ON THE CONNECTION BETWEEN THE
SECOND RELATIVE HOMOTOPY GROUPS
OF SOME RELATED SPACES

By RONALD BROWN and PHILIP J. HIGGINS

[Received 19 September 1976—Revised 11 March 1977]

The title of this paper is chosen to imitate that of the paper by van Kampen
[10] which gave some basic computational rules for the fundamental
group m(Y,{) of a based space (an earlier more special result is due to
Seifert [14] ).

In [1] results more general than van Kampen’s were obtained in terms
of fundamental groupoids. The advantage of the use of groupoids is that
one obtains an easy description of the fundamental groupoid of a union
of spaces even when the spaces and their intersections are not path-
connected; in such cases, the computation of the fundamental group is
greatly simplified by using groupoids.

To obtain analogous results in dimension 2 we make essential use of a
kind of double groupoid first described in [4]. A major aim is to introduce
the homotopy double groupoid p(X, Y,Z) defined for any triple (X, Y, Z) of
spaces such that every loop in Z is contractible in ¥. The methods of [1]
are generalized to give results on p(X, Y,Z). We obtain, as algebraic
consequences, results on the second relative homotopy group m,(X, ¥, {)
in the form of computational rules for the crossed module

90: my(X, Y, 0) > my(Y, ).

We are grateful to referees for helpful comments.

1. Preliminaries on double groupoids

By a double groupoid we shall always mean a ‘special double groupoid
with special connection’ as defined in § 3 of [4]. We recall this definition,
adopting a slightly different notation.

A double groupoid G = (G4, G4, G,) has, in the first place, the structure
of a two-dimensional cubical complex. Thus there are face maps
%:G, > G,y (x=0,1, :=1,2,...,n, n=1,2) and degeneracy maps
: 0y > G, (t=12,...,n, n=1,2) satisfying the wusual -cubical
relations.

Next, for » = 1,2, the pair (¢,,G,_;) has » groupoid structures each
with objects G,_, and arrows @,,. The groupoid ‘in the sth direction’ has
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initial and final maps 82,0}: G, - @,_,, and its identity elements are the
degenerate elements ey for y € G,,_;. The notation we use for these
groupoid structures is as follows. Let a,b € G,, satisfy d}a = d%. Ifn =1
(and therefore ¢ = 1) the composite of the edges a, b is written ab, and the
identity edge &y (y € Gy) is written e, or e. If n =2 and ¢ =1, the
composite of the squares @ and b is written aob, with identity squares
1, =&y (y € G,); we refer to this as ‘vertical composition’ of squares.
Ifn = 2 and 7 = 2, the composite of @ and b is written a + b, with identities
0, = &Yy (y € G,); this is ‘horizontal composition’ of squares. If a € Gy,
the inverse of a is written a1, while if a € G, its inverse with respect to o
and + are written a~! and —a respectively. We write ®,, for the doubly
degenerate square 1, = 0, (y € &,). We require also that the face maps
G, - G, and the degeneracy maps G, - G, are morphisms of groupoids
in the following sense:
(i) if @+ is defined then oa+b) = (%a)(5d);

(ii) if @ob is defined then d5(aob) = (83a)(03D);

(iii) if ab is defined then 0,, = 0,00, and 1,, = 1,+1;.

The vertical and horizontal compositions of squares are related by the
tnterchange law, namely, that if a,b,c,d € G, then

(@+b)o(c+d) = (aoc)+ (bod)

whenever both sides are defined. It is convenient to use matrix notation
for composition of squares. If a € G,, a subdivision of a is defined to be a
rectangular array (a;;) (1 < ¢ < m, 1 <j < n) of elements of G, satisfying
ARa;q;="a,; (2<i<m,1<)<n)
Oy =Ba;; (1<i<m2<)<n),
such that
(B +@at ... + 1) 0 (Byy +Bopt+ ... +8gp) 0.0 0@y +Tpo+ .o+ 0y,) = a.

We call a the composite of the array (a,;) and write @ = [a;;]. The inter-
change law implies that if in the array (a;) we partition the rows and
columns into blocks B;; and compute the composite b; of each block, then
a = [b,]). We call the subdivision (a;;) a refinement of (by) in this case.

Note that aob, @ +c¢ can also be written [Z] , [@,¢], and that the two sides

of the interchange law can be written [Z 2] .

There is one further element of structure on @, namely a connection
I': @, - G, which assigns to each edge p € G, a square I'(p) whose edges
are oT'(p) = &I'(p) = p and 8}T'(p) = '(p) = ¢,, where y = d}p. This I’



SECOND RELATIVE HOMOTOPY GROUPS 195
satisfies the transport law: if pq is defined in @, then
I(p) 1, ]

T(pq) = .
(29) [0 I

(1)

We now define a thin square in G to be any element ¢ of G, having a
subdivision (¢;;) in which each ¢;; is of the form 0, 1,,, T'(p), — I'(p), ()%,
or —I'(p)~! for some p = p;; in G;. A square a of @, is said to have
commuting boundary if (23a)(¢la) = (%a)(d}a). Since 0,, 1,, I'(p) all have
commuting boundary, so also does any thin square.

