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1. Introduction

Let ¥ be a not necessarily regular, finite-dimensional symplectic space (with
symplectic form . ) over a field K where V' \rad(V) is non-empty. Our previous paper
[27] (hereinafter referred to as [1]) began the study of the orbits of V\rad(V) under
the action of the group Tu(S) of isometries which are products of transvections from a
subset S of V. Let G(S) be the graph with vertex set S and an edge between a,b € S if
a.b # 0. The main result of [I] was that if K has more than two elements, then the
action of Tu(S) on V\rad(V) is transitive if and only if S spans V and G(S) is
connected.

In this paper we consider the more difficult case where K is the field F, of two
elements, and we assume this throughout.

Let P be a basis for V. Then the graph G(P) determines the symplectic form on V.
Moreover, if H is a full subgraph of G(P), then the sum of the vertices of H is an
element of V. This gives a one-one correspondence between the elements x of V and
the full subgraphs x|, of G(P), and enables us to use lattice-theoretic terminology for
elements of V. That is, inclusion of subgraphs of G(P) determines a lattice ordering <,
on elements of V, with union U, and intersection M.

Let Qp be the quadratic form associated to the symplectic form . on V such that
Qp(a) = 1 for all a € P. Then Tu(P) preserves the form @Q,. We show that for x e V,
Qp(x) is the Euler characteristic mod 2 of the graph x|p. Thus this quadratic form is
that introduced in [9] for the case where V = H,(T,;F,) with the intersection
symplectic form. It is easy to prove that if P, R are t-equivalent bases of V, as defined
in [1], then Qp = Qp.

Let E¢ denote the graph shown in Fig. 1. The vertex v will be called the centre of E.
A graph G is said to be of orthogonal type if G is a tree and contains E¢ as a subgraph.
A basis P of V is of orthogonal type if P is t-equivalent to P’ where G(P') is a graph of

orthogonal type.
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Our main result is:

THEOREM 10.1. Let P be a basis of V of orthogonal type. Let x,y € V\rad(V). Then
X, y belong to the same orbit under the action of Tu(P) if and only if Qp(x) = Qu()).

A.M.S. (1980) subject classification: 20 H 30, 51 F 99.
Proc. London Math. Soc. (3) 52 (1986) 532-556.
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We shall use this result to give necessary and sufficient conditions on a spanning set
S of V for it to be true that Tu(S) = Spo(V} (Theorem 11.1). We shall also describe the
group Tu(P), together with its action on V'\rad(V) in the case where G(P) is connected

but P is not of orthogonal type. Here we find that Tu(P) is an extension of an abelian
group by a symmetric group.

We mention here some further developments. The paper [32] gives necessary and
sufficient conditions for a connected graph G(S) to be t-equivalent to a graph having
no valency-3 vertices. This allows a complete description of subsets S such that Tv(S)
is isomorphic to a symmetric group, thus answering a question of J. I. Hall. It is also
shown in [32] that if P and R are two bases for the regular symplectic space V over
F, such that G(P) and G(R) are connected and Tu(P) = Tu(R), then P and R are
t-equivalent.

Related techniques are used in [33] to classify all sets of n transvections generating
SL(n, F) where F is a finite field.

This paper forms a revised version of Chapters 4-6 of [10].

2. Outline of the argument

Let P be a basis for the symplectic space V over the field F, of two elements, and
suppose that the graph G(P) is connected. According to § 3 of [1] we may assume that
G(P) is a tree. Let x € V\rad(V). By §4 of [1] we see that the orbit of x under Tu(P)
contains elements having discrete graphs. Thus we assume x | is discrete. The idea, as
in [1], is to reduce the number of components (vertices) of x|p.

Let L, be a basis for V where L, = {e,,...,e,} withe;.e;, = 1fori=1,..,n—1,all
other products being zero. We call L, a line graph.

In §3 we show that if G(P) is connected and is not of orthogonal type then P is
t- equivalent either to some L,, or to a ‘blow-up’ of some L, (for which see Example
6.3 of [1]).

If G(P) is a line graph then we cannot change the number of components of x |, by
an action of Tu(P), and we show that this number is a complete invariant of the orbit
of x.

If G(P) is a blown-up line graph, then there is a symplectic projection p: V = U
such that p(P) has graph a line graph L. Also for x € V\rad(V), the number of
components of (px)|, is a complete invariant of the orbit of x under the action of
Tu(P).

Thus non-orthogonal cases are relatively simple. However, if G(P) is a tree of
orthogonal type then the idea is to move around the vertices (components) of x |, by
an action of Tu(P) so as to have vertices a,, ..., a,, where r > 1, of x|, all adjacent to a
vertex ¢, say, of G(P), as in Fig. 2. Note that ¢ is not a vertex of x | since x | is discrete.
Now if c.x = 1 (that is, if r is odd), then C(x)|p, has less components than does x |p.
However, if ¢c.x = 0, then r is even and if there are vertices of x|, which are not
adjacent to ¢, we try to ‘bring them in closer to ¢’. For example, imagine that G(P) is as

a, a, a,

FiG. 2
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in Fig. 3, where x = a,+a,+a. Then ¢.x =0. Here we increase the number of
vertices of x|, adjacent to ¢ by acting on x by DAED, the composite of the
transvections corresponding to d,e,a,d. Now DAED(x)=a,+a,+e and
CDAED(x)|p has fewer components than does x |[p.

S a;

as,
FiG. 3

However, not all cases are as nice as this. For example, if, in the above situation, we
had x = a,+a,+a+b, then x € V\rad(V) but d.x = 0 and so we cannot move one
of the vertices a or b closer to c.

The problem stems from the fact that ¢+ b is in rad(V) and so we cannot move it
about by an action of Tu(P). To overcome this type of difficulty we show that there is z
in the orbit of x under Tv(P) such that z|, is discrete and has no more components
than does x|,, and further if w e V\ {0} with w <, z, then w ¢ rad(V). This gives us
more freedom to move subgraphs of z around, and allows us to show that it is always
possible to reduce the number of components to one or two. The rest follows easily.

3. The line geometry

Let L, be the line graph with vertices e, e,, ..., ¢, in order, as in the last section. We
write L, ) for the symplectic space over F, with basis the vertices of L, and symplectic
form determined by L,. Note that rad<{L,) is 0 if n is even, and is spanned by
e, +ey+...+e, if nis odd.

For the rest of this section we write L =L,, V = (L).

We shall need the following result. We abbreviate ‘x|, is connected’ to ‘x is
connected’.

PROPOSITION 3.1. Let x,y be connected elements of {L). Then Y(x) is connected.
Further, if « € Tuv(L), then a(x) is connected.

Proof. Clearly, if y.x = 0, then Y(x) = x is connected.

We now assume that y.x = 1. Figure 4 shows various possibilities for the relative
placements of x and y (note that x connected implies x is of the form e, +¢;, ., +...+ ¢,
where h < k). The only cases in which x.y = 1 are (i) and (iv), and in these cases
Y(x) = x+y is connected.

L —o °® ® *———o
> e *—e | e———
(1) (11) (iit)
i i+ I i+r
® —e ® ® *— - ® eor > |
(iv) (v)

FiG. 4
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That a(x) is connected now follows, since « is a product of transvections E; for ¢; a
vertex of L.

THEOREM 3.2. Let R be a set of connected elements of V = (L) such that T = G(R) is
atree with x, as an end vertex. Then there is an « € Tv(L) such that o. maps R into L and
X, to e¢,. Also G(R) is a line graph.

Proof. Since x, is connected, it collapses by operations of Tuv(L) to a vertex
[1. Proposition 4.3] and this vertex may, by further operations of T'v(L), be moved to
¢, [I, Troposition 2.1]. Hence there is an o; € Tv(L) such that o, x, = e,.

Let 1 < ¢ and suppose inductively that «, € Tv(L) and x,, x,,..., x, € T have been
chosen so that o,x; =¢;, where 1 <i<gq. This has been done for g=1. If
T={x,,....X,}, we set a = a,. Suppose T # {x,,...,x,}; we show how to choose
Ng+ 10 g+ 1

Since T is connected, there is an element x,., of T distinct from x,,...,x, but
adjacent to one of them. Now y = a,x,., is connected, and so, for some h <k,

y=ete +... 1.

