acting on the other
via ; C. This new algebraic construction M ® N, which is defined for a pair of groups M, N each of which
acts on the other, is studied in §2. As is well-known, a general determination of a triad homotopy group has
consequences for certain absolute homotopy groups. Some of these are given in §3. For example, we prove that
for any group G

m3(SK(G, 1)) = Ker (G® G = G)

where k(g ® h) = ghg 'h™!,g,h € G and G acts on itself by conjugation. As a further consequence we obtain
in §4 new results on the low-dimensional homology of discrete groups, notably some new eight-term exact
sequences. An immediate application is a formula for Hs of a group Q in terms of a presentation of Q, this
formula is analogous to the Hopf formula for H,Q.

The description (*) of the triad group is a consequence of a special case of the case n = 2 of a Van Kampen-
type theorem for n-cubes of spaces. Let Top* be the category of pointed topological spaces, and let {0, 1}™ be the
n-fold product category with 0 < 1. The functor category Fun({0, 1}™, Top*) is a proper closed model category
in the sense of [3] (cf. also [12]) (it is Top™ for n = 0, and the category whose objects are pointed maps for
n = 1). Its objects are called n-cubes of spaces.

In [20] the second author introduced a functor which we here write

TT: Fun({0,1}™, Top*) — (cat™-groups)

(in [20] this is § with values in n-cat-groups). If n = 0, this functor is the fundamental group functor. The
functor TT was used in [20] to show that a cat™-group is an algebraic equivalent for a path connected weak
homotopy type X in Top® with 7t.(X) = 0 for r > n + 1. Thus such an X is a K(7t, 1) for n = 0.

For n =0, 1, 2 cat™-groups are equivalent to groups, crossed modules, crossed squares, respectively.

The main result of this paper (Theorem 5.4) is the fact that the functor TT carries certain colimits of “con-
nected” n-cubes to colimits in (cat™-groups). For n = 0, this is the Van Kampen theorem. For n = 1, this was
proved by Brown and Higgins [5] by a different method. The case n = 2 is new. Applications for n > 2 are
given in [9, §16].

In §5 we give the definition of cat™-group, and construct the fundamental cat™-group functor as in [20].
The proof of Theorem 5.4 is by induction on n and uses simplicial techniques. The case n = 1 contains the
core of the proof, which is based on a property of simplicial groups G such that G, is generated by degenerate
elements. We also rely on several results which are well known to experts, but are not easily available in the
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literature. We are grateful to M. Zisman for supplying in the Appendix an account of these results, for example
the spectral sequence of a simplicial space (cf. [31]). The main results of this paper for n = 2 were announced
in [8].

1 SQUARES OF SPACES AND CROSSED SQUARES

1.1 A crossed module is a group homomorphism p : M — P together with an action of P on M, written "m
for p € P and m € M, and which satisfies the following conditions:

@ pPm)=pum)p ,peP,meM
®) *Wm = mm/m ", m,m’ € M.

This notion goes back to J. H. C. Whitehead [29] who-proved essentially the following. Let F — A — X be a
fibration sequence; then the homomorphism 7 F — 713 A equipped with the natural action of 71; A on 7 F is a
crossed module.

Since any pointed map can be canonically converted into a fibration, there is a functor TT from the category
of pointed maps to the category of crossed modules. The Van Kampen theorem for crossed modules [5] (see
also Theorem 5.4) asserts that this functor TT commutes with certain amalgamated sums, and more generally
with certain colimits.

1.2 A crossed square [17,20] is a commutative square of groups

L

v

N

together with actions of the group P on L, M, N (and hence actions of M on L and N via i and of N on L and
M via W) and a function h: M x N — L. This structure shall satisfy the following axioms:

A

%M

b

— > P

(i) the maps A, A’ preserve the actions of P; further, with the given actions, the maps p,v and K = pA = p/A’
are crossed modules;

() Ah(m,n) =m*m ' Ah(m,n) ="nn"!

(i) h(AL,n) =1"1"1 h(m,A'l) = ™11

@iv) h(mm',n) = ™h(m’, nJh(m,n), h(m,nn’) = h(m,n)"h(m,n’);
W h("m,Pn)="Fn(m,n);

forallle L, m,m’e M, n,n’ € Nand p € P.

Note that in these axioms, a term such as ™1 is | acted on by m, and so ™1 = *(™)1, It is a consequence of
(i) that A, A’ are crossed modules. Further, by (iii), M acts trivially on Ker A’ and N acts trivially on Ker A.

A morphism of crossed squares is a morphism of squares of groups which is compatible with the actions and
the functions h.

f

1.3 Suppose given a commutative square of spaces
_—
_—

C A
X: Ql la
B 5 X

Let F(f) be the homotopy fibre of f and let F(X) be the homotopy fibre of F(g) — F(a).
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Proposition 1.4 [20]. The commutative square of groups

T FX) ————mF(g)

| |

71 F(f) Tmc

associated to X is naturally equipped with a structure of crossed square.

It is this crossed square which we denote by ITX and call the fundamental crossed square of X.
In the case that X is a square of inclusions and C = A N B, the fundamental crossed square TTX may be
identified with the square of groups

m3(X; A.B) ——— m»(B, C)

| |

m(A,C) ——— = m C

with the maps being boundary maps, the action of 7t; C being the usual one, and with h-function given (up to
sign) by the generalised Whitehead product (cf. [1, p. 107 and 2]).

The square X as above is said to be connected if all the spaces X, F(a), F(b) and F(X) are connected [which
implies that A, B, C, F(f), F(g) are also connected].

We say that a square of squares of spaces

f

W—TU
o
V—X
is a homotopy amalgamated sum (or homotopy pushout) if the canonical map of squares from the double mapping

cylinder M(f, g) to X is a weak equivalence of the spaces at the four corners. If each of the maps of f : W — u
is a cofibration, then X may be taken to be the square of pushout spaces from the four vertices.

Theorem 1.5 (Van Kampen theorem for squares of spaces) Let X be the homotopy amalgamated sum of maps

of squares U fwav Suppose that U, V, W are connected squares. Then X is a connected square and the natural
morphism

is an isomorphism of crossed squares, where the first term is the amalgamated sum in the category of crossed
squares.

The proof will follow from a generalised Van Kampen theorem for n-cubes of spaces (Theorem 5.4).

2 THE NON-ABELIAN TENSOR PRODUCT OF GROUPS

In this section we define and study a tensor product M ® N for (not necessarily abelian) groups M, N. We
also introduce a (non-Abelian) exterior product. Special cases of the tensor product have appeared elsewhere
[11,21].

Let groups M, N be equipped with an action of M on the left of N, written ™n,m € M,n € N,and an
action of N on the left on M, written ™m. It is always understood that a group acts on itself by conjugation:

x 1

Yy =xyx .
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Definition 2.1 The tensor product M ® N is the group generated by symbols m ® n, with relations
@mm'eon=mmm e ™)(man)

@maenn’=men)("menn'n1)

forallm,m’ € M,n,n’ € N.

Definition 2.2 Let M, N be as above, and let I be a group. A crossed pairing (or biderivation) from M x N to L
is a function h: M x N — L such that

(@) h(mm/,n) = h(™m’," " n)h(m,n)

(@)h(m,nn’) = h(m,n)h("m,"n’) forallm,m’ € M,n,n’ € N.