ProrosiTioN 1. Let G be a double groupoid and let p,q,r,s € Gy satisfy

pq =rs. Then there is a unique thin square ©® € Gy such that %0 = p,
%30 =gq, X0 =r, and 030 =s.

Proof. For any p,q,r,s € G, satisfying pg = rs define
r
0= G)(p s) = ['(p)+1,~T(s).

q

Then @ is thin and, since pq = s, its edges are as stated in the proposition.
This O satisfies the following laws:

V4 € p
@) @(e e) =1, @(p p) = 0,, @(p e) =I'(p);
P e e
r u 7
(1) G)(p s) +®(s v) = ®<p v);
q ¢ qt
r q r
(iii) @(p s) ° ®(t v]| = G)(pt sv);
q % u
r r-1
(iv) —@(p s) = 0(3 p);
q g
r -1 q
(v) @(p s) = @(p-l s‘l).
q r

The proofs of (i) and (ii) are trivial. To prove (iii) we observe that, since
g = tuv?, the two sides of equation (iii) have the common subdivision

( ' L 1, -1 —F(8)>
o T® 1, -Te) 0, /
Equation (iv) follows from (i) and (ii), and (v) follows from (i) and (iii).
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Equations (ii)-(v) imply that any square @ € G, having a subdivision
(@;;) in which each a;; is of the form ®, — 0, @1, or — @1 is itself of the

r
form G)(p s) , where p,q,r,s are the edges of . From this and (i) we
q

r
deduce that all thin squares are of the form @(p s) and are therefore

q
uniquely determined by (three of) their edges.

A morphism f: G - H of double groupoids is a triple of functions
fa: G, > H, (n=0,1,2) preserving all the structures, including the
connection. ‘

ProrosiTionN 2. Let G, H be double groupoids and let f,: Gy ~ H, be a
function satisfying
(1) folaod) = fo(a)ofys(b) whenever dla = d%b,
(i) fa(@+bd) = fo(a)+fs(b) whenever ola = b, and
(iii) f, maps thin squares to thin squares.
Then there exist unique functions f,: Gy~ Hy, fo: Gy—> Hy such that
(fas f15 fo) 28 @ morphism G — H of double groupoids.

Proof. Condition (i) implies that there is a unique function f}: @, - H,
such that (f;, f]) is a morphism of the vertical groupoid structure. This
function satisfies f}(%%a) = 0f,(a) for all @ € G,. Puttinga =1,,=1,+1,,
we deduce that f] preserves composition of edges and therefore sends
identity edges to identity edges. Similarly, by (ii), there is a unique
morphism (fy, f2) of the horizontal groupoid structure. The function
f%: Gy > H, satisfies f}(0%a) = 0%f,(a) for all a € @, and also sends identity
edges to identity edges. Condition (iii) now implies that f, sends

r : fir
@(p s) to @( 2p f%s),
q g

and therefore (f3p)(fig) = (fir)(f3s) whenever pg = rs in G,. Since both

f1 and f2 send identities to identities, this implies that f1 = f2 = f,, say.
P

Hence f,T(#) =fz®(p

routine.

e) = I'(f,p), and the rest of the proof is
e

We now recall from [4] the relationship between double groupoids and
crossed modules. A crossed module (4,B,9) consists of groups 4,B, a
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morphism of groups 9: 4 - B, and an action of B on 4, written (a,b) > a®
(@€ 4,b e B). These must satisfy the laws (i) 9(ab) = b-1(da)b, and
(ii) a~1a,a = a?e for a,a, € 4, b € B. A morphism

(f,9): (4,B,9) > (4", B',?')
of crossed modules is a pair of morphisms f: 4 - 4’, g: B - B’ of groups

such that go = 9'f and f(a®) = f(a)*® fora € 4, b € B.
Given a double groupoid @ and a vertex z € G, we define groups 4, B by

A ={aely; da=0a=20a=e,,
B={peG;dap=2ap=a},
and a morphism 9: 4 - B by d(a) = ®a. The action of B on 4 given by
ab = —1,+a+1, makes (4,B,0) a crossed module which we denote by

y(G,z). If G has only one vertex, we write y(G) for y(@,z). We quote:
from Theorem A of [4]:

THEOREM A. The rule G +— y(@) defines an equivalence of categories from
the category of double groupoids with one vertex to the category of crossed
modules.

2. The homotopy double groupoid of a triple of spaces

Throughout this section X = (X, X, X)) will be a triple of spaces, so that
X, is a subspace of X, and X, is a subspace of X;. We shall construct a
double groupoid p(X) provided that each loop in X is contractible in X;.

First we construct R = (R,, R,, R,) where R, = X, R, is the set of maps
(I, 1)~ (X;, X,), and R, is the set of maps (12, I2, jz) - (X, X,, X,), where
I? is the set of edges and I2 the set of vertices of the square I2. Then
R = R(X) has the structure of a two-dimensional cubical complex.

The set R, has its usual composition of paths in X, with end points in X,
The set R, has two similar compositions. In more detail, for positive
integers m,n let ¢, ,: I2 - [0,m] x [0,%2] be the map (z,y) > (mz,ny).
An m x n-subdivision of a square o: I? - X is a factorization a = o’ 0@,
its parts are the squares o;y: I2 - X defined by '

oy(z,y) =o' (@+1—1,y+j—1).
We then say that o is the composite of the squares «;;, and we write
« = [o;;]. Similar definitions apply to paths and cubes.