Suppose h = 1. Then y # e, impliese,.y = 1 and so x,.x,,, = 1. If g = 1, we must
also have k > 1, since y # ¢, and so we can find o’ € Tv(L) such that «’e; = e, and
2’y = ¢,. We then set «, = o'a, . Also we cannot have g > 1,.since x, is an end vertex
of T.

Suppose | <h<q+1. Thene,_,.y=e,.y=1and so x,_,.X,4; = X3.Xg4, = I,
contradicting the fact that T is a tree. Therefore h = g+1, and e,.y = 1, whence
X,.X4+y = I. Choose o” involving E, for t>g+1 such that o’y =¢,,,. Set
Agpy = 0%,

That G(R) is a line graph follows from the existence of a.

COROLLARY 3.3. Let 8 € Sp(V) be such that Pe; is connected for i = 1,...,n. Then
fi e Te(L).

Proof. Clearly B(L) is also a line graph and hence a tree. By the proposition, there is
an x € To(L) such that af(L) = L. Hence B =o',
As an application of Theorem 3.2, we determine Tv(L,).

THEOREM 3.4. The group Tu(L,) is isomorphic to S, . ,, the symmetric group on n+ 1
symbols.

Proof. A connected, non-trivial element of {L,)> may be written
Xj=e+e. . +...+e_;, wherel <i<j<n+l

We regard x;; as an edge between vertices v; and v; of the simplex A" with vertices
Uys03...., Uy . Then the edges x;;, x,, meet if and only if x;;. x,; = 1. (See Fig. 5.)

Let 2 € Tov(L,). Then a permutes the connected elements of (L, >, and preserves the
symplectic form. Hence « determines an automorphism ¢(a) of A" This gives a
morphism ¢: Tu(L,) — Aut A". But ¢ is injective, since a, f € Tv(L,) are determined
by their effects on the e;.

Let ¢y € Aut A" and let x; be the edge g(e;) of A", for 1 < i< n. Then {x,,...,x,}isa
line graph. By Theorem 3.2, there is an a € Tuy(L,) and a permutation ¢ of 1, ..., n such
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Uy € Uz
FiG. 5

that 61 =1 and afx,) =¢;, for 1 <i< n. By adjacency considerations, ¢ is the
identity. Then (') and g agree on the vertices of A", and so coincide. Hence
¢: Tu(L,) - AutA” is an isomorphism.

The theorem follows, since the isomorphism AutA”" =~ §, ., is well known.

RemARK. The above determination of Tv(L,) has been obtained in the regular case,
that is, when n is even, also in [1, §3], where it is attributed to Serre.
In §7 we show that for any subset S of V, if G(S) = L,, then Tu(S) = S, ,,.

4. The blown-up line geometry

Let L, denote the graph shown in Fig. 6. We call L)' (as in Example 6.3 of [1]) the
graph obtained from L, by blowing up e, to m+1 elements dy = e¢,,d,, ...,d,. We
identify L, as a subgraph of L!" in the obvious way.

FIG. 6

The symplectic space over F, with basis the vertices of L;' and symplectic form
determined by the edges, is written {L]'>. Note that rad{L}") is spanned by rad{L,>
and the elements d, —d,, ...,d,,—d,.

If G is a graph, we say G contains E¢ if G has a subgraph isomorphic to Es.

Let G be a finite tree. If G does not contain E¢, and G is finite, as we always assume,
then G must be obtained from a line graph L, = {e,, ...,e,} by blowing up ¢, to r
elements (say), and e, to s elements with r,s > 1.

PrOPOSITION 4.1. If V is a symplectic space over F, and S is a subset of V such that
G(S) is a tree not containing E¢, then S is t-equivalent to some L;'.

Proof. We know that G(S) is a line graph {e,,...,e,} with e, blown up to r+1
elements e, u,, ..., u, and e, blown up to s elements. If r > 0, then by Proposition 3.4
of [1], we can find a t-equivalence moving u,, ..., 4, to have the same adjacencies as e,
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We now prove a converse to this proposition.

THEOREM 4.2, Let V = (L5, and let f> L)' — § be a t-equivalence such that G(S)is a
tree. Then G(S) does not contain E.

Proof. Let U = (L,), and let p: V — U be the symplectic map such that p(e;) = e,,
fori=1,..,n,and p(d;) = ¢,, for j = 1,...,m. We say x € U is connected if it is 50 in
terms of the graph L,.

Note that if x,y € V and z = p(y), then p(Y(x)) = Z(p(x)). Hence if px,py are
connected, so also is p(Y(x)). From this it follows that p(a) is connected for all vertices
a of S.

We now repeat the argument for the proof of Theorem 3.2 but with S replacing R,

to show that there is an « € Tv(L,) and elements x,, ..., x, € S such that ap(x;) = ¢,
fori=1,...,n, and x, is an end vertex of G(S).
Let y € S\{xy, ..., x,}. Then y is adjacent to at most one of x, ..., x, since G(S) is a

tree. Hence ay is adjacent to at most one of ax,, ..., x,,.
Now we can write ax; = e¢;+a, for i < n, and ax, = b, and, since pay is connected,

ay =e,+ep +...+e+c

where 1 < h <k <nand a,c are sums of an even number of d; including possibly
J =0, while b is the sum of an odd number of d;.

An examination of cases shows that ay can be adjacent only to ax, or ax, _,. Hence
2G(S) does not contain E4. Hence G(S) does not contain Eg,.

We can also determine Tu(LM).

THEOREM 4.3. If n > 1 and m > 0, then there is a split exact sequence
I = (F)™ = Tu(Ly) - Syer = L,

where p is n—1 or n according as n is odd or even.

Proof. By Proposition 6.6 of [1], we have a split exact sequence,
1 - L(V/rad(V),F%) — Tu(L]) - Tu(L,) — 1.

The result follows.

COROLLARY 4.4. If n > | and m > 0, then Tu(LY) is not isomorphic to a symmetric
group.

Proof. By Theorem 4.3, Tu(L}) has a normal, abelian subgroup consisting of
elements of order 2. Such elements in a symmetric group of degree ¢ are products of
disjoint transpositions; if ¢ = 3 then conjugates of such elements generate a non-
abelian group, and this gives a contradiction.

5. Sociable elements

Let V be a symplectic space over the field F,. Let P be a basis for V. Then the
elements of V and the full subgraphs of G(P) form equivalent sets, as pointed outin § 1.
Non-zero elements of rad(V) will be called isolated elements of V. We will say that
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X € Vis part-isolated (in P)if there is a y € V such that y <, x and y is isolated. If x is
not part-isolated, then we will call x sociable (in P).

We let I,(x) denote the element of V whose graph is U, y where the union is over all
isolated elements y with y <, x. Note that if x is isolated, then Ip(x) = x for all bases P.
However it is not true that if I,(x) = x then x is isolated. For example, let P = L} and
X=d,+d,+d;. Thend, +d, and d, + d, are both isolated elements and so Ip(x) = x;
however ¢;.x = | and so x is not isolated. Note further that x is sociable in P if and
only if Ip(x) is zero.

PROPOSITION 5.1. Let P be a basis for V with G(P) a tree. Let x € V. Then 1p(x) is
discrete. In particular, if x is isolated then x is discrete.

Proof. Suppose that I,(x) is not discrete. Let C be a component of I,(x) which is not
a vertex. Then C is a tree since G(P) is a tree. Let e be an end vertex of C and let f be
the unique vertex of C adjacent to e. Let y = x be an isolated element of V containing
/- Then the only vertex of y adjacent to e is f and so e.y =e.f= 1, which is a
contradiction as y is isolated. Thus Ip(x) is discrete.

If x is 1solated, then I5(x) = x and so x is discrete.

The next result shows that if P is a basis with G(P) a tree, then we can act on
x € V'rad(V) by Tu(P), the result being sociable. Write x ~p y, or simply x ~ y, if x
and v belong to the same orbit of the action of Tu(P).