Clearly the function M x N — M ® N;(m,n) — m ® n, is the universal crossed pairing in the sense
that any crossed pairing h : M x N — L determines a unique homomorphism h* : M ® N — L such that
h*(m®n) = h(m,n).

Given the actions of M, N as above, the free product M * N acts on both M and N. If m,m’ € M,n,n’ € N,
then

("m). ./ _n m._—1 n(mn’lm/mfl)

and similarly

forall m,m’, € M,nn’ € N.
Some special cases of the following consequences of the rules are essentially found in [11].

Proposition 2.3 Let M, N, be groups equipped with compatible actions on each other.

(a) The free product M * N acts on M ® N so that

Pimen)=Pme®Pn, meM, neN,peMxN.

(b) There are homomorphisms

AMON—-MA : M@N—=N
such that M’(m®@n) =m™m L A(men) ="nn""'.
(c) The homomorphisms A\, A’ with the given actions, are crossed modules.
(@ Ifle M@ N, m’' € M,n’ € N, then

A)eon/ =111
m @Al=""1u""

(e) The actions of M on Ker A’, N on Ker AA, are trivial.
@® IfL,I' e M® N, then
LUI=Al AV

and in particular m@n,m’ @n’l = (m™*m 1) @ (M'n'n’ ).
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Proof The proofs of (a),(b) are straightforward, using the universal property. We emphasise that compatibility
is required for both (a) and (b) (the first of these was pointed out to us by P. J. Higgins). The only non-trivial
verification for (c) is the second axiom of crossed modules for A (and A’). The trick is to expand mm’ ® nn’ in
two ways, which gives

"Mm @n ) (men)=men)"™(m’ @n’).
This implies 11'1"" = M1/ for l=m ®n,l =m’ ® n’. The general case follows.
The general case of (d) follows from the case 1 = m ® n. For the proof of the first formula we note that
Amen)eon’=m*mHen’
— m(nm—l ® TL/)(TTL® Tll)

_ mn(mfl ® .],]'711,1'/11)(111(g> TL/)

m(mfl ® n)fl m(mfl ® n’n)(m@ Tll)

m(mfl ® Tll) mn’(mfl ® TL)(TTL ® Tll)

n’m(

)
meon)(meon) '™ (mten)(men’)
) mten)

)

The proof of the second formula is similar.
The proofs of (e),(f) are now trivial. O
The Abelianisation of a group G is written G°.

Proposition 2.4 If M acts trivially on N and N acts trivially on M, then

M®N _ Mab ®ZNab,
where ®z is the usual tensor product of Abelian groups.

Proof From (b)and (e) of Proposition 2:3, one deduces that M and N act trivially on M ® N. It is well known
that in this case the presentation of Definition 2.1 gives the group M“® @, N@b, O
As a special case, consider a group G acting on itself by conjugation, as usual.

Proposition 2.5 (11) . The commutator map G x G — G defines a homomorphism k : G ® G — G. Then
G ® G, with the given action of G, becomes a crossed G-module in which G acts trivially on Ker k. If G is perfect,
(G =[G, G]), then k: G® G — G is the universal central extension.

Proof The first two statements are immediate from the definitions and Proposition 2.3. Letp : E — G be a
central extension, and let g — g’ be a set theoretic section of p. The function G x G — E, (g,h) — [g’,h/], is a
crossed pairing and so defines a homomorphism ¢ : G ® G — E such that pdp = k. If G is perfect, then so also
is G ® G, by (f) of Proposition 2,3, and then the map ¢ of extensions over G is unique. O

There are well-known calculations of universal central extensions of perfect groups. We now state some
calculations of tensor products.

Example 2.6 (a) Let D,,, be the dihedral group with generators x,y and relations x> = y™ = xyxy = 1. We
include the case m = 0, when y is of infinite order, and write Z,, = Z/mZ. Let T, = Dy ® D,

m odd: then T, is isomorphic to Zs x Z,, with factors generated by x ® x, x ® y respectively.

m even: then T, is isomorphic to Zs x Z., X Zo X Zs with factors generated by x ® x,x ® y,y ® y and
(x ® y)(y ® x) respectively. (Details of this and other calculations may be found in [7].)

2.7 We now relate G ® G to more familiar constructions. Let G /A G be obtained from G ® G by imposing the
additional relations g ® g = 1 for all g € G. The image of g®@ h in G A G is written g A h. Proposition 2.3 shows
that G A G is isomorphic to the group written (G, G) in [23]. The commutator map induces a homomorphism
k’: GAG — G, and the results of [23] show that there is an exact sequence
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0—Hy(G)— GAG S G. (2.8)

In order to analyse the kernel of G ® G — G A G we use Whitehead’s I'-functor [30] which is the “universal
quadratic functor” from Abelian groups to Abelian groups. Let A be an Abelian group. Then I'(A) is the Abelian
group with generators ya, a € A, and the following relations:

(D) v(—a) =v(a),a € A
(i) if B(a,b) =yv(a+b) —yva—vyb,a,b e A, then p: A x A — I'(A) is biadditive.

Let Jo(G) = Ker (k: G ® G — G). Proposition 4.3 below implies that there is an exact sequence

H3(G) — I(G9®) % J,(G) — Ha(G) — 0, (2.9)

where 1 is determined by the map G — G ® G, g — g ® g. This result, together with (2.8), shows that if G is
finite, or is a p-group, then so also is G @ G.

If GP is free Abelian, then a basis for G¢® determines a basis for I'(G®?) which is mapped by I'(G%?) LA

G®G — G ® G’ into part of a basis for G ® G; so in this case \ : T(G*") — G ® G is injective. This remark,
with (2.8), shows that if G is a free group, then G ® G = [G, G] x I'(G%P).

2.10 For applications in §4 we need a generalisation of G A G and of the exactness of (2.9) at J»(G). These
applications involve a pair of crossed modules u: M — P,v : N — P over the same group P. Then M and
N act on each other via P, and the first crossed module rule implies that these actions are compatible. The
second crossed module rule says precisely that the actions of M, N on themselves by conjugation are also given
by action via P.

We consider the fibre product M xp N ={(m,n) € M x N: um =-vn}.

Definition 2.11 The (non-Abelian) exterior product M AP N is obtained from the tensor product M @ N by
imposing the additional relations m @ n = 1 for all (m,n) € M xp N. The image of a general element m ® n
in M AP N is written m An.

In order to analyse the kernel of M ® N — M AP N, we consider the morphism (A,A’) : M@ N — M xp N.
The latter group acts on M ® N via P, and (A, \’) is a crossed module. The image of (A, A’) is written (M, N). It
is normal in M xp N, and the quotient (M xp N)/(M,N) is Abelian (and is even a P-module).

Theorem 2.12 There is an exact sequence
MM xp N/(M,N)) 2 M@&N - MAP N — 1,
where P (y(m,n)) = m ® n. Also \b has central image.