Such a subdivision determines a cell-structure on I2 as follows. The
intervals [0,m], [0,7] have cell-structures with integral points as 0-cells
and the intervals [¢,4+1] as closed 1-cells. Then [0,m] x [0,7] has the
product cell-structure which is transferred to I? by ;L. We call the
2-cell g1 ([1—1,4]1x [j—1,7]) the domain of o,
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We use the same notation for degenerate squares as in § 1. There is also
a ‘connection’ I': R, - R, given by
ofr) f0<y<e<l
ET IR
oly) fogce<y<l
Clearly &I'(o) = &I'(¢) = o and &T'(c) = dI'(o)
Also T satisfies the ‘transport law’ (1).

If « € Ry, then a1, —« denote respectively the elements of R, defined
by (z,y) = a(l-2,y), (z,9) — oz, 1-y).

The double groupoid p = (p,, py, py) 1S given as cubical complex by
p; = mR; (1 = 0,1,2) where R,, R, are given the compact-open topology.
Thus py = 7, X, and the elements of p,, p, are respectively homotopy classes
of maps (I,1) - (X, X,), (I2, 12, I?) > (X, X,,X,). We write = for this
relation of homotopy on R, and R,, and call it f-komotopy (or filter homo-
topy), to distinguish it from homotopy of maps I - X, or I? - X which
we write ~. The class in p; of an element 6 of R, is written 8.

= ¢y where y = dlo.

ProrosiTION 3. Assume the following condition:
*) each loop in X, 18 contractible in X,.

Then the operations on R(X) induce on p(X) the structure of double groupoid.

Proof. Multiplication in p, is defined as follows. Let &,7 € p, satisfy
016 = #)7. Then we may choose a path A in X; so that y =[ocA7] is
defined and put 67 =¢. Under the condition (*), this multiplication is
well defined and p, becomes a groupoid.

We next define addition on p,. Let &, € p, satisfy da = 03f. Then
there is a square H in X, with y = [« H B] defined and with 8}H, 8}H paths
in X,. We let &+ = ¥ and prove this addition to be well defined.

Let ' = [«' H' B’] be alternative choices. Then there exist f-homotopies
h:a=do, k: B=p. Let K: IxI? > X, be given by (x,y,0) — H(z,y),
(z,9,1) > H'(z,y), (,0,t) = h(z,1), (z,1,t) — k(z,0). Then

K(IxI?) < X,

By (*) there is a map {0} x I2 > X, extending K to five faces of I. By
retracting I3 onto these five faces we obtain a further extension K: I® — X.
The composite cube [ K k] is an f-homotopy y = ' as required.

It is now easy to see that this addition makes (p,, p,) & groupoid with
initial and final maps 99,0} and identity elements O, where s€ p,. A
similar procedure gives the other groupoid structure.

The verification of the remaining laws for a double groupoid is straight-
forward.
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ProrositioN 4. Let X = (X, X, X)) be a triple satisfying (*) above, and
let p = p(X).

(i) If o is a path in X, then G is an identity e, in p,.

ii) If « is a square in X, then & = ©, in p, for some z.

(iii) An element of p, is thin if and only if it has a representative square
lying in X,.

The proof is straightforward.

The next proposition is one of the keys to our work. It shows that double
groupoids allow a convenient expression for the homotopy addition lemma
in dimension 2.

If h: I3 > X is a cube in X, then its faces are, as usual, given by
o%h = hon}, where 93(x),%;) = (¥1,Y2,¥s), the y; being defined by y; = «;
for j < i, y; = o, and y; = x;_; for j > 4. Also let 73(xy, %5) = (@, g, Z1)-

ProposITION 5 (the homotopy addition lemma). Let X,p be as in
Proposition 4. Let h be a cube tn X with edges in X, and vertices in X, and
let the elements ay,b,,c, of py represented by its faces be respectively the
classes of ho7S, hong, hon$ (a = 0,1). Then in p,

— I‘—l aal I‘—l
61 = - bo 00 b1 >

where each T' stands for I'(p) for an appropriate edge p.
Proof. Consider the maps @, ¢,: 1?2 - I3 defined by

-r @ -T1 1 It
o= -7 7 =B |, aa=| 0 7§ O
-T 4# T -T 1 T

Then @,,, agree on I2 and so, since I3 is convex, are homotopic rel J2.
Hence hopy = hop, in p,. But hog, is the composite matrix given in the
proposition, and Aogp, = ¢,.

A map f: X — Y of triples clearly defines a map p(f): p(X) = p(Y) of
cubical complexes, and p(f) is a morphism of double groupmds if X, Y
satisfy (*) of Proposition 3.

Prorosition 6. If f: X > Y is a map of triples such that each of
X7 fi:X,->), foaX,>Y, are homotopy equivalences, then
p(f): p(X) > p(Y) s an zsomorphzsm
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Proof. This is an immediate consequence of (10.11) of [9]. (In fact the
maps R,(X) - R,(Y) are then homotopy equivalences, as is not hard to
deduce for ¢ = 1,2 from the coglueing theorem of [3].)