PROPOSITION 5.2. Let P be a basis of V with G(P) a tree. Then for x € V\rad(V),
X ~ Xq where x is sociable, discrete and has no more components than does x.

Proof. By Proposition 4.3 of [1] we may assume that x is discrete. If x is soctable we
have finished, so we suppose that I,(x) is non-zero.

CLAM. Thereis a z € V such that x ~ z, z is discrete, z has no more components than
X, and 1p(z) is properly contained in Ip(x).

Since x is not isolated, there is a vertex s of G(P) such thats.x # 0. Let 5( , ) be the
distance function in G(P). We will need the following lemma:

LeMMA 5.3. Suppose x is discrete and s € P with s.x # 0. Let u,,...,u, be all the
vertices of x adjacent to s. Then r > 0 and s is not a vertex of x. If y = U, ... U,S(x),
then u; is not a vertex of y for all i = 1, .., r, Ip(y) < Ip(x), y is discrete, y has no more
components than does x, and

(i) if (s, Ip(x)) > 1, then Ip(y) = Ip(x),

(1) if (s, Ip(x)) =1, then Ip(y) is properly contained in Ip(x) and y has fewer

components rhan X.

Proof. Since s.x # 0 we have r > 0, and as x is discrete we see that s is not a vertex
of x and that u,,.x =0foralli=1,...,r. Thus

y=U,..USKX)=x+s+u,+...+u,,

and y is obtained from x by replacing u,, ..., u,, by s. Now s.v = 0 for all other vertices
v of x and so we easily see that y is discrete and has no more components than does x.
We now prove that I(y) < I(x) (we will omit the reference to P in the rest of the
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proof). Suppose that this is not true. Then there is an isolated element w in ¥ with
w < yand w not contained in x. Now the only vertex of y which is not a vertex of x is
s, and so s must be a vertex of w. Now u,.s = 1 and since w is isolated we have
w.u, = 0. Thus, as s is a vertex of w, there is another vertex, t say, of w, adjacent to u;,.
Then t is a vertex of x, since the only vertex of y which is not in x is s. Thus t and u, are
vertices of x and so x is not discrete contrary to our assumption. Thus I(y) < I{(x).

For (i) suppose that d(s, I(x)) > 1. Then no u; is a vertex of I(x) and so we have
I(x) < I(y) and (i) follows.

If now d(s, I(x)) = 1, then we may assume that u, is a vertex of some isolated win V
where w < x. Since s.u; = 1 and s.w = 0, w contains some other u;, where j # 1. Thus
r > 1 and (ii) follows.

We now return to the proof of the claim.

If d(s, I{(x)) = 1, then we may take z = y where y is as given by Lemma 5.3.

Suppose now that d(s, I(x)) > 1. Let y be as given in Lemma 5.3. Then y is discrete,
I(y) = I{x), and y has no more components than does x.

We now assume (as we may) that any vertex s’ of G(P) nearer to I(x) than s satisfies
x.8'=0.

Let t be a vertex of I(x) nearest to s and let s,u,v,...,t be the vertices along a
shortest path from s to t in G(P). Then v.x = u.x = 0 by our choice of s, and u.u; =0
since G(P) is a tree. Thus

uy=u(x+s+u, +...+u)=us=1

and so we have reduced d(s, I(x)). Continuing in this way we eventually get the
situation (s, I(x)) = 1.

Thus if I(x) is not empty we can always find z such that z is discrete, z ~ x, z has no
more components than does x, and I(z) is a proper subset of I(x). This proves the
claim.

By repeating this construction, replacing x by z, and so on, we eventually arrive at
X as required by the proposition.

6. Basic moves

Let V be a finite-dimensional symplectic space over the field F,. Throughout this
section we assume that P is a basis of V such that T = G(P) is a tree. We let
x € V\rad(V) be discrete.

The two basic moves are to move x either off one of its vertices, or onto a specified
vertex. We abbreviate ~p to ~.

PROPOSITION 6.1. Let a be a vertex of x. Then x ~ y where
(i) v is discrete, and has no more components than x,

(i1) «a is not a vertex of y,

(1) Ip(y) = Ip(x), so that if x is sociable, so also is y.

Proof. Since x is not isolated, we can choose a vertex s of T such thats.x # 0, but any
vertex s" of T closer to a satisfies s'.x = 0. Let m(x) = (s, a).

Let u,,..., u, be all the vertices of x adjacent to s. If some u; = a, then Lemma 5.3
gives the result. Suppose then that ¢ is not adjacent to s, so that m(x) > 1.
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Let s, u,...,a be the vertices along a shortest path (so of length m(x)) from s to a.
Then u.x = 0. Since T is a tree, we have u.u; =0fori=1,..,r. Let w= U,.. .U, S(x).
Thenu.w =u.s = 1, and a is still a vertex of w. But m(w) < m(x), and Lemma 5.3 tells
us that w is discrete, has no more components than x, and Ip(w) < Ip(x). So we may
reduce to the case where m(x) = 1, considered above.

PROPOSITION 6.2. Let a be a vertex of T. Then x ~ y where
(1) v is discrete, and has no more components than x,

(1) « is a vertex of y,

(iit) Ip(y) < Ip(x), so that if x is sociable, so also is y.

Proof. We may assume a is not a vertex of x.

If a.x # 0, then the result follows from Lemma 5.3 (with s = q).

Assume a.x = 0. Since x is not isolated, there is a vertex s of T such that s.x # 0,
but any vertex s" of T closer to « satisfies s'.x = 0. Let m(x) = (s, @). Then m(x) > 1.

Suppose m(x) = 1. Let uy,...,u, be the vertices of x adjacent to s. Then a.u; = 0, for
i=1,..,r,since Tis a tree. So if w= U,...U,S(x), then a.w = a.s = |. Now apply
Lemma 5.3 first with x, then with x replaced by w, to obtain the result.

If m(x) > 1, then we reduce m(x) to 1 exactly as we did in the proof of the previous
proposition.

7. Orbits for line and blown up line graphs

Let L, = {e,,...,e,} be the line graph as in §3. Our main result on orbits is the
following:

THEeOREM 7.1, Let V = (L, and let x,y € V\rad(V). Then x and y lie in the same
orbit under the action of Tu(L,) if and only if x and y have the same number of
components.

Proof. In the terminology used in the proof of Theorem 3.4, any element x of V
corresponds to a union of disjoint edges of A", one for each connected component of
x. Further, if f,,..., f,,and ¢,, ..., g,, are two sets of disjoint edges of A", then there is
an z1n Aut A" such that af; = g;, for i = 1,..., m. (The proof is an easy induction on
m.) The theorem follows.

We continue by determining orbits for the blown-up line graph.
As in §4, let <L}> denote the symplectic space determined by L)' and let
p: {Ly> — (L,> denote the standard projection.

THEOREM 7.2. Let V = (L), and let x, y € V\rad(V). Then x, y lie in the same orbit

under the action of Tu(L)) if and only if px, py have the same number of components
relative to L,. If n 2 4, m = 1, then Tu(L) # Spo(V).

Proof. Let P =L}, L = L,, and abbreviate ~, to ~.
Suppose first that y = Ax where a is a vertex of L. Then py = Bpx where b is a
vertex of L,. Hence py, px have the same number of components, by Theorem 7.1.

From this we deduce the necessity part of the theorem.
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We know from Theorem 7.1 that px ~, py if and only if px = npy (where n gives
the number of components with respect to L). However px ~, py implies px ~ py. So
it is sufficient for the first part of the theorem to prove that if z € V\rad(V), then
z~pC.

By [I, Proposition 4.3] we may assume z is discrete. By Proposition 6.2, we may
assume z is sociable. Then z contains at most one of the vertices dy = ¢,, d,,...,d,. If z
is contained in L = L,, we have finished. Otherwise, assume d; is a vertex of z. Let L'
be the line graph {e,.....e,_,.d;}. Then z is not isolated in L' and so z may by
operations of Tv(L') be moved to w where d; is not a vertex of w. Further, npz = npw,
by Theorem 7.1 (applied to L'). Since pw = w, and w, pz € (L), we have w ~; pz, by
Theorem 7.1. Hence z ~ pz.