Proof Let ¥ : M xp N — M ® N be the function (m,n) — m ® n; then X = Ker (M ® N — M Ap N) is the
subgroup generated by ImV¥. Also X C (KerA) N (KerA’). By Proposition 2.3, (i) X is central in M ® N and (ii)
X is acted on trivially by M and by N. It follows easily that ¥(m,n) = ¥(m ', n~!), (m,n) € M xp N.

We now start the proof that ¥ induces a homomorphism on I'(M xp N/(M, N}). Let (m,n), (u,v) € Mxp N.
Expanding mu ® nv in two ways and using (i), (i) and pm = yn gives

muny="Hudn)(moviimen)(uxv).
It follows that:
(i) (u@n)(mev) e X;
(v muenv=(uen)(mev)(men)(ukv); and
WM muemw)(men) H(uev) ! =uen)(mev).
Suppose also 1 € M ® N. Then by (iv) and Proposition 2.3

MAL@MA L =1T"T"1"U " men) [, =maen.

This proves that ¥ induces a function on (M xp N)/(M,N). We now have to prove that the defining relations
for I' are annihilated. This follows for the first from (i) and (ii) as above and for the second from (v) and
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Lemma 2.13 The function
W:Mxp N)x (M xp N) - M®N

(m,n), (w,v)) = (u@N)(M®V)
is bimultiplicative.
Proof Suppose also (m’,n’) € M xp N. Then
(uenn)(mm' @v)=uen)"(uen )™ (m e v)(mev)
=udn)™un)(m v)}(mav)
={(uen)(meov{uen)(m @v)}

by (i), (ii) and (iii). The other rule is proved similarly. This completes the proof of Theorem 2.12. |

2.14 In order to use the tensor product in applications of the Van Kampen Theorem for crossed squares (The-
orem 1.5) we need an alternative characterisation of M @ N when p: M — P,~v: N — P are crossed modules,
and M, N act on each other via P.

Proposition 2.15 Let u: M — P,~v: N — P be crossed modules, so that M, N act on both M and N via P. Then
there is a crossed square

M®N?\—>M

]i)u

where A(m@n) =m™m LA (m®n) = ™"nn!, and h(m,n) = m ® n. This crossed square is ‘universal’ in the
sense that it satisfies the following two equivalent conditions:

(DIf G\'] ]\];l) is another crossed square (with the same W,v), then there is a unique morphism

MeN My (L M
N P N P
of crossed squares which is the identity on M, N, P.
(2) The following diagram of inclusions of crossed squares is a pushout in the category of crossed squares:

Gr)— (7)
l l

(o) — (")

Proof The crossed square properties are immediate from Proposition 2.3. To prove the equivalence of (1) and
(2) one notes that the functor (crossed squares)— (crossed modules),

(v 7)o,

preserves colimits since it has a right adjoint of the form (MP) — (

square given by (m,p) — mPm~!. Similarly, <L M

)\/
N v

where 1 denotes the trivial group.

]\pjl l\;l) with h-function of this last crossed

N P> — (NP) preserves colimits. (These functors have left
adjoints and so also preserve limits.)
The verification of (1) is easy, since the morphism of crossed squares is uniquely determined by the crossed

pairing h: M x N — L. O
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Remark 2.16 If M and N are groups which act on each other compatibly, then there is always a group P and
crossed modules M — P and N — P such that the actions between M and N are obtained via P. The group
P may be taken to be the free product M x N divided by the relations "m = nmn~!, ™n = mnm~!, for all
m € M,n € N. Itis also a quotient of the semi-direct product M x N. If M, N are already crossed Q-modules,
with actions on each other via Q, then P is isomorphic to the co-product crossed Q-module defined in [4].

3 OBSTRUCTIONS TO HOMOTOPICAL EXCISION IN LOW DIMENSIONS
We now give some immediate applications of Theorem 1.5 and the non-Abelian tensor product.

Theorem 3.1 Suppose given a commutative square of maps

f

C—A
X: gl la
B X

and let F(f),F(g), F(X) be the homotopy fibres of f,g and X respectively. Suppose that X is a homotopy pushout
and f, g are connected maps. Then the space F(X) is connected and the crossed square

_ (mHEX) mF(g)
X = (ﬂllF(f) 71I1C )

_—

b

is universal. Hence the canonical map
mF(f) ® mF(g) — mF(X)

is an isomorphism.

Proof This is immediate from Theorem 1.5 applied to the homotopy pushout of squares of maps
Cc C Cc A
Cc C Cc A
Cc C Cc A
B B B X

and Proposition 2.15. O
In terms of triad homotopy groups this result can be phrased as follows.

Corollary 3.2 Suppose in the homotopy pushout X of Theorem 3.1 that all the maps are inclusions and C = ANB.
Let C,A,B be connected and let (A, C), (B, C) be 1-connected. Then the triad (X;A,B) is 2-connected and the
canonical morphism given by the generalised Whitehead product

TEQ(Aa C) ® 7-[2(87 C) - TES(Xv A7 B)
is an isomorphism.

For the generalised Whitehead product, see [1,2]. In another paper [9] we will generalise Corollary 3.2 to all
dimensions and prove a general form of the Blakers-Massey triad connectivity theorem, with a determination of
the critical group. In the particular case of the suspension triad (SX; C X, C_X) we find the following (compare
with [32]).
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Proposition 3.3 Let X be connected and let G = m;X. There is a commutative diagram with exact rows and in
which the maps marked are isomorphisms.
THX —> 7T3(SX) I 7T2(QSX, X) ——mX — 7T2(SX)

N

NG —G®G G Gaob

Also Cokerj = HoX.
If ;X =0, then
m3(SX) = Ker(k:G® G — G).

Proof This follows from Theorem 3.1 except for the facts involving I'(G*?), which are special cases of (4.1),
(4.3) in the next section. O
We will show elsewhere that if ;X = 0, then the map I'(G¢?) LAYe ® G determines the first k-invariant of
SX.
For our next result, recall that it is well known [28] that an amalgamation of K(7, 1)-spaces is still a K(7, 1)
when the morphisms of groups involved are injective. Here we study the opposite case, when the morphisms of
groups are surjective, thus continuing work of [4].

Corollary 3.4 Let M, N be normal subgroups of the group P, and form the homotopy amalgamated sum

K(P, 1) — ~K(P/M,1)

X gl la

K(P/N,1) —— X
Then the first homotopy groups of X are given by

X =P/MN, mX=(MnNN)/[M,N] and

75X = Ker (M@ N 2L, p).

Proof The first equality follows from the classical Van Kampen theorem. The second equality was proved in
[4;3.2] as a consequence of the Van Kampen theorem for maps. The third equality follows from the homotopy
exact sequences of the fibrations

Fla) — K(P/M, 1) — X,

F(X) — F(g) — F(a),
and Theorem 3.1 since F(f) ~ K(M, 1), F(g) ~ K(N, 1). |

Example 3.5 If X = S' = K(Z, 1), then either of these corollaries show that 7135% = Z ® Z = Z. It is interesting
to note that this well-known computation is obtained without using the Hopf fibration.

Example 3.6 More generally, let X be a 1-dimensional CW-complex, so that 71; X is a free group F. Then, from
Corollaries 2.12 and 3.2 we obtain the well-known result 7t3SX = I' Fab,

Example 3.7 As an example of a range of results not previously available, we give for the dihedral group D,
the formula
Zo if m is odd

SK(Dp, 1) = . .
maSK( ) {(22)4 if m is even.