From the homotopy double groupoid p(X) we obtain, according to the
procedure of §1, a crossed module y(p(X), ) for each { € #,X,. It is well
known that, for each { € X, the homotopy boundary

0: 772(X, -Xp {) -> ”I(Xl’ C)

and the operation of (X, {) on my(X, X, {) give a crossed module, which
we write u(X, X}, {), or u(X, X,) if the base point is clear.

ProrostTioN 7. For any { € X,, the crossed modules y(p(X),{) and
w(X, X, {) are naturally isomorphic.

Proof. Let (4,B,d) be the crossed module of p(X) at {. It is easy to
check (using (*) of Proposition 3 again) that B is naturally isomorphic to
(X3, £). Now the elements of 7,(X, X;, {) are homotopy classes of maps
(I2,{0} x I,J2) - (X, X,, {) where J2 = ({1} x I)u(I x I). Clearly each such
map determines an element of R,(X) and so by passing to homotopy
classes we obtain a morphism 8: 7o(X, X, ) - 4. We omit the proof that
0 is an isomorphism and commutes with the operations.

3. The union theorem

In this section we write X for the triple (X, X;, X;) of spaces and we
assume the condition
(Mx each loop in X is contractible in X.

We suppose we are given a cover % = {U*},., of X such that the
interiors of the sets of % cover X. For each v € A® we write

U=0Unn...aU»

and we also set U = U”n X;. We write U* = (U*, U}, Uj) and shall assume
that for all v € A2 each loop in U} is contractible in Uy. This, with (¥),
implies that the homotopy double groupoids in the following p-sequence of
the cover are well-defined :

a
I p(0") = 11 p(0") — p(X).
veA? b AEA

Here J] denotes coproduct in the category of double groupoids, a,b are
determined by the inclusions

a,: UAnU# - U, b,: UrnU# > U+
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for each v = (A, n) € A2, and c is determined by the inclusion ¢,: U* - X
for each A € A.

THEOREM B (the union theorem). Assume the following conditions for
every finite intersection U” of elements of %:

(1o the maps my(U3) — mo(U2) and 7o(U) — 7,(U) are surjective;
(1) the map =,y (U, Us) — =, (U”, U3) ts surjective.

Then, in the above p-sequence of the cover, ¢ is the coequaliser of a,b in the
category of double groupoids.

Proof. Suppose we are given a morphism
[+ 1 p(0Y) > @
AcA

of double groupoids such that f'oa = f'ob. We have to show that there
is a unique morphism f: p(X) - G of double groupoids such that foc = f'.

Let p,: R(UA) - p(U2) be the projection and let Fy = f'op,: R(U*) - G.
We first define f on p,(X) and to this end first construct F': Ry(X) - G.

Suppose that 8 in B,(X) is such that 0 lies in some set U of %. Then 0
determines uniquely an element 6* of R,(UA) and the rule f'oa = f'ob
implies that ;

F(0) = Fy(6%)
is determined by 6.

Suppose we are given a subdivision 6 = [6;;] of an element 6 in E,(X)
such that each 6,; is in R,(X) and also lies in some U”, for v € A™. Then 0,;
also lies in some U2, with A € A, and since the composite [6,;] is defined it
is easy to check, again using f'oa = f’ob, that the elements F(6;;) com-
pose in @ to give an element g = [F(0;;)], which we write as F(0) although
a priori it depends on the subdivision chosen.

We next wish to construct F(«) for an arbitrary element « of R,(X).
This construction is based on the following result.

Lemma 1. Let « € Ry(X) and let o = [o;] be a subdivision of o such that
each o lies in some U, a finite intersection of elements of U. Then there is
an f-homotopy h: a =0, with § € Ry(X), such that, in the subdivision
h = [hy;] determined by that of «, each homotopy hy;: o;; ~ 0,; satisfies:

(i) hyy lies in UY; .
(ii) 6;; belongs to Ry(X);
(iii) of oy lies in X or in X, so also does 0;;.

Proof. Let K be the cell-structure on I? determined by the subdivision
a=[a]. Let L, =KmxIuKx{0} and X, =X. We construct maps
h,: L, - X,, for m =0,1,2, such that A, extends &, where h_; = «.

'm—1»
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Further we construct A,, to satisfy the following conditions, for each
m-cell o of K:

(8,) Py|ox{1}is an element of R, (X);

(b,,) if « maps o into X, then A, (o x I) < X,;

(¢) if o is contained in the domain of ay;, then h, (o x I) = U%.

The construction of 4, from &,,_, is as follows. We consider an m-cell o
of K, and let  be the smallest integer such that « maps ¢into X,. Ifr
then A,_, can be extended to %, on oxI by means of a retracmon
oxI->ox{0tuexI. If r>m,let U” be the intersection of all the sets
U such that o is contained in the domain of «;;. The restriction of 4,,_,
to the pair (o x {0}u¢é x I, 6 x {1}) determines an element of =, (UZ,U¢?_,).
(Here m < 1 and U7, is taken to be @.) By (}),, k-, extends to &, on

m

o x I mapping into U? and such that o x {1} is mapped into U?,.