The last statement now follows, since Twu(L)) then does not act transitively on
V\rad(V).

ExampLE 7.3. Using this last result, we determine v)' = N(L;') the number of
elements in the orbit of a vertex under the action of Tu(L!"). For this purpose it is
convenient to assume d,,...,d, are adjacent to e, (rather than to e,_,, as before).
Then we have the recurrence relation

v = v +n2™  where n = 3.

n-—1

Proof. The term v)'_, corresponds to elements of the orbit whose graph does not
include ¢,. If e, is included, then it must be part of a connected element
¢;i+¢;i+,+...+e,, by Proposition 7.2. If i = 3 and ¢;_, is not included, we may also
add in any even number of ¢, d,, ..., d,,, giving 2" possibilities. If i = 2, we may add in

any number of ¢,,d,,....d,,, giving 2"*! possibilities. Hence
y 1.4y giving p

“:1" =4 (n _ 2)2»1 + 2m+ l’

n—1

as required.
Note also that v = v§~'. By induction on m one finds v§ = 3.2"*! and it follows
casily that
V= 2" (1),

We now consider some line and blown-up line graphs G(S) where S spans a
symplectic space V over F, but is not a basis.

PROPOSITION 7.4. Let S be a subset of V\rad(V) such that S is linearly dependent, S
spans V, and the graph G(S) is a line graph L, = {e,,e,,...,e,}. Then nis odd, n = 5,
dimV =n—1, and

e, +es+...+e,_,+e,=0.

Further Te(S) = Spo(V) if and only if'n = 5.

Proof. Clearly n > 1 (since S € V\rad(V)).

Let i be the largest integer such that {e,,e,....,¢;} is linearly independent. Then
i> 1. Ifi=2then ¢; =¢,+¢, and G(S) is not a tree. So i > 2.

The incidence relations on {e,,e,,...,¢;+,} imply that i is even and

€,~+, = el+"3+---+"3i—1~

Ifi+1 <n, then ¢;,,.¢;,, =1 and so ¢;,,.¢; = | for some j < i, contradicting the
fact that G(S) = L,. So i+ 1 = n and n is odd.
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Suppose n = 5, so that S = {e|,e,, 3, ¢4, ¢, +e3}. The elements of V\rad(V) have
one or two components with respect to the basis L, = {e,,e,,e;,e,} of V. But
Eq(ey) = e, +e¢; +e, has two components and so Theorem 7.1 implies that Tu(S) acts
transitively on V'\rad(V). Hence Tu(S) = Spy(V).

Suppose n is odd and n > 5. Let

X = €i+8,~+|+...+ej,

where i < j, be a connected element of V (with respe/ct to the basis L,,_,). Ife,.x = 1
then j = n and ¢,+ x has {n— 1) components. Conversely, if y has ¥n— 1) compo-
nents then y =¢,or y =¢,+¢;+¢;+,+...+¢,_, forsome | <i<n—1.So E,(y) has
4(n— 1) components or 1 component. It follows that Tu(S) does not act transitively on
V\rad(V).

We now wish, in the circumstances of this last proposition, to compute Tu(S). We
follow the method of §3, but only sketch the argument. We first need a result
corresponding to Theorem 3.2.

PROPOSITION 7.5. Let nbe odd, let L= L,,_, = e, e,,...,e,_} be a line graph, let

V={L,-,>, and let
eg=¢€,te,+...+e, .

Let L' = Ly [ey).

Let R be a set of elements of V such that T = G(R) is a tree and each element of R has
one component or Y{n—1) components with respect to L. Let x, be an end vertex of T.
Then there is an x € To(L') such that x maps R into L' and x, to eq. Hence T is a line
graph.

We leave the proof to the reader. It is similar to that of Theorem 3.2, but uses the
fact that the elements of ¥ with 4(n — 1) components are of the form ¢, or f; +¢,, where
Ji is the connected element ¢, +¢,+...+¢;, with | <in—1.

COROLLARY 7.6. Under the assumptions of Proposition 7.4 on L and L', we have
Te(LY= S, ..

Proof. The proof is similar to that of Theorem 3.4, but one introduces a vertex v,
and edges ¢, and ¢g+¢, +¢,+...+¢; joining v, to v, and to v;,,, for 1 <i<n—1
respectively.

ProrosITION 7.7. Let the symplectic space V' be spanned by a subset S' such that
G(S') = L), where m = 1. Then Tu(S') is not isomorphic to a symmetric group, and if
n > 5 then Te(S') # Spo(V').

Proof. Let 8" = {e,,....,e,_,.dy,...,d,) as usual with {e ,...,e,_,} forming a line
graph L,_,, and d;.e,_, =1, for i =0, ..., m, all other products being zero.

1If some set {e,,...,e¢,_,,d;} is linearly dependent, then, as in Proposition 7.3, n is
odd and d; = ¢, +¢;3+...+¢,_,. This relation can hold for at most one i, and since
m = 1, we may assume that {e,,...,e do} is linearly independent, forming a line
graph which we write L,,.

Let M be a non-empty minimal linearly dependent subset of S". If some ¢; belongs to
M., then the adjacency relations imply that n is odd, thate,,e;,...,e,_, € M, and that

n—1»
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the other distinct elements of M are d; , ..., d; , say, where s is odd. By minimality, the
sum of the elements of M is zero, and M’ = {e,,e,,...,e,.d,,,....d; } is linearly
independent. Extend M'to a basis P of V' by adding various d; to M’'. Define
p: V' = (L,» by sending the ¢, identically and by sending the d; in P to d,. Let C, be
the set of elements x of V' such that p(x) has k components relative to L,, and let
n=2r+1. Then the orbit of a vertex of S’ under the action of Tv(S") is C, uC,, by
Theorem 7.2. Let " =S v C,uC,. Then Ty(S") = Tu(S").

Let V be the subspace of V' with basis M’, and define p’: V' — V by mapping M’
identically and defining p'(d;) = d;, for d; e P\M’. Then Kerp' has a basis Q of
elementsd;+d; . ford; e P\M'. LetS = p'(§"). It can be checked that S = §”. We now
show that Theorem 6.6 of [I] applies to p’ and S”. Let ¢ = d;+d;,, where d; e PA\M".
Then a =d; € S and ¢ +d;, € §”; also p(d;) = d, € §”. So Theorem 6.6 of [1] applies
and Tt{S") contains a normal, abelian subgroup whose elements are of order 2. As in
the proof of Corollary 4.4, this shows that Tu(S”) is not a symmetric group. Also
V\rad(V') # S”, since n > 5. So Tuv(S") # Spo(V').

We now consider the case where no e¢; belongs to M. Then M = {d, ,....d; }, and
the sum of the elements of M is zero. Hence s is even, since d;,.e,- | = 1. Theorem 7.2
shows that d;, lies in the orbit of ¢,_, under the action of Tv(S'\{d;}). Hence
Te(S) = To(S'\{d;,}), and we can reduce to the case where {d,,d,,....d,} is linearly
independent. This completes the proof.

We now extend some of the above results to arbitrary subsets S of V. For this, we
need a more precise notation than Tu(S).

Let S be a subset of W, where W is a subspace of the symplectic space V. Then”
transvections from S can be considered as operating on W or on V. The subgroups of
SpolV), Spo(W) generated by transvections from S will for the rest of this section be
written Tu(S: V), Tu(S; W) respectively. Clearly the action of Tv(S; V) on V leaves W
invariant, and the restriction map gives an epimorphism p: Tu(S; V) - Tu(S; W). In
general, Ker p is non-trivial, as is seen by taking V= (L,>, W =<(L,)>, S = [e,}.

PROPOSITION 7.8. Let S be a subset of V such that G(S) = L,,. Then Tu(S; V)= S, ..