This follows from example 2.6(a). Notice also that we have explicit generators for this homotopy group,
namely x ® x if m is odd, and x ® x, (x ® y)™/2,y ®y, (x ® y)(y ® x) if m is even. It will be shown elsewhere
that (x ® y)(y ® x is the only non-trivial Whitehead product element.
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4 APPLICATIONS TO THE HOMOLOGY OF DISCRETE GROUPS

In this section, we obtain applications to the homology of discrete groups by applying the Mayer-Vietoris homol-
ogy exact sequence to the homotopy amalgamated sum of K(7t, 1)s used in Corollary 3.4. The transition from
homotopy to homology is given by Whitehead’s exact sequence30] for a connected space

H4)~( — FgX — 7T3XL> H3>~< — 0
where X is the universal cover of X and w is the Hurewicz map. Recall that Whitehead gives an isomorphism

M’3X — 'ty X induced by composition with the Hopf map n € m3S2.

Lemma 4.1 Suppose given a homotopy pushout

f

C—A
X: gl la
B X

such that (a) f and g are connected maps, and (b) the maps moF(f) — 7 C,moF(g) — 72 C are surjective. Let
M = m F(f),N = 71 F(g), both considered as crossed modules over P = 71; C. Then there is an isomorphism

_—

b

X = M Xp N/(M,N>

which leads to a commutative diagram

I3X m3X

=

F(M xp N/(M,N)) M &N

where & is the composition

X 2 moF(a) 2 mF(X) —— M @ N.
Proof The isomorphism & : oX = M xp N/(M, N) is proved in [4; 3.2] under the assumption that m,C = O.
However, it is easy to see that the proof remains valid under the weaker assumption (b). The isomorphism
0 is given by Whitehead’s isomorphism 3X = I'my;X and our isomorphism 6. The map 1 is determined by

(m,n) — m®mn as in Theorem 2.11. The maps 9, 9’ are boundaries in the exact sequences of fibrations,and the
isomorphism 71; F(X) = M ® N is given by Theorem 3.1. So the lemma follows from the more detailed

Lemma 4.2 Assume the conditions (a) and (b’): the map moC — muX is trivial. Then there is a commutative
diagram

7[2X<—5/M><p NLM@)N
- :
15X —— meF(a) —/> T F(X)
in which n* is given by composition withn and ¥ is (m,n) — m Q n.

Proof The function 4’ is a difference construction. It is well-defined by condition (b’) which is implied by (b).
The proof is obtained by working in the universal example. So let (m,n) € M xp N, and let S denote the
suspension square

i
Sl % C+Sl

1

C St ——g2
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Then there is a map of squares t : S — X whose restrictions t, :i, — f,t_ :i_ — g,t:S? — X represent m,n
and &’(m,n) respectively. Since t is a map of squares, the following diagram is commutative

9 0 . 0’ -
382 —— F(jy) —=mFS) ——=Z® Z
AR
0 0’
7T3X —_— 7T2F(Cl) E— ﬂlF(X) — M ®N

In the upper line of isomorphisms, 90'(n) =1 ® 1 € Z ® Z. Hence in the lower line

0'on*(8'(m,n)) =0'0(t.(n))
=t.(1®1)
=t (1)@t (1)
=mn.

d

Proposition 4.3 Suppose given the homotopy pushout X in which f, g are connected maps and 1,C = 0, A =
m3A = 0,72F(g) = 0. Then

HoX =M xp N/(M, N),
HsX = Ker ([,]: MAP N — N).
Proof The assumptions imply that
7T3X = 7T2F(Cl) = Ker (7'[1F(X) — WlF(g)),

so that in Lemma 4.1, & maps 73X isomorphically to Ker (M ® N — N). The result follows from Lemma 4.1 and
Whitehead’s exact sequence. O

4.4 The previous results give immediately the exact sequence (2.9), which yields information on G ® G and
G A\ G. We now generalise the method.

Consider a homotopy pushout
K(P,1) K(P/M,1)

<l

K(P/N,1) ———— X

where M, N are normal subgroups of a group P. We obtain a number of new results in the homology of
groups by considering the Mayer-Vietoris sequence of X, and applying Proposition 4.3; we make the assumption
P = MN to ensure that X = X. This gives us:

Theorem 4.5 Suppose given extensions of groups
1-M—-P—-Q—1,

1-N—-P—-R—1,

such that P = MN. Let V be the kernel of the commutator map M AP N — P. Then there is an exact sequence

N (MQN)/[]\/LN] — pab N Qab EBRab = 0.

This theorem extends by three terms an exact sequence of [4]. An application is given in [14].
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Corollary 4.6 If 1 — M — P — Q — 1 is an extension of groups, then there is an exact sequence

H3P — H3Q — V — HaP — HaQ — M/[M, P] — P — Q°® — 0,
where V = Ker ([,] : M AP P — P). Further, if the extension is central then V = M A 7 P¢?, the quotient of
M ®z P® by the relations m ® m = 0, m € M.

Corollary 4.7 Let 1 — M — P — Q — 1 be a group extension for which HoP = H3P = 0, for example P is free.
Then there are isomorphisms

H2Q = Ker (M/[M, P] — P2?),
H3Q =Ker ([,]: MAP P — P).
Remarks 1. The first formula in this corollary is essentially the Hopf formula. The second formula has been
shown by J.-L. Loday to be related to Igusa’s “pictures” [19].
2. An exact sequence of a type similar to that in Corollary 4.6 is given in [18, Theorem 2.3]. The sequence
there is more general, in that it deals with homology with coefficients. On the other hand, a specific formula for

the group V in terms of M and P is not given. An algebraic derivation of this formula for V is given in [13].
Finally, we give an exact sequence which generalises (2.9).

Corollary 4.8 Let 1 - M — P — Q — 1 be an extension of groups such that HoP = HsP = H4P = 0, for example
P is free. Then there is an exact sequence
H,Q — T(M/IM: Pl) = Ker ([,] :M®P — M) — HzQ — 0.

Proof We consider the homotopy pushout X of (4.4) with N = P, Q = P/M. The assumptions on P and the
Mayer—Vietoris sequence of X, imply that H;Q = H4X, H3Q = H3X. Whitehead’s I"-sequence for X and Corollary
3.4 give the result. |

4.9 Let G be a group. Then G gives rise to the tensor product G ® G and its quotient G A\ G discussed in
2.7. There is an intermediate group GAG defined as being the quotient of G ® G by the (normal) subgroup
generated by (g ® h)(h® g) forall g,h € G.

Because K(G,1) is connected, the homotopy groups ., (S¥K(G, 1)) stabilise from k = 2; in particular
i (S?K(G, 1)) = m3(K(G, 1)).

Proposition 4.10 In the following commutative diagram, the rows are exact:

0 — m3(SK(G,1)) —G® G ——[G,G] ——=1

00— H;G———GAG—I[G,G] —1

Proof The first row is a particular case of Corollary 3.3. The third row [cf. (2.8)] is a special case of Corollary
4.6 withM =P =G.