CoroLLARY. Let o € Ry(X). Then there is an f-homotopy h: o = 6 such
that F(6) is defined in G,.

Proof. Choose a subdivision « = [a;] such that each «;; lies in some set
U of %. Then apply Lemma 1.

This element F(6) of the corollary we write F(a, (h;)) and prove first
that it depends only on «. Accordingly, let 2': « = 6’ be an alternative
f-homotopy satisfying the conditions of Lemma 1 with respect to a
subdivision « = [o,] in which each o, lies in some set V* of %. Since any
two subdivisions have a common refinement we may assume, without loss
of generality, that [«},] is a refinement of [«,].

For each (kl), let Wk = V¥ n Ut where U% is such that o, is a part of «,;.
By Lemma 1 there is an f-homotopy A' = [A};] from « to 8 such that each
h}; lies in W®. The f-homotopy H = F’'ht: 6’ = 6 (where &’ is the reverse
of h’) has the subdivision H = [H},;] where Hy,: 0, ~ 6}, and H, lies in VX,

Let 6% be the composite of those 8}; such that o is a part of oy Then
we also have a subdivision A! = [A}), where Af: o;; ~ 6% lies in U;. So
H* = hth: 6t = 0 is an f-homotopy with subdivision H* = [H}], where
H};: 0% ~ 6,; is a homotopy lying in U%.

It will follow from Lemma 3 below that

[F(6:)] = [F(6})] and [F(6%)] = [F(0;)]-
However [F(6)] = [F(6},)], since the latter is a refinement of the former.
Hence [F(0;,)] = [F(8;;)] and so F(«, (h;;)) depends only on c.

Levma 2. Let 0,0% € R, and suppose we are given an f-homotopy
H: 0 =0* Let H=[H;]bea subdivision such that each H,; lies in some set
Ui of U. Let 0 = [8,;], 6% = [6};] be the subdivisions of 0, 0* induced by that
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of H, and suppose that 0,,6% are in B, for all (3, j). Then H is homotopic
rel end maps to an f-homotopy H : 6 = 0% such that for all 4, j,

(i) H, has its edges in X,

(i) Hi, lies in UY,

Proof. The proof is similar to that of Lemma 1. The subdivision
6 = [6;;] induces a cell-structure K on I?, and the homotopy H ~ H is
constructed on Kmx I x IuK x I x IuK x I x {0} by induction on m.

Nore. We do not claim that H,; is an f-homotopy 8,; = 6%.

LremmMa 3. Let 0,0%, H, (H,;) be as in Lemma 2. Then in G,,

[F(0:5)] = [F(63)]-

Proof. We replace H by the H:8=60* given by Lemma 2. Let
F(8;;) = ¢y, F(0F) = cf. Since H,; has its edges in X, and vertices in X,
the homotopy addition lemma (Proposition 5) gives, on applying F, a
relation in G4 of the form

~I-1 g7, I
= —bisg2 5 by | (2)
-T @y r
where the a’s and b’s are images in G, of certain faces of the A;;.
The interchange law for G allows us to refine the subdivision ¢* = [c¢};]
by the substitution (2) and to compose the parts in any convenient fashion.
By cancellation of pairs b;;, —b,; and a4, a;;71, by composing thin elements

and absorbing 0’s and 1’s, and by composing border elements, we can
obtain a new subdivision of c* of the form

-1 g1 T-1
c*=| =b, ¢ b | (3)
-I' a T

where ¢ = [¢;;] and the elements a,, b; are composites in &, of the images of
squares lying on the boundary of A. Since A is an f-homotopy, these
squares are in X, and so, by Proposition 4(iii), the a;, b, are thin. Similarly,
Proposition 4(i) implies that each corner element in (3) is ©. It now
follows that the a; are 1’s and the b; are 0’s, and therefore ¢* = c.

With the proof of Lemma 3 we have completed the proof that F(ax, (%))
depends only on a.

LemmA 4. F(q, (h;;)) depends only on the class of o in p,.
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Proof. Let K: « =o' be an f-homotopy. Then there is an (m x n x p)-
subdivision K = [K;;] such that each K;;, lies in some set of %, say U*.
Let a = [o4], o’ = [o;] be the induced subdivisions of o, o’. A simple induc-
tion on p reduces us to the case where p = 1, and s0 we may assume that
the subdivision of K hasasingle layer K = [K;;], each K ; being a homotopy

a;; = oy lying in U%. Then we choose k: a =8, 2': o’ = 0’ as in Lemma 1.
Let H be the composite homotopy ﬁkh' 6=¢6. Then by Lemma 3,
[F(6:5)] = [F(0;)]

We have now proved that there is a well-defined map f: po(X) > G,
given by f(&) = F(«, (k;;)), which satisﬁcs foc = f atleast on 2-dimensional
elements of p.

The remainder of the proof is straightforward. It is easy to check that
f preserves addition and composition of squares, and it follows from
Proposition 4 of §2 and (iii) of Lemma 1 that f preserves thin elements.
Now Proposition 2 is used to extend f to a morphism f: p(X) - G of
double groupoids, and clearly f satisfies foc = f’ and is the only such
morphism.