Proof. Let W be the subspace of V spanned by S. By Theorem 3.4 and Corollary
7.6, To(S;W)=S,+,. Now for any a,b eV, the following relations hold in
Tu(S:V): AB= BAifa.b=0; ABA= BABifa.b = 1. This is proved by evaluating
on ¢ € V, and examining the cases given by various adjacencies of v with a,b. It
follows that the relations E;E; = E;E; if |i— j| > 1, and E E, , \E, = E, , \E(E; ., for
1 <ij<n, I <k<n holdin Tu(S; V). But these are a complete set of relations for
the corresponding generators of Tv(S; W)= S, . ,. Hence p: Tu(S; V) - TuS; W)is
an isomorphism.

ProprosiTION 8.9- If'S is a subset of V and G(S) = L)', for n > 2 and m > 0, or for
n=2and m> 1, then TS ; V) is not isomorphic to a symmetric group.

Proof. Suppose Tu(S; V) is isomorphic to S,. By the conditions on m, n, we have
Ly < Ly and so Tu(S; V) contains a proper subgroup isomorphic to S,, by the
previous proposition. Hence k = 5.

Let W be the subspace of V spanned by S and let p: Tv(S; V) —» Tu(S; W) be the
restriction map. By Proposition 7.7, Tu(S, W) contains a normal subgroup of index
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not 2, and hence so also does Tu(S;V). This contradicts the simplicity of the
alternating group A,, for k > 5.

8. Quadratic forms

Throughout this section, V is a symplectic space over F,. As usual, a function
Q: V — F, s called a quadratic form on V if, for all x,y e V,

O(x+y) = 0(x)+Q(y)+x.y.

Such a quadratic form is determined by its values on a basis for V. The following two
facts are well known [29].

PRrROPOSITION 8.1. Let Q be a quadratic form on V. If a € V satisfies Q(a) = 1, then,
Jorall x eV,

Q(Ax) = Q(x).

Proof. If Ax = x, then Q(Ax) = Q(x). Otherwise Ax = a+x and a.x = 1. In this
case,

Qla+x) = Qla)+ Q(x)+a.x = Q(x).

CoROLLARY 8.2, Let Q be a quadratic form on V, and let S be a subset of V such that
Qa) =1 for all a € S. Then Tu(S) is contained in the group of isometries of Q.

Let P be a basis of V. We write Q, for the quadratic form on V which takes value 1
on each element of P. The following alternative description of Q, is useful.

PROPOSITION 8.3. Let P be a busis of V, and let x € V. Then Qp(x) is the mod 2 Euler
characteristic of the graph x|p.

Proof. Let Q' be the function which assigns to x € V the mod 2 Euler characteristic
of x|p. We prove that Q' is a quadratic form on V. Since Q' and Q,, coincide on P, this
will prove that Q" = Q,.

Let x,y € V. We have to prove that

Qlx+y) =0 ) +Q () +x.y. (*)

Suppose first that y € P. If x.y =0, then there are an even number 2p, say, of
vertices of x adjacent to y. Thus adding y to x changes x|, by adding (or subtracting)
2p edges and the vertex y. So

Qx+y)=Q(x)+2p+1 =Q0(x)+Q'(y)+x.y.
If x.v = 1, then there are an odd number 2p+ 1, say, of vertices of x adjacent to y. In
this case

Q(x+))=Q(N)+2p+2=0(x)+Q'(y)+x.y.

The general case is proved by induction on the number of vertices of y|,, the above
being the case of one vertex.
Suppose v = u+w where u|p, w|p both have fewer vertices than y. Then by the
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inductive hypothesis
Qlx+u+w)=Q(x+u)+ QW) +(x+u).w
=Q0'(X)+ QW) +x.u+ QW)+ (x+u).w
=Q'(X)+ Q' (u+w)+x.(u+w).

This concludes the proof.

ProPOSITION 8.4. Let P, R be bases for V such that P is t-equivalent to R. Then
QI‘ = QR'

Proof. Clearly, we need only consider the case where R is obtained from P by an
elementary t-operation t = t,, where a.b = 1. Thus P = {a,b, ...}, R ={a,a+b, ...}.
But then Qp(a+b) =1 = Qrla+b). Hence Qp = Qk.

As an application of this result, let L be the line graph L, and let
L' = le,+e3, ¢4, €3,¢,} in that order. Then L’ is also a line graph, Q,(e,) # Q.(e,).
Hence L is not t-equivalent to L'. Thus isomorphic graphs in a symplectic space need
not be r-equivalent.

We now give results on the realizability of a quadratic form as Q, for some P.

Recall that the rank of V is the dimension of V/rad(V), and that rank(V) is even.

THEOREM 8.5. Suppose rank(V) = 4 and Q is a quadratic form on V. Then there is a
basis P for V such that G(P) is a forest and Q = Qp. Moreover, if rank(V) = 6, we can
find such a basis P with G(P) a tree. If rank(V) = 8, we can find a basis P with G(P) a
tree containing E.

Proof. By the definition of quadratic form, it is sufficient to find a basis P for V such
that Q(a) =1 for all a e P.

Since rank(V) > 3 there is a regular subspace W of V of dimension 4. Let
tey, ey, f1. f2} be a symplectic basis for W.

We first show that we may assume Q(e,) = 1. If Q(e;) = 1 then we have finished. If
not, but Q(f,) =1, then we interchange e, and f,, and we have finished. If
Q(e,) = 0 = Q(f}), then Q(e, +f,) = 1 and we replace e, by e, +f, the basis remaining
symplectic.

A similar argument shows that we may assume that Q(e,) = 1.

Let g, =/, if Q(f)) = 1, and g, = f, + ¢, if Q(f,) = 0. Then Q(g,) = 1, ¢,.g, = L.

Extend R = {e,,¢,} to a basis R" of ¥, and let d € R"\ R. We now show that there is
an'element d, € {(R) such that Q(d+d,) = 1.

If Q(d) =1, we take d, = 0. Suppose Q(d) =0. If d.e, =0, we take d, = ¢,. If
de,=1,df, =0, wetaked, =f,. Ifd.e, =d.f, = |, we take d, = e, +/,.

Let S be the basis obtained from R’ by replacing each d € R'\R by d+d,. Then
Q(a) = 1for all a € S, and so Q = Q. By Theorem 3.3 of [I], S is t-equivalent to a
forest P, and Qg = Qp by Theorem 8.3,

Now suppose that rank(V) = 6 and that P has three or more components. Let
a, b, ¢ be vertices in different components and assume ¢ belongs to a component with
more than one vertex. Then Q(a+b+c¢) = 1. We thus replace a by a+b+c and it is
clear that the new graph has at least one less component than the original.

By this argument and Theorem 3.3 of [I] we may assume that G(P) is a forest with
5388.3.53 1
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at most two components. If G(P) has two components, choose vertices a, b, ¢ of G(P)
such that a.b =a.c = b.c =0 and ¢ lies in a different component than a (this is
possible since G(P) is a forest and rank(V) > 6). Then Q(a+b+c¢) = 1 and we replace
the element a of P by a+ b+ c¢. Now G(P) has only one component and Theorem 3.3 of
[1] gives the result.

Lastly, if rank(V) > 8 and G(P) does not contain E then by Theorems 4.2 and 8.3
we may assume that G(P) = L;' where n > 8. Here we replace ¢, by e, +¢;+¢5 to get
P'. It is easily checked that e is a centre for an E4 in G(P’'). This completes the proof.

REMARKS. (1) The last result is not true if rank(V) = 2. To see this let V be a
symplectic space with rank(V) = 2. Then there is a basis P with elements a, b of the
basis P such that a.b = 1 and P\ {a, b} < rad(V). Let Q be the quadratic form with
Q(d)=0foralld e P. Then Q # Qp and it is easily seen that if x € V, then Q(x) = 1 if
and only if both a and b are vertices of x. Thus if x. y = 1, then we have either Q(x) = 0
or @(y) = 0. Now if R is another basis for V then there are elements ¢, d in R such that
c.d =1 and Qg(c) = Qx(d) = 1. Thus Q # Q.

(2) Theorem 8.5 gives a way of visualizing quadratic forms Q. For if 0 = Q, where
F is a forest, then Q(x) is simply the number of components (mod 2) of x|.