For connected X, the commutative diagram

H3X rng ﬂgsx HQX 0
A R
H3X —_— Hl(X,TCi) WSX HQX 0

is obtained by comparing Whitehead’s sequence for SX with an exact sequence deduced from the Atiyah-
Hirzebruch spectral sequence of stable homotopy. When X = K(G, 1), the map « : I'(G%®) — G%° ® Z, is
given by yg — g ® 1. It is surjective with kernel generated by B(g,h) = y(g + h) —yg — Yh. Therefore o’ is
surjective with kernel generated by the image of (g, h). As the image of ygin G ® G is g ® g, then (g, h)
maps to (h ® g)(g ® h) by V. This proves the exactness of the middle row. ]
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5 THE GENERALISED VAN KAMPEN THEOREM

In this section we state and prove the Van Kampen theorem for n-cubes of spaces in full generality (Theorem
5.4). The proof of this theorem is by induction on n, assuming the case n = 0, which is the classical theorem for
the fundamental group of the union of connected spaces. In the general case, the role of the fundamental group
is taken by the fundamental cat™-group functor, and so we start by recalling from [20] the notion of cat™-group.

At the end of this section it is shown that the case n = 2 of theorem 5.4 implies our earlier Theorem 1.5, on
which all our previous applications depend.

Definition 5.1 [20]. A cat™-group (G;Ny,..., N ) is a group G together with n subgroups Ny,...,N,, and 2n
homomorphisms s; and b; : G — Nj satisfying

(a) s; and by restrict to the identity on Ny,

(b) [Kersi, Kerbi] =1,

(C) S$iSj = §jSi, bib]' = bjbi, Sib]' = bjSi for i 75 )

The group G is called the big group of the cat™-group. If condition (b) is not fulfilled then we call such a structure
a pre-cat™-group. To any pre-cat™-group there is canonically associated a cat™-group, obtained by quotienting
the big group by the commutator subgroups [Ker s;, Ker bi],1 = 1,...,n. The corresponding functor is denoted

ass: (pre-cat™-groups)— (cat™-groups).
This functor is clearly the identity when restricted to cat™-groups.

5.2 In order to define formally an n-cube of spaces, we introduce the category {0, 1} associated to the ordered
set 0 < 1. Its n-fold product is written {0, 1}™. We denote by 1 the multi-index (1,...,1). We will use also the
similarly defined category {—1,0, 1}™.

An n-cube of spaces X is an object of the functor category Fun({0, 1}, Top*). This category is a proper, closed
model category in the sense of [3]. Thus, as shown in [12, Chap.3], for each n-cube of spaces X there is
a natural embedding X — X such that (i) each map X(«) — X(o) is a homotopy equivalence with natural
homotopy inverse; (ii) X is fibrant in the sense that for each o € {0, 1}™ the canonical map X(«) — limg- « X(0)
is a fibration. It is shown in [27] that such a fibrant n-cube X may be extended to an n-cube of fibrations
[20], that is a functor from {—1,0,1}™ to pointed spaces, also written X, and such that for all k and & €
{(~1,0,1}™ X(ot,...,&_1,—1,0c41,...,xn) is the fibre of the fibration X (&1, ..., 00 1,0, X i1,...,0n) —
X(oq, o oey 01,1, 01y vvy On ). B

Thus a 1-cube of spaces, which is just a map f: A — X, is converted into the fibration F(f) — A — X.

5.3 For the statement of the generalised Van Kampen theorem we need three more ingredients. First the
methods of [20] give a functor TT from fibrant n-cubes of spaces, and so composing with the functor X — X
gives a functor TT from n-cubes of spaces to cat™-groups; the definition of T is recalled below. Second, an n-cube
of spaces X is said to be connected if all the spaces X(«), « € {—1,0, 1}™ are connected. Third, for any non-empty
set A, let Ag, denote the category of non-empty finite subsets of A, with maps the inclusions. Let U = {Ux}aca
be a covering of X such that each U, contains the base point of X. If ¢ is a non-empty finite subset of A, then
U, denotes the intersection of the Uy for A € o. If 0 C T then U, C Uy, and so U determines a contra variant
functor on Ag,. Hence colim® U, makes sense, as does colim, ¢ (U ) for any functorial construction ¢ on the
U

Theorem 5.4 (Van Kampen theorem for cubical diagrams of spaces) Let X be an n-cube of spaces and let
{Uxlaen be an open covering of X(1,...,1). Each U, for o € Agy, determines by inverse image an n-cube of
spaces U,. Suppose that each such Uy is a connected n-cube. Then the following hold:

(C) the n-cube X is connected, and
(I) the natural homomorphism of cat™-groups

colimZ, MU, — TTX = IMcolim® Uy,

cat

is an isomorphism.
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The colimit on the left, denoted colimc,, is taken in the category of cat™-groups, while that on the right is
in the category of n-cubes of spaces. The proof of the theorem occupies most of the rest of §5.

5.5 As promised, we recall now the construction of the fundamental cat™-group functor.

IT: (n — cubes of spaces) — (cat™-groups).

Let f : A — X be a map, and let f : A — X be the associated fibration. The fibre product of n + 1 copies of A
over X is a space denoted Ef . These Ef form a simplicial space

Ef2~--—>AXXAXXA—>AXXA—>A:E£.

Let X be an n-cube of spaces, and let X be the associated fibrant n-cube of spaces. For ¢ € {—1,0, 1}, let 3¢ X
denote the (n — 1)-cube o — X(a, ¢). Then X determines a map of (n — 1)-cubes 3% X — 9% X in direction n
and at each index « € {0, 1}™ ! this fibration is replaced by the simplicial space constructed as above by taking
iterated fibre products. This gives an (n — 1)-cube of simplicial spaces, written §,,X such that for each m > 0
the (n — 1)-cube of spaces (8,,X), is fibrant. For each m > 0 we can do the same process in direction n — 1 to
obtain an (n — 2)-cube of simplicial spaces denoted (8,,_1 84X)em, i.€., an (n — 2)-cube of bisimplicial spaces.
By iterating this process, we end up with an n-simplicial space

SimpX = 8;...8,.X.
Taking the fundamental group 7; gives an n-simplicial group
711 Simp X.

We focus our attention on the particular group G = (711 Simp X); because it is the big group of a cat™-group
(G;N1y,...,Ny) such that
Ni = (m;Simp X)1..101..1

with O at the ith place and with s;,b; : G — N; determined by the face maps 0y, 9; of the ith simplicial
structure. We denote this cat™-group by /\mr;Simp X, and call it the fundamental cat™-group of the n-cube X,
written

X = "m; Simp X.

Remark. A priori, > should be considered as a functor from simplicial groups to precat™groups. However, in
the particular case of Simp X this precat™-group, is indeed a cat™-group as proved in [20]. For n = 1 this fact
is equivalent to a result of Whitehead [see(1.1) and the remark after (5.7) below]. The advantage of fibrant
n-cubes is that the fibrant condition is preserved under the various pull-back constructions used in [20].

The main point of the proof of Theorem 5.4 relies on some preliminary results which we now give.