REMARKS. 1. An examination of the above proof shows that condition
(1) is required only for 8-fold intersections of elements of . However,
it has been shown by Razak [13] that in fact one need only assume (),
for 4-fold intersections and (), for 3-fold intersections. Further, these
conditions are best possible.

2. There is, alternative to p(X, X, X,) as defined here, a version in
which the homotopies of maps (I,1) > (X;,X,), (12,12, 1?) - (X, X, X;)
are taken rel I, rel I2 respectively. It is this version which includes the
groupoid #YZ of [1,2]. Both versions are special cases of the double

groupoid p(X 2Lyl Z) discussed in [13].

3. Theorem B contains 1-dimensional information which includes
most known results expressing the fundamental group of a space in terms
of an open cover, but it does not assume that the spaces of the cover or their
intersections are path-connected.

Of especial interest (but not essentially easier to prove) is the case of
Theorem B in which the cover % has only two elements; in this case
Theorem B gives a push-out of double groupoids. In the applications
below we shall consider only path-connected spaces and assume that
Z = {{} is a singleton. Taking { as base point, the double groupoids can
then be interpreted as crossed modules to give the following 2-dimensional
analogue of the Seifert—van Kampen theorem. We do not know how to
prove Theorem C without using double groupoids.
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TrEOREM C. Suppose that the commutative diagram of based pairs of
spaces
f

(W’ W’l) - (U’ Ul)

| ; ®

(V’ I{) '_7-:—') (X’Xl)

satisfies one of the two following hypotheses:

HYPOTHESIS &7 the maps 3, f,%, f are inclusions of subspaces,
W =UnV, X is the union of the interiors of the sets U and V, and
V=XnV,U,=XnU, W =X,nW;

HyroruESIS %Z: the maps i: W - V, i;: W, - V; are closed cofibrations,
W, = WnW, and X, X, are the adjunction spaces U, V, U, u, .
Suppose also that all the spaces are path-connected and that the induced maps
m (W) = m(V), m(Uy) = 7(U), my(W,) - m (W) are surjective. Then the

tnduced diagram
©( W, I/Vl) —_— .U'(Us 171)

T

F’( V’ Vl) - F'(X’ Xl)
ts @ push-out of crossed modules.

Proof. In the case where (X, X)) is a based pair with base point ¢,
p(X, X;, {) is abbreviated to p(X, X,). That p applied to diagram (4) gives
a push-out of double groupoids under Hypothesis & is simply a special
case of the union theorem. That diagram (5) is a push-out is immediate
from Theorem A and Proposition 7.

The corresponding result under Hypothesis # follows from that under
Hypothesis &/ by standard techniques using mapping cylinders (see a
similar proof in [2, 8.4.2]).

4. Push-outs of crossed modules
The usefulness of Theorem C lies in the fact that, given a push-out square

(Ao, Go’ ao) —_— (Al’ Gl’ a1)

N

(Azs 02’ a0) E— (A, G’ a)
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in the category % of crossed modules, one can write down generators and
relations for the groups 4 and @ if one knows generators and relations
for the groups 4,,G; (¢ = 0,1,2) and one knows the various actions and
maps between them. The computations are conveniently described in
terms of induced crossed modules.

For a given group @, let %; be the category of crossed G-modules
(4, G, 9); the morphisms of % are morphisms of crossed modules inducing
the identity on G. As for ordinary modules we shall often refer simply
to the crossed G-module 4. Let A: G — H be a fixed morphism of groups.
If Bis a crossed H-module, let 4 be the pull-back

B

A—— B

||

(& _)\__> H

in the category of groups. Then @ acts on 4 < Bx@ by the rule
a? = ((Ba)*?, g~1(da)g) for g € G, a € A, making A into a crossed G-module
so that (B,A): (4,G,9) > (B,H,?) is a morphism of crossed modules.
This morphism is universal for morphisms from crossed G-modules to
(B, H,d) which induce A: G - H. Writing 4 = A*B we obtain a functor
A*: Gy - G called restriction.

There is also, for any crossed G-module 4, an induced crossed H-module
C =),4 and a morphism (v,A): (4,@,0) - (C,H,d) which is universal
for morphisms from A to crossed H-modules which induce A: G — H.
This gives a functor A, : €y - €5 which is left-adjoint to A*. It can be
described as follows.

ProrosiTioN 8. Let A be a crossed G-module and let A: @ - H be a
morphism of groups. Then the induced crossed H-module C = A 4 s
generated, as a group, by the set A x H with defining relations

(i) (ay, k)(as, h) = (@105, h),
(ii) (a9 h) = (a, (Ag)h),

(i) (@, Py X5, B) 0, By) = (@, Bgly (Ao ),
for aj,ay,a € 4, h,hy,h € H, g € G. The morphism 0: C - H is given by
o(a, h) = h~Y(Ada)h, the action of H on C by (a,h)* = (a,hh), and the
canonical morphism v: 4 - C by v(a) = (a,1).