PrOPOSITION 8.6. Suppose that P and R are bases of V with connected graphs, and
satisfying To(P) = Tv(R). Then Qp = Qg.

Proof. Suppose Qp # Q. Since a quadratic form is determined by its values on any
basis, there is an x € P such that Qg(x) # Qp(x), that is, such that Qz(x) = 0. Now
X € Tuv(P) = Tu(R) and so X preserves Qp, by Proposition 8.1. However, since P is
connected with more than one element, there isa y € P with y.x = 1. Then

Qr(X(y) = Qrlx+y) = Qplx)+ Q)+ 1 = Q)+ 1.

This contradiction completes the proof.

We now recall the classification of quadratic forms Q associated to a symplectic
space V over F,. A convenient reference is [26, Chapter 111, § 1]. The cardinality of a
set S is written | S|.

8.7. Let V be a symplectic space of dimension 2m+s, where s = dim(rad(V)). Let Q
be a quadratic form associated to V.
(1) If Q is zero on rad(V) then an element Arf(Q) € F, is defined and determines Q up
to equivalence. Further, if ¢ = 0,1 then
Q7 e = @2t 27 h2e if Arf(Q) = ¢,
Q7 (I=g)| = 22" =272 if Arf(Q) = 1—e.

(i) If Q is not zero on rad(V) then Q is determined up to equivalence by V. Further,
|Q_l(0)| = lQ_l(l)l = pWim¥) -1

ProrosITION 8.8. If Q is the quadratic form determined by the basis L, of V then
Arf(Q) is undefined if n =1 mod 4, Arf(Q) =1 if n = 2,3,4 mod &, and Arf(Q) =0 if
n=0,6,7 mod 8.

Proof. Two non-equivalent quadratic forms on V for n = 2 are Q4 and @, which
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take values 0 and 1 respectively on each of e, e,. Then Q, and Q, have Arf invariants
0 and 1 respectively.

In general, rad(V) is non-zero if and only if n is odd; also Q(rad(V)) = {1} if and
only if n = 4r+1. A symplectic basis for V/rad(V) is given by the image of the set

{el ey e tesy,eq5e tes+es,eqe,+ey+es+eq,eq; ..},

and so the induced quadratic form on V/rad(V)is of the type Q, + Qo+ Q, + Qo +....
Since O, + 0, is equivalent to O, +Q,, and the forms mQ,, @, +(m—1)Q, have Arf
invariants 0, | respectively, the result follows.

Let M? denote the graph L, U {g,} where g, is adjacent only to e,. Thus M3 = Eq.
We determine the type of the quadratic form Q determined by M? for p = 3, 5.

ProrosiTiON 8.9. Let V be the symplectic space with basis M2, where p =3 or 5,
n= 5. and let Q be the quadratic form determined by M?. Then Arf(Q) is undefined if
p=3and n=2mod 4, or if p=5 and n = 0 mod 4. Otherwise,

0 ifn+p=2, 3, or 4 mod 8§,
A = .
Q) {1 if n+p=6,7, or 0 mod 8.

Proof. First consider the case where p = 3. Then we obtain a basis for V of the
following type:

e ey tgsiesgyigstegesigstesteserigstestestegeq;. ..}

ending ate, if nisodd, and w = g;+e,+eg+... +e, if niseven. If nis odd, this basis
is symplectic and V is regular. If n is even, then rad V has w as a basis, and Q(w) = 1 if
and only if n = 2 mod 4, in which case Arf(Q) is not defined. It is now easily checked
that Arf(Q) =0if n=7,0,1 mod 8, and Arf(Q) =1 if n = 3,4,5 mod 8.

The case where p = 5 is similar using the basis of the type

€, e;+estgsies, e tesies,gs;gs+eg eq;

gs+es+eg, o gs+es+egte g ey}

9. More basic moves

Throughout this section Vis a symplectic space over F, and P is a basis for V such
that T = G(P) is a tree.

Let d € P. Let C be a component of G(P\{d}). Let {C) denote the subspace of V
spanned by the vertices of C. For x e V, we let x. denote the element of V
corresponding to x|p N C. We say x is isolated in C (sociable in C) if x. is isolated
(sociable) in <C).

LEMMA 9.1. Let x € V be sociable. Then either x is sociable in C or d.xc = 1. In the
latter case, iy is isolated in C and y < x¢, thend.y = 1.

Proof. Suppose that x is not sociable in C. Let y be isolated in C and such that
¥ S¢exe. Then y.C = {0}. Also if f is a vertex of T\(C U {d}), then §(f, C) > | since T
is a tree, and so f.y = 0. Since x is sociable, y is not isolated and so d.y = 1.
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Let e be the unique vertex of C adjacent to d. Then ¢ is a vertex of y, and so of x.
Thus d.xc=d.e=1.

Our next result will describe a standard situation in which we are able to reduce the
number of vertices of x € V\rad(V) by an action of Tu(P).

LemMMA 9.2. Let d € T and let x be a discrete, sociable element of V which does not
contain the vertex d. Assume that x meets at least three different components of T\ {d}.
Then x ~ y where y has less components than does x.

Proof. Let C be a component of T\ {d} where x has no vertex adjacent to d. Then
by Lemma 9.1, x is sociable in C. By Proposition 6.2 applied to x. and C, there is
a2 e Tu(C) such that x(xc) is discrete, has a vertex adjacent to d, has no more
components than does x. and is sociable in C. Since d is not a vertex of x,
a(x)e = a(xc), and so replacing x by a(x) increases the number of vertices of x adjacent
to d by one.

A similar argument (using Proposition 6.1), shows that if x is sociable in C and x
has a vertex adjacent to d, then x ~ y where y is discrete, has no more components
than does x, y is sociable, and y has one less component next to d than does x.

By the above argument, the conditions on x, and Lemma 9.1, we may assume that x
has r > 2 vertices adjacent to d.

If d.x =1, then D(x) has fewer components than has x.

Ifd.x =0, then r > 3 is even.

Suppose that there is a component C of T\ {d} with x sociable in C and let e be the
unique vertex of C adjacent to d. If e is a vertex of x then by the above we may move x
off e by an action of Tv(P) changing only x.. Now we have the case where d.x = 1 and
since r > 3 we have finished. If x is sociable in C and e is not a vertex of x, then by the
above, we may move x onto ¢ by an action of Tv(P). Now d.x = | and we have
finished.

Now suppose that x. is not sociable for all components C of T\ {d}. Let C and D be
two such components and let w = x¢, u < x, be isolated in C, D respectively. By
Lemma 9.1 we have w.d = u.d = 1. Thus d.(w+u) = 0. If e is a vertex of C or D then
e.w=¢.u=0.1Ifeis a vertex which is not in C or D then e.(w+u) = 0and so u+wis
isolated. This is a contradiction and so there is always a component C of T\ {d} such
that x. is sociable.

The result now follows.

In [1] we showed that the action of Tuv(S) on V is transitive on S if G(S) is connected.
We now prove:

THEOREM 9.3. Let S be a spanning set of V such that T = G(S) is a tree. Let
dS = {(a,b) e SxS: a+b ¢ rad(V) and a.b = 0}.

Then the set { a + b : (a,b) € dS} is contained in a single orbit of the action of Tuv(S)

onV.
Proof. Suppose first that S is a basis for V. Let (a,b) € dS.

AsdS #Zthen dim(V) > 2 and T has a vertex ¢, say, which is not an end vertex. Let
e be an end vertex of T furthest away from c. If e is adjacent to ¢ then T is an LY for
some m > 0. In this situation dS = . Thus we may assume that e is not adjacent to c.
Let f be another end vertex of T not in the same component of T\ {c} as that of e. If
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¢ is a vertex of T adjacent to f, we have g.(e+f) = 1 and so e+ is not isolated. Also
e.f =0. Thus (e, f) € dS.

We now show that e+f ~ a+b. By Propositions 6.2 and 8.1 we see that a+b ~ y
where y is not isolated, y is discrete, y has no more components than does a+b,
Q+y) = Qpa+b) =0, and e is a vertex of y. Thus y = e+h where h is a vertex of T
with ¢.h = 0.