Lemma 5.6 . Let f : A — X be a connected map and let Ef be the associated simplicial space. Then
(a) the Moore complex of the simplicial group is

'--1—>1—>7T1Fi>7T1A,

(b) the group T, ES is generated by degenerate elements, i.e. by the images of T, E! by the two degeneracy operators
sg and sy.

Proof The fundamental group m; A of the total space of the fibration A — X acts on the fundamental group 7t; F
of the fibre. Then 7t; (Ef) = 71 (A xx A) is isomorphic to the semi-direct product 7t; F x 7t A. Similarly 7, (Ef) =
(ryF)™ x mA. In low dimensions the face and degeneracy operators from m,Ef are given by d;(m,n) =
n,do(m,n) = p(m)n,s;(m,n) = (m,1,n),sg(m,n) = (1, m,n).

The Moore complex (G,,d,,) (cf. [10,22]) of a simplicial group is defined by

Gy = ﬂ Ker d;
i=1

and 0y, is the restriction of dy to G.,.
The two statements are immediate from the above description of the simplicial structure of 7t; Ef. |
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Lemma 5.7 Let G, be a simplicial group such that G is generated by degenerate elements. Then in the Moore
complex of G, we have Im 05 = [Ker d;, Ker dg].

Proof There are canonical isomorphisms G; = G; x s9Gg, where G; = Kerd; and G, = (G2 x 51G;) % (590G %
5050Go) where G, = Kerd; N Kerd,. Hence any element in G, can be written uniquely z = Zs;aaga’sou
with Z € Gy, and u € s5oGy (note that sou = 5p1u). Let C be the normal subgroup of G, generated by the
commutators [sox, s1y(soy) '], with x and y in G,. The image of C by 9, (which is the restriction of dg)
is exactly [Ker d;, Ker do] because any element of Ker dy can be written (dgs;y)y~* with y € G;. Therefore
it suffices to prove that C = Gy, or equivalently that in G,/C any element can be written s;aspa’sou with
a,a’ € G; and u € s0Gy. As Gy is generated by degenerate elements it is sufficient to prove that this is true for
the products of s;asga’sou with sgv, spb’ and s1b, for v € s0Gg, b, b’ € G;.
The first case is immediate:
s1asga’sgusov = syaspa’sg(uv).

For the second case we have

s1aspa’souseb = syaspa’so(ub’u"t)sou
= syaso(a’ub’u")sou.
To prove the third case we need the identity soxs;y = s1yso(y 'xy) in G»/C, which is another way of writing
that the commutator [sgx, s;y(soy) '] is trivial. Then we have
s1aspa’sousib = syaspa’s; (ubut)sou
= syas; (ubu Hsg(ub futa'ubut)sou
= s (aubuHsg(ub tuta’ubu)sou.

Hence C = G, and the lemma is proved. O
Remark. These two lemmas imply that (7;Ef, 711 A) is a cat!-group.

Lemma 5.8 Let E, be a connected simplicial space (i.e. E,, is connected for all n). Then there is an exact sequence

of groups
7T07'[2E. — 7'[2HE.H — 7r1E1/Im62 — 7'[1E() — 7'[1HE.||.

Proof From [31] (see the Appendix) we know that to any connected simplicial space E there is associated a
spectral sequence

B2, =mpmqEe = 71 gl [Ea]-

The expression 7,4 E, means that we first take the homotopy groups 714 E,. For fixed q this gives a simplicial
group from which we take 7,. The connectivity of the spaces E,, implies that the first non-trivial row of the
E2-plane is for q = 1. This gives 7y Es = 711 ||Ee|| and the exact sequence

TyT2Ee — To||Ee|| — mmEe — 1. )

To compute 7,7, E, we consider the simplicial group m; E, and its Moore complex (same notations as in 5.7)

—F— 0 —F— 0
s E2 2 s E1 ! s EO

where mE; = Kerd; € mEy and 7By = Kerd; N Kerds C 1 E;. With this notation the spectral sequence.
gives the following exact sequence

1 —- mmE, — mE/Imdy — mEy — mymEe — 1. (**)
Splicing (*) and (**) together gives the result. O

5.9 (KEY PROPOSITION) Let f : A — X be a connected map and let E, — Ef be a map of simplicial spaces
satisfying:

(a) E, is connected;
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(b) E¢ — E{ is a weak homotopy equivalence;

(©) ||Eo|| — ||EE|| is @ weak homotopy equivalence;

(d) mE, is generated by degenerate elements.

Then 7, Ef = 7B, /[Kers, Ker b] where s and b : 1, E; — 711 Eq are induced by the face maps d; and dy.

Proof By Lemma 5.8 and the hypotheses on E, and Ef there is a commutative diagram of exact sequences

e Ee — 72| Ee|| —— 711 E1/Im02 ko 71 [|Ea||
oo Ef — 7| EL | T El mE m[Edl

Here we use the fact that in the case of Ef the group Imd, is trivial (cf. Lemma 5.6). The vertical isomor-
phisms follow from conditions (b) and (c). Also from (b) we deduce that mymE, — mymoEf is surjective. By
the five lemma we deduce that 7;E;/Imd, — m Ef is an isomorphism, and so (because 7, Ey = m;Ef ) that
m11E1/Imdy — 71 Ef is an isomorphism. Condition (d) and Lemma 5.7 imply that Imd, = [Ker s, Ker b], whence

the proposition. O

5.10 (Proof of Theorem 5.4.)

This will be done by induction on n. Let (C,), (1) be the statements that the connectivity of the n-cubes
Uy, 0 € Agy, implies the connectivity and isomorphism statements (C),(I) respectively of Theorem 5.4. Then
(Co) is immediate and (I) is the classical Van Kampen theorem for the fundamental group. From now on we
assume (C,,_1) and (I,,_1).

5.11 (Proof of the connectivity statement (C,,).)

The n-cube of spaces X determines a map of (n — 1)-cubes of spaces 9%, X — 9. X in direction n.

Lemma 5.12 Let X be an n-cube of spaces. Then the following are equivalent.
(i) X is connected.

(ii) 0% X and 9L X are connected for alli = 1,...,n and the induced map of cat™ *-groups
MY X — Tl X

is surjective when restricted to the big groups.

Proof. Let F be the space X(—1,...,—1). Then X is connected is equivalent to 3YX,9!X,i=1,...,n, and F are
all connected. We use the (n — 1)-simplicial spaces Simp 0;X for e = —1,0, 1. The construction of these spaces
shows that if 3YX,9!X,i=1,...,n are all connected, then

toF = 7o((Simp 3;, ' X)1).
The big group of TT19% X is defined to be 7t; ((Simp 9% X)1). So the result follows from the fibration sequence
(Simp a;lxh — (Simp a?LX)l — (Simp a#X)l

O

By the induction hypothesis (I,_1) we know that for ¢ = 0,1 and i = 1,...,n, the cat"'group T X is
colimZ, 3¢ U,. As U, is connected, the map T10% U, — 10}, Uy, is surjective by Lemma 5.12, and hence the map
on the colimit is surjective. Thanks to hypothesis (C,—1), 9{X is connected, and so, by Lemma 5.12 again, X is
connected. This verifies (C,.). ]

5.13 (Proof of the isomorphism statement (I,,).) The isomorphism colimZ,, TTU = TTcolim” U, will be the
composite of several isomorphisms:
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MU, @ ass (colimS.. TTU)

: o
colim pre

cat

def. .
£ ass (colim?

pre(/\TCISimpUO‘))

D ass ("1tq colim® SimpUy )

© ass A1ty (Simp colim® Ug)

D ass Aty (Simp colim® Uy)
&t 7 colim® U,

(a) follows from a simple algebraic lemma (5.14) comparing the colimit in the category of cat™-groups (colimc,)
with the colimit in the category of pre-cat™-groups (colimpy.); (b) follows from the classical Van Kampen theorem
(Lemma 5.15); (c¢) is the main step in the proof and uses the key Proposition 5.9; (d) is immediate because
Ay (Simp X) is a cat™-group.