Proof. One verifies directly that this recipe defines a crossed H-module
and that (v,A): (4,@,9) > (C,H,d) is a morphism of crossed modules
with the required universal property.
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Some special cases are worthy of note. First, @ is itself a crossed
G-module with 9: @ - @ the identity and action by conjugation; it is the
terminal object of ;. The corresponding induced crossed H-module A, G
is called the free crossed module on A: G — H. In this case the relations
(i) are consequences of (i) and (iii), so A,G' has generators G x H and
defining relations (g,, 2)(gs, 2) = (9.9, ) and

(1 21) UG Ba) (@1 r) = (G2, PPy (Ag 1 ) y).

If G is a free group with free generators {x;} then A,@ is determined by
H and the elements y; = A(x;) of H, and it coincides with Whitehead’s
‘free crossed H-module’ [16, p. 455], as can be seen by comparing the two
presentations. We refer to the elements v(z;) € A G as the free generators
of this crossed module.

Next, when A: G — H is a surjection or an injection the induced
crossed module A, A4 has a simpler description which can be either deduced
* from Proposition 8 or proved in a similar way.

ProrosITION 9. IfA: G - H i3 a surjection and A is a crossed G-module,
then \yA = A/[A, K], where K = Ker ) and [A, K] denotes the subgroup of
A generated by all a='a* fora e 4, k € K.

ProrosITiON 10. If): @ - H is an injection and A is a crossed G-module,
let T be a right transversal of M(G) in H, and let B be the free product of groups
A, (t € T) each isomorphic with A by an isomorphism a v a,(a € 4). Let
h € H act on B by the rule (a,)* = (a9),,, where g € G, w € T', and th = (Ag)u.
Let 8: B — H be defined by a, > t~(Ada)t. Then \,A = B/S where 8 is the
normal closure in B of the elements b—1c1bc® (b,c € B).

ReMARK. Since any A: G - H is the composite of a surjection and an
injection, an alternative description of the general A, 4 can be obtained
by a combination of the two constructions of Propositions 9 and 10.

Now consider an arbitrary push-out square (6) of crossed modules.
In order to describe (4, G, d), we first note that @ is the push-out of the
group morphisms @, <- Gy - G,. (This is because the forgetful functor
(4,0,9) — @ from crossed modules to groups has a right adjoint
G — (G,G,id).) The morphisms );: G; - G (¢ = 0,1, 2) in (6) can be used
to form induced crossed G--modules B; = (A;),4;. Clearly 4 is the push-out
in €, of the resulting G-morphisms B, < B, - B, and can be described
as follows.

Prorosrtion 11. Let B, be a crossed G-module for t = 0,1, 2, and let A be

the push-out in Gy of G-morphisms B, «ﬁ- B, —ﬁia B,. Let B be the
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push-out of B, and B, in the category of groups, equipped with the induced
morphism 0: B - G and the induced action of G on B. Then 4 = B/S,
where S is the normal closure in B of the elements b=1c~1bc?® for b,c € B.

In the case when (4,,G,, d,) is the trivial crossed module (0, 0,id) the
push-out (4, @, 0) in (6) is the cokernel of the morphism

(4g, Gy, 09) — (4,4, G, 0y).
Cokernels can be described as follows.

ProrosrTioN 12. The cokernel of @ morphism (B,A): (4, @, 9) - (B, H, 9)
is (B/4,H/@,d) where G is the normal closure in H of \(@), and 4 is the
H-subgroup of B generated by B(4).[B, G].

5. Applications to second relative homotopy groups
We illustrate the use of Theorem C for determining 7(X, X;) in some
cases in which the computations are straightforward.

ProrosiTioN 13. Let U, V, W, X be connected based CW-complexes, with
W a subcomplex of V and X the adjunction space X =Uu;V, where
f: WU is a cellular map. Let UL, V', W', X* denote the 1-skeletons of
U, V,W,X. Then

w(W, Wy L WU, UY

;T

I"'(V’ Vl) —7F F'(X’ Xl)
*

18 a push-out of crossed modules.

Proof. Under these assumptions, Hypothesis # of Theorem C is
satisfied and the induced maps 7,(U') - m,(U) etc. are all surjective.

CoroLrLaRY. Let W be a connected subcomplex of the commected CW-
complex Vand let X = V/W. Then no(X, X1) = mo(V, V1)/N where N is the
w1 (V1)-subgroup of my(V, V1) generated by

tamo(W, W) and  [mo(V, V), iem (W]

Proof. Take U = U' = {*} so that u(U,U?) = (0,0,id) and u(X, X1) is
the cokernel of 24 : u(W, W) - u(V, V1). Apply Proposition 12.

We observe that Proposition 13 also throws light on a problem sug-
gested to us by Saunders MacLane: if the connected CW-complex X is the
union of connected sub-complexes U, V with connected intersection W,
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determine the relationship between the first Postnikov invariants of X, U, V,W.
This invariant for X is an element k(X) of H3(m,(X), 75(X)) which is shown
in [11] to be the obstruction class associated with the crossed module
(X, X1), where X1 is the 1-skeleton of X. Proposition 13 shows that k(X)
is determined, if not by k(U), k(V), and k(W), then certainly by the
morphisms of crossed modules u(U, U1) < u(W, W) — u(V, V1).