Since e is an end vertex of T at maximal distance from ¢ we have é(h, ¢) < d(e, ¢). Let
h,u,s. ..., f be the vertices along a shortest path { in T from h to f. Let v be the unique
vertex of T adjacent to e. If v is not a vertex of {, then by Corollary 2.2 of [1] we may
find x € Ty(T\{v}) such that a(h) = f and so a(h+e) = e+f and we have finished.

If v is a vertex of {, then u.e # 0 (that is, v = u) since d(e, ¢) is maximal (Fig. 7). Here
e+ h is isolated, contradicting our assumption on a+b.

Thus e+f ~ a+b as required.

Suppose now that S is a spanning set for V. Then we may apply the above argument
to a symplectic extension p: V' — V of V with basis §’ of ¥’ such that pS’ = §. The
result for § and V follows.

10. Orbits: orthogonal case

Our main result in this section, and one of the major results of this paper, is the
following description of the orbits in the orthogonal graph case.

THEOREM 10.1. Let V be a symplectic space over F, and let P be a basis of V
of orthogonal type. Let x and y be elements of V\rad(V). Then x and y lie in the same
orbit under the action of Tu(P) if and only if Qp(x) = Qp(y).

Proof. By Theorem 3.3 of [I] and our assumption on P, we may assume that
T = G(P) is a tree graph containing E,.

The necessity follows from the fact that Q, is an invariant of the action (Proposition
8.1).

The sufficiency will follow if we can show that x € V\rad(V) is in the orbit of either
a vertex of T or the sum of two vertices ¢ and b where a.b = 0 and a+ b is not isolated
(see Corollary 2.2 of [1] and Theorem 9.3). This fact is immediate from the following
proposition, which uses the fact that if d is a centre of an Eg in a tree T, then T\ {d}
has at least three components at least two of which have more than two vertices.

PRrOPOSITION 10.2. Let P be a basis for V with T = G(P) a tree containing E¢. If
x € V\rad(V) has more than two components, then x ~ y where y has less components
than does x.

Proof. By Proposition 5.2 we may assume that x is discrete and sociable. The idea
of the proof is to reduce to the situation in Lemma 9.2.
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Let d be the centre of an Eg in T. By Proposition 6.1 we may assume that d is not a
vertex of x.

If x meets at least three components of T\ {d} then Proposition 9.2 gives the result.
So we prove that x can be changed by the action of Tu(T) to obtain this condition.

Assume that x is contained in a component C of T\{d} and let ¢ be the unique
vertex of C adjacent to d. If e is not a vertex of x, then Lemma 9.1 shows that x is
sociable in C. By Proposition 6.2, x ~ z where e is a vertex of z. Let f # e be another
vertex of T adjacent to d. Then z' = DFED(z) is z with f replacing the vertex e, no
other vertices being changed. So x ~ z’ where z’' meets two components of T\ {d}.

Assume that x meets two components C,,C, of T\{d}. Then we may write
uniquely x = x, +x, where x,, x, are contained in C,, C, respectively. Since x has
more than two components, we may assume that x; has more than one vertex. Lete, f
be respectively the vertices of C, and C, adjacent to d (Fig. 8). Let h be another vertex
of T adjacent tod. If C, = { f}, we assume h is in a component C; of T\ {d} with more
than one vertex.

d

FiG. 8

Case (i): fis not a vertex of x. Then we can, as above, assume e is a vertex of x,; so
z = DHED(x) meets C,, C,, C; and we have finished.

Case (11): fis a vertex of x, and C, has more than one vertex. (a) If x, is not isolated
in C, then by Proposition 6.1 we may move x, in C, off f, bringing us back to Case (i).

(b) If x, is isolated in C,, then x, has more than one component; for if x, = fand b
is a vertex of C, adjacent to f, then b.f =1 and so x, is not isolated. If also x is
isolated in C,, then e is a vertex of x (by Lemma 9.1) and x.d = 0; hence x is isolated,
and we have a contradiction. So x is not isolated in C,. Hence we can move x, in C,
off e (if necessary) and change f to h by operating with DHFD.

Case (iii): x, = fand C, = {f}. (a) If e is not a vertex of x,, then DHFD(x) is x with
J replaced by h. So we are in Case (i) with C, replaced by C;.

(b) If e is a vertex of x, then x.d = 0 and so x is not isolated in C, (since x is not
isolated). Hence x, can be moved in C, off e, and we are back to Case (iii)(a).

CoroOLLARY 10.3. Let V be a reqular symplectic space over F, and let P be a basis of
V such that G(P) is of orthogonal type, with associated quadratic form Qp. Let S be a
subset of V containing P and such that Qp(a) = 1 for alla € S. Then Tu(S) is the group of
isometries of the quadratic form Q.

Proof. Let O, be the group of isometries of the quadratic form Qp. We know
already that Tu(S) = Op. Since V is regular and dim V' < 6, Proposition 14 on p. 42 of
[29] gives that Op = Tu(S’) where S’ is the set of elements a of V such that Qp(a) = 1.
However, by Theorem 10.1, if a € S’ then there are an « € Tv(P) and b € P such that
a=oab), whence A =aBa"'e Tuo(P). It follows that Tu(S)< Tov(P), and so
Tu(S) = Op.
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REMARK. Without the assumption in this corollary that V is regular we expect that
Tu(S) is the group of isometries of Q, which are the identity on rad(V) (see Appendix).

11. Generation of symplectic groups by sets of transvections

Let V be a symplectic space over F,. Recall from [I, Theorem 2.7] that if S is a
subset of V\rad(V) such that Tu(S) = Spy(V), then S spans V and G(S) is connected.

THEOREM 1 1.1. Let V be a symplectic space over F, with rank(V) > 6. Suppose that S
is a subset of V\rad(V) and S = P U R where P is a basis of V.

Then Tu(S) = Spo(V) if and only if

(a) G(S) is connected,
(b) G(S) satisfies an orthogonal geometry, and
(c) there is an a € R such that Qp(a) = 0.

Proof. We already have the necessity of (a). The necessity of (b) follows from
Propositions 7.3 and 7.6 using the assumption on rank(V).

To prove the necessity of (c), suppose Qp(a) = 1 for alla € S. Then by Corollary 8.2,
Tu(S) preserves the quadratic form Qp. Since rank(V) = 6, there is an element
x € V\rad(V) with Q,(x) = 0. Therefore Tv(S) does not act transitively on V'\rad(V).
Hence Tu(S) # Spo(V).

Suppose now that (a), (b), and (c) are satisfied. Choose a symplectic space V'
containing V and symplectic projection p: V' — V, such that V" has basis S’ = PU R’
where p maps S’ bijectively to S and is the identity on P. Then G(S’) is connected and
of orthogonal type. Let ¢: Tuv(S) » Tu(S) be induced by p and the inclusion
i: V- V', as in [I, Theorem 6.4]. Let x e V\rad(V). Then ixe V' and
Qg lix) = Qp(x). If Qp(x) = 1, there are, by Theorem 10.1, an element &’ of Tv(S') and
s € P such that a'(ix) = is. Hence (pa')(x) = s. If Qp(x) = 0, choose a € R such that
Qp(a) = 0. Then Qg.(ix) = 0 = Qg (ia). Again by Theorem 10.1, there is an element o’
of Tu(§’) such that «'(ix) = ia. Hence (@a')(x) = a.

It follows that Tv(S) acts transitively on V\rad(V), as required.

REMARK. The cases where r = rank(V) < 6 are easily discussed.

If r =2, then any tree graph in V is some L%. A classical result tells us that if
V = (L,), then Tu(L,) = Sp(V) = Sp(2, F,). This is also a special case of our results.

If r = 4, then any tree graph in V is some Lj or LS. If S is a basis for V, we know
from § 7 that Tv(S) does not act transitively on V\rad(V). If S is not a basis, but is a
spanning line graph, then Propositions 7.3 and 7.6 give us that S = L,, and
Tu(S) = Spo(V) = Se.

We now give a result needed in [32]. Recall that if S is a subset of V spanning a
subspace W of V, then Tu(S; V), Tu(S; W) are the subgroups of Spo(V), Spo(W)
generated by transvections from S.