Lemma 5.14 If (G.) is a diagram of cat™-groups, then the colimit G = colim¢,, G is given by G = ass colim,,, G,
o

and the big group of G is the quotient of the big group of colim,,, G by the subgroups [Kersi, Kerbi],i=1,...,n.

o

Proof We first note that the big group of the pre-cat™-group colimy,, G is simply the colimit, in the category
of groups, of the big groups of the Gys (and similarly for the N;s). The associated cat™-group is obtained by
quotienting by the commutator subgroups [Kers;, Kerbi],i = 1,...,n, and it is easily verified that this new
cat™-group satisfies the universal property required for a colimit of cat™-groups. O

Lemma 5.15 If the n-cube Uy is connected for all o € Agy,, then the natural map

Aty colim® Simp Us.

colim? (" Simp Ugy) —
is an isomorphism.
Proof Because of functoriality, it is sufficient to prove this isomorphism at the big group level:
colimg, (711 (Simp Ug)1) = 71 colim®((Simp Ug)1).

Note that the spaces V,; = (Simp U, ); for o € Ag, may be identified with open subsets of (Simp X), and that V
is the intersection of the V), for A € 0. Thus colim® V,; means simply union. So the above equality follows from
the classical Van Kampen theorem provided that V,; is connected for all o € Agy,.

By hypothesis, U, is connected. Therefore SU, [see (5.5)] is a simplicial object of connected, fibrant
(n—1)-cubes of spaces. Continuing this process n — 1 more times, we obtain Simp U, which is thus a connected
n-simplicial space. In particular, the space V, is connected. O

5.16 (End of the proof of Theorem 5.4: the isomorphism (c).)
This isomorphism is obtained by applying the functor ass "7, to the map
E = colim® Simp Uy — EX = Simp colim® Us.

It obviously suffices to check this isomorphism on the big groups. By Lemma 5.14 the big group of ass 7, E
is the quotient of 711 (E1) by the subgroups [Ker s;, Ker bi],i = 1,...,n. Therefore it is sufficient to prove that
711 (EX) is obtained in the same way. In order to use the inductive hypothesis we introduce between E and EX
an intermediate n-simplicial space E’ as in the diagram

colim®8y...8,Ug —=81...8n_1 colim® $, Uy —= 8; ... 8,, colim® U,

E E’ EX
where U, is the fibrant n-cube associated to U,. By induction, 7, E{ is 7;E; quotiented by the subgroups
[Ker s;, Kerbi], 1=1,...,n— 1. Hence the isomorphism (c) will be a consequence of
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Lemma 5.17 The group 7, (EJ) is 7t; (E{) quotiented by [Ker s, Ker b,,], where s,, and b,, are induced by the face
maps in direction n.

Proof This is an immediate consequence of the Key Proposition 5.9 applied to the map of simplicial spaces
Ef. e — E{‘ ...1¢ once we have verified the hypotheses (a)-(d) of this proposition.

Let # be the (n — 1)-multi-index with each value 1. We regard X as a map X,, : 09X — 01 X so that we have
an induced map 8 ...8,_1Xn of (n — 1)-simplicial spaces and hence a map f = (8;...8,_1X)x, of spaces.
Note that Ef = EX, It is to this map f that we apply the key Proposition 5.9. Note that the map f is connected
since we proved (C,, ), that X is connected.

The simplicial (n — 1)-cubes 8, U, are connected. Therefore the (n — 1)-cubes (8, U,); are connected, and
the induction hypothesis (C,, 1) gives that colim, (8, Uy); is connected. On applying 8; . .. $,,_1, we obtain that
E’ is connected.

The induction hypothesis (I,,_1) applied for j = 2 gives that nlE%z is a quotient of 71 Ey = colim® mEi‘é
By Lemma 5.6, 71y Ei‘; is generated by degenerate elements (in direction n). Hence so also is the colimit 71 E
and hence so also is the quotient 7y E%EQ This is condition (d) of 5.9.

There are natural weak homotopy equivalences (w.h.e.’s) of (n — 1)-cubes (8,X)y — 39X, (8,Uy) — 39U,.
So we have a commutative diagram

colim® (85, Ug)o — (SnX)o

| |

colim® 39U, —— 39X

The left hand map is a colimit of w.h.e.’s and so is a w.h.e. (cf. Proposition A4 of the Appendix). Hence the top
map is a w.h.e. After taking 8; ... 8,1 we get a w.h.e. of spaces. This is condition (b) of 5.9.

As simplicialisation (i.e. applying the functor 8;) commutes with geometric realisation, it suffices, to provide
condition (c), to demonstrate it in the case n = 1. The key point here is the fact that, for a connected map
fA — X, the natural map ||Ef|| — X is a weak homotopy equivalence (cf. Appendix). We apply this result to f
and f in the following diagram

|Ee|| ——— || colim® Ef®|| =——— colim® ||[Ef9|| whe. colim® U,

|

X

wh.e.
1341
to prove that ||E,|| — ||E!|| is a w.h.e., so obtaining condition (c) of 5.9.
This completes the proof of (I,,), and so Theorem 5.4 has been proved by induction. |

5.18 (Van Kampen theorem for maps: n = 1.) Forn = 1 a cat™-group (G; N) is equivalent to a crossed mod-
ule p: M — N thanks to the following formulae: M = Kers,u =b|p and G = M x N, s(m,n) =n,b(m,n) =
p(mjn.

Under this equivalence the fundamental cat!-group of the fibration sequence F — A — X corresponds to the
crossed module 11 F — 73 A described in (1.1). Therefore Theorem 5.4 can be phrased for n = 1 in terms of
crossed modules (as already proved in [5,6].

5.19 (Van Kampen theorem for squares of spaces: n = 2.)

Proposition 5.20 [20] The category of cat?-groups is equivalent to the category of crossed squares.

Proof. This was proved in [20 §5] with a slightly different (but equivalent) definition of crossed squares.
Therefore we just indicate how to go back and forth between cat?-groups and crossed squares. Starting with
a cat?-group (G;K,K’) we put L = Kers N Kers’,M = KNKers’,N = K'NKers and P = KN K’. Then A
(respectively A’, respectively u, respectively v) is the restriction of b (respectively b’, respectively b, respectively
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b’). This gives the commutative square. The actions of P are given by conjugation in G, and h(m,n) =
mnm~!n~! where the commutator, computed in G, is obviously in L.