The following special case of Theorem C is particularly convenient, as
it contains and extends a number of known results.

TaeorEM D. Suppose that the commutative square

f

W—%U

V—F> X

f

of based spaces satisfies one of the two hypotheses:

HYPOTHESIS & : the maps i, f, 1, f are inclusions of subspaces, W =UnV,
and X 1is the union of the interiors of U and V;

HypoTHESIS % the map ¢ 13 a closed cofibration and X is the adjunction
space Uy, V.

Suppose also that U, V, W are path-connected and that iy: w (W) - m(V)
is surjective. Then wy(X,U) is the crossed my(U)-module induced from
mo(V, W) by the morphism fy: m(W) - m(U).

Proof. Under these conditions we may take

X,=U=U and V=W, =W

in Theorem C. Writing G =m (W), H=a(V), 4 =my(V,W), and
B = 7y(X,U) we find that

(0,4)
(0,@,0) —— (0, H,0)

|

(A-; G: a) -_— (B’H’ a)
is a push-out of crossed modules, and this is equivalent to the assertion
that B is the induced module A, 4.

ReMARgS. 1. Induced crossed modules arise under more general
circumstances. In Theorem C, make the additional assumptions that
5388.3.36 0
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mo( W, W) = my(V, V) = 0; then my(X,X,) is the crossed =,(X;)-module
induced from my(V, ;) by fi: m(K) - m(X,).

2." Theorem D implies the homotopy excision theorem [9, p. 211] in
dimension 2. For suppose the based space X is the union of subspaces
U,V, with U,V, and W =UnV all path-connected. Assume either
Hypothesis & or Hypothesis #': U and V are closed and i: W >V
is a cofibration. Let X:m (W) - m(U) be induced by inclusion. If
m(V, W) =0, then = (W) m(V) is surjective, and by Theorem D,
mo(X, U) = Aymy(V, W); this gives an algebraic description of the excision
map e: my(V, W) - my(X,U). If also = (U, W) =0, then A is surjective
and we obtain from Proposition 9 the surjectivity of ¢ which is one part
of the usual excision theorem; but we can also, by Theorem D and
Proposition 9, state the further result that if K = KerA, then K acts on
A =my(V, W), and Kere = [4, K]. Suppose further that

0: mo(U, W) —» my(W)
is trivial (for example if =, (U, W) =0); then A: my(W) - m(U) is an
isomorphism and hence so also is &. This is the final part of homotopy
excision under hypotheses slightly weaker than the usual ones.

Other uses of Theorem D are illustrated by the following examples.

Exampres. 1. Let 4,B,U be path-connected based spaces. Let
X = Uu;(CA x B) where C4 is the (unreduced) cone on 4 and fis a map
AxB—-U. It follows from Theorem D that =,(X,U) is the crossed
m,(U)-module induced from M = (= (A4), m(4) x m(B),%,) by

fe: my(A) x my(B) - m(U)
where, in the crossed module M, ,(4) acts on itself by conjugation and
7,(B) acts trivially on =, (4).

2. Let 4 = 8, B =87 (p,q > 1) in Example 1. Then it is easily shown
from the above that (a) for p > 2, m(X,U) = 0, (b) for p =1 and ¢q > 2,
mo(X, U) is the free crossed s,(U)-module on one generator  which is the

f

class in m(X,U) of the disc C4 , CAxB— X, and (c) for
p=g=1, 7(X,U) = F/N where F is the free crossed ,(U)-module on
one generator z as in (b) and N is the m,(U)-submodule of F generated

f

by 2—1z¥, where y is the class in m,(U) of the loop B 2, AxB——U."
(These results may also be deduced from results of [15, 16].)

3. Returning to Example 1, suppose next that B is a point. Then
X=Uu,CA4, M = (m(A),m(4),%) and therefore m,(X,U) is the free
crossed module on fg: m(4) - m(U). We know no other method of
proving this result.
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4. Any space U obtained from the path-connected space U by attaching
2-cells is homotopy equivalent, rel U, to a space X = U u,C4 where 4 is a
wedge of circles. In this case, 7 (4) is a free group, and Example 3
specializes to Whitehead’s theorem that m,(U, U) is the free crossed m,(U)-
module with one generator for each 2-cell attached [16, p. 493]. (Applica-
tions of Whitehead’s theorem are given in [5, 6, 8, 11, 12, 16, 17] and a
simpler proof of a special case of the theorem is given in [7].)

5. Let A4,U, X be as in Example 3, and suppose that f, : =, (4) - =,(U)
is surjective with kernel K. An application of Proposition 8 to the con-
clusion of Theorem D gives 7,(X,U) = m(4)/[7,(4), K], and it follows
that there is an exact sequence

my(U) > my(X) > K/[m(4), K] > 0. (7)
It is easy to deduce from this exact sequence, applied to the case where
A = K(@,1) and U = K(Q,1) the well-known result that an exact
sequence 1 - K - G - @ — 1 of groups gives rise to an exact sequence
Hy(G) > Hy(Q) - K/[G, K] - H,(G) - Hy(Q) - 0.
As another application of (7) we note that if 7 (U) = my(U) = 0, then
my(X) = m(4)®.
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