On the other hand, starting with a crossed square as in (3.1), we put G = (LxN)x (M xP),K=MxP, K’ =
N x P, s is the projection and b(l,n, m,p) = (A(1)™mv(n)p). (The h function is taken into account in the action
of M x P on L x N used to construct G). As G is canonically isomorphic to (L x M) x (N x P),s’ and b’ are
defined similarly. O

Under this equivalence the fundamental cat?-group of a square of spaces X corresponds to the crossed square
associated to X and described in (1.3). Therefore Theorem,5.4 can be phrased for n = 2 in terms of crossed
squares. The specific form of Theorem 1.5 in terms of homotopy amalgamated sums now follows in a standard
way, by applying Theorem 5.4 for n = 2 to a covering of a double mapping cyclinder by two open sets.

Finally, we remark that Theorem 5.4 also implies a major case of the Van Kampen theorem for filtered spaces
proved in [6], namely the case of filtered spaces X for which X, is a single point.
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A APPENDIX BY MICHEL ZISMAN

We quote the existence of a homotopy spectral sequence for a connected bisimplicial set X,, The spectral sequence for a
connected simplicial space E, is then derived, using an amalgamation theorem for weak homotopy equivalences which is
required elsewhere in the main part of the paper.

Let X,, be a bisimplicial set. A base point * € Xy is supposed given, and its degeneracies are taken as base points for
the sets Xqn. For varying n, the groups 714 X,, form a simplicial group 74 X.. (we take 7yX,, = 1) for which we may take
the pth homotopy group 7,14 X.. The diagonal simplicial set of X,, is written VX,,.

Theorem A.1 . Suppose that for n > 0, each simplicial set X n is connected. Then there is a functorial convergent spectral
sequence

E? (Xea) = g Xae = T q Ve

This was proved in [31] by using standard simplicial constructions to reduce the theorem to Quillen’s spectral sequence
for a bisimplicial group [25]. A proof has also appeared in [3] (under slightly weaker conditions than connectivity) and so
we omit further details.

We now consider a simplicial space E,. As explained in §1 of the paper, by 7,74 E, we mean the pth homotopy group of
the simplicial group m4E, (simplicial set if ¢ = 0). Let ||E,|| be the geometric realisation of E, without degeneracies.

Theorem A.2 Let E, be a connected simplicial space, Then there is a convergent spectral sequence

B2 (Es) = mpgEe = 74 g ||Ea |-

Proof. Application of the simplicial functor S to each E,, gives a bisimplicial set (SE),q = S, E4.

Let D, be the simplicial space defined by D4 = |SE,[, where || is the usual geometric realisation and let 6, : D, — E, be
defined by the usual adjunction maps |[SE4| — E4. Since each 84 is a weak homotopy equivalence, Proposition A.3 below
shows that so also is ||0] : ||Ds|| — ||Es||- The simplicial space D, is nice enough to ensure that ||D,|| — |D.,| is a homotopy
equivalence [26], and for general reasons |[V(SE)se| = |D.|. So we have a natural isomorphism 71,V (SE),e — 71.[|Es]-
Theorem A.2 follows now from Theorem A.1 once we have proved the following proposition (which is well known [26] if
“weak homotopy equivalence” is replaced by “homotopy equivalence”). O

Proposition A.3 Let 0, : D, — E, be a map between simplicial spaces such that for each n, 0, : D,, — E,, is a weak homotopy
equivalence. Then
18] = [IDall — [[E |

is a weak homotopy equivalence.

This is proved by induction on the standard filtration of the realisations, using an amalgamation lemma on the pushout
of weak homotopy equivalences. This amalgamation lemma follows in a standard way (using double mapping cylinders)
from the following result, which is also used in the body of this paper.

Proposition A.4 Let g : X — Y be a continuous map of spaces and let U = {Ux}x € AV = {Vi}Jaca be open coverings of X, Y
respectively such that g(Uy) C V, for all A € A. Suppose that for any non-empty finite subset ¢ C A, the restriction of g to
go : Uy — Vi is a weak homotopy equivalence. Then g is a weak homotopy equivalence.
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Proof As in §1, U, (respectively V) is the intersection of the sets U, (respectively V,) for A € o.
It is clear that it suffices to prove the proposition when A is finite, which we now assume. Now g : X — Y is a weak
homotopy equivalence if and only if 7tog : 1o X — 71pY is surjective and for any commutative diagram

i“%X

!
M —Y

(where ™ is the boundary of the n-dimensional cube I"™) there exists u: [ — X such that u/I™ =v and gu ~ u’ rel .

The fact that 7pg is surjective is clear. Suppose given the diagram (*). Subdivide I"™ by hyperplanes parallel to the
coordinate planes, into subcubes small enough so that for any subcube ¢ there is a A € A such that u/(c¢) C Vy and if cNI™ #
0, then v(cNI™) C U,. This decomposition into subcubes defines a CW-structure K on I" and we set K, = i"ukr,p>-1.
Suppose u,, : K, — X, uI™ — Y, and a homotopy h,, : u/(c) =~ rel I are given such that (1) uplin =v, () gu, =],
(3) if ¢ is an n-cube of K and A € A satisfies u’(c) C V, then h,(I x ¢) C V) and u,(c NK;,) C U,. Let e be a (p + 1)-cube
of K. Let 0 C A be the maximal subset for which w},(e) C V. We have a commutative diagram O

Since g, is a weak homotopy equivalence, u, extends to a map ule : e — U, such that there is a homotopy g, (ule) ~
u,lerelé. These maps and homotopies for all (p + 1)-cubes e combine to give u,; and h, ;. The construction of u,
involves only the surjectivity of 7, g.

(I am indebted to D. Puppe for this proof of Proposition A4.) Finally we give one other result which is used in the text
and which is due to F. Waldhausen.

Proposition A.5 Let fA — X be a connected map. Then the canonical map ||Ef|| — X is a weak homotopy equivalence.
Proof Let F be the homotopy fibre of f The diagram

F

>
X

induces a diagram of simplicial spaces

Ev LEL S EL
Now ||EM|| = X x ||A[0]]| has the homotopy type of X (in fact ||E¥|| = X), and ||EY|| is contractible (it is easy to construct
a homotopy 1 ~ * on this space). We then have the following commutative diagram

F=ff —— Bl =+

l lII@I

A=E, — |

l llld}l

X = Bid —— X x [|A[0]]| ~ X

The upper square is homotopy Cartesian, by Lemma A.6 below, and [26, Proposition 1.6] or [24]. It follows that the
map |Ef|| — X, which is the composition of |[\|| with the projection onto the first factor, is a weak homotopy equivalence.

Lemma A.6 Let () : X, — Y, be a morphism of simplicial spaces, and suppose that for any strictly increasing map 0 : [m] — [n],
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the commutative square
e*

Xn —> X

.| Y‘@m

Xp ———

e*

is homotopy Cartesian. Then it is homotopy Cartesian for any 8 : [m] — [n].

n

Proof It suffices to suppose 0 surjective. Then 6 has a section o, say, and the square constructed with 0* is homotopy
Cartesian by assumption. The lemma is then deduced from general facts about homotopy Cartesian squares: “a retract of
an homotopy Cartesian square is itself homotopy Cartesian” (see [24, Lemma 1)]. a