COROLLARY 11.2. Let S be a subset of V\rad(V). Then Tv(S; V) is isomorphic to a
symmetric group if and only if S is t-equivalent to a line graph.

Proof. Suppose Tuv(S; V) is isomorphic to a symmetric group S,. Then k > 1, since
S = V\rad(V). If k = 2, then S is a singleton, which is a line graph L,. If kK > 2, then
G(S) is connected; for if G(S) is the union of two disjoint, non-empty graphs G(S,),
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G(S,). then the elements of Tu(S,; V) commute with those of Tu(S,; V) and so
Tu(S: V) is not S,.

By Proposition 7.9, S is not t-equivalent to a blown-up line graph. Suppose S is not
t-equivalent to a line-graph. Then we may suppose S is a tree containing E,. Let W be
the subspace of V spanned by S. Let U be the subspace of V spanned by L < E,.
Then Tu(Ls; V) maps onto Tu(Ls; U) which is isomorphic to Ss. Hence k > 5.

Let p: W— W’ = W /rad(W) be the projection. Let S’ = p(S). Then p preserves the
form and so p maps E, isomorphically into §’. Hence S’ is a tree containing E, and so
Tu(S"; W’) is either a symplectic or an orthogonal group on the regular space W',
Hence Tu(S’; W’) is not a symmetric group. We have surjections

Sc=ToS; V) > TuS; W) > TuS; W).
Since k = 5 and Tu(S'; W) # Z,, this is a contradiction.
The converse part of the corollary is Proposition 7.8.

We now give some examples and other applications.

ExampLE 11.3. Let L= L,, be a line graph where n > 2. Let V = {(L,,», and let
a;=e,+es+...+¢e,4,, for 1 <i<n—1. Then Q,(qa;) =i (mod 2), and so, by
Theorem 11.1,

TU(LZM Y {ai}) = Sp(zns FZ)
if and only if i is even and i # n—1.
ExampLe 11.4. Let P ={e,, f.,...,e, f,} be the standard symplectic basis for
V={(P),andletg =f, +f,+...+f, Then Tu(P U {g}) = Sp(2n,F,) if and only if n is

cven.

ExaMmpLE 11.5. We return to the subject of [9] and give more sets of 29+ 1 Dehn
twists which do not generate M, the mapping class group of the orientable closed
surface T, of genus g. Define the following curves on T, as in Fig. 9.

Let 6: M, —» Sp(2g,F,) be the epimorphism given by the action of M, on
H\(T,; F;). Recall that if ¢ is a simple closed curve on T, then 6 maps (the class of) the
Dehn twist about ¢ to the transvection C determined by the homology class of ¢. So if
the Dehn twists about a set S of curves generate M,, then the corresponding
transvections generate Sp(2g; F,). Let S be the set {a,, ..., a,, ¢y, ...,c,—y, b;, b;}, where
g>2.Then P = {a,,...,a,c,,...,c,_y, b;} is a basis for H,(T,; F,). Suppose i = | and

«oy Hgy
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j=y¢. Then G(P U {b;}) is a line graph. Suppose i —j is even. Then Q(b;) = 1. Thusin
either case Tu(S) # Sp(2g, F,) and so the Dehn twists from S do not generate M,.

ReEmMARKS. (1) In [30], examples are given of sets S of closed curves on T, such that
the corresponding transvections generate Sp(2¢;Z) but the Dehn twists from the
curves in § do not generate M,. The method involves a new invariant y which has
values in Z,, and which generallzes the winding number with respect to a vector field
(see also [31]).

(2) In [35] the minimal set of twist generators for M, given in [9] is used to give a
finite presentation for M.

12. Symmetric groups as maximal subgroups of orthogonal and symplectic groups

The previous methods give a strategy for finding faithful representations of
symmetric groups by finding a spanning set S in a known symplectic space V such that
S is a line graph. Then Tu(S) is a symmetric group and the inclusion Tu(S) < Spo(V)
gives the representation. In some cases one can prove that Tv(S) is contained in an
orthogonal group, and that the inclusion is a maximal subgroup.

We illustrate these ideas by showing how to recover embedding results of Dye [7]
and refer the reader to the first paragraph of his Introduction for a discusston of the
relation of his embeddings to results of Dickson [28].

As explained in §8, there are two non-equivalent quadratic forms associated to a
regular symplectic form on a vector space over F, of dimension n. We denote the
corresponding orthogonal groups by 0'(n), 0°(n) according as the Arf invariant of the
quadratic form is 1 or 0 respectively.

We now use our methods to prove three standard isomorphisms.

ProposiTION 12.1. There are isomorphisms
(1) Sq = Sp(4; F,),

(i) S5 = 0'(4),

(iii) Sg = 0%®6).

Proof. Let L be the line graph L, and let V = (L,>. Then V is regular and
Sp(V) = Sp(4: F,).

Let x = ¢, +e¢,4, and let L' = LU {x}. By Corollary 7.6, Tu(L') = S,. Let o € Sp(V).
The non-zero elements of V have one or two components with respect to L and so are
equivalent, under the action of Tv(L), to e, or x. It follows from Proposition 7.5 (as in
Corollary 3.3) that « € Tu(L). This proves (i).

For (ii), we note that Tv(L) = S, and that the elements of Tv(L) preserve the
quadratic form Q, which by §8 has Arf invariant 1. Let o € Sp(V) preserve @,. Then
ze¢; is connected for i = 1,...,4. Hence « € Tv(L), by Corollary 3.3. This proves (ii).

For (iii), let V = (Lg), x =e,+e,+eq L' = Lgu{x}. Then Tu(L') = Sg. Since
Q,.(x) = 1, it follows that X belongs to 0°6), the orthogonal group of Q,. Hence
Tu(L') = 0°6). Let « € 0°(6). Then for each vertex e;, ae; has 1 or 3 components with
respect to L. Proposition 7.5 now implies that « € To(L'). This proves (iii).

THEOREM 12.2 [7]. Let m > 3. There is an embedding of S,,,+, as a subgroup of
Sp(2m: F,), an embedding which is maximal if m is even .
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Proof. Let V be the symplectic space {L,,»> over F,. Then V is regular and
SptV) = Spo(V) = Sp(2m; F,).

Let x,, =e,+e,+...+e,, and let L'=L,, u{x,,}. By Corollary 7.6 (with
n=2m+1), Te(L')=S,, +, This gives our embedding.

Let H be a subgroup of Sp(V) properly containing Tuv(L’). Let « € H\ Ty(L). By
Proposition 7.5 (cf. also Corollary 3.3) there is a vertex a of L’ such that aa has r
components with | <r < m.

Suppose r is odd. By Theorem 7.1, there is § € Tu(L,,,) such that y = flua is given
by

y=¢€y+€s1t...+€5,, wheres=m—r+1.

Let S =L ulyl, P = L'\{e,,}. Then S is a tree of orthogonal type, P is a basis of V,
and Nom = €2+€4+ '-'+e2(s—l)+y: SO that

QP('\.Zm) =3 mOdZ

Suppose now that m is even. Then s also is even. So Theorem 11.1 gives us that
Te(S) = Sp(V), whence H = Sp(V).
Suppose we can find a as above but only with r even. Choose 8’ € Tv(L,,,) such that

foaa=e,+e,+...+e, = X,

Then = = X,,X,,(€)) = e, +€3,41,F ... T €, hasan odd number (namely I +m—r) of
components, and so we are back to the first case.

For our next application, we let M, denote the graph L, L {g}, where g is adjacent
only toes. We will use the obvious relations L, € M, =« M, ,. Note that if n > 7, then
M, is of orthogonal type. Also, it is easily checked that V = (M,) is regular if and
only if nis odd, and then the Arf invariant of the quadratic form Q determined by M,
is computed in Proposition 8.9.

THEOREM 12.3 [7]. Let m > 3. There is an embedding of S,,,+, as a subgroup of an
orthogonal group O°(2m), an embedding which is maximal if m is even. Further ¢ = 1 if
m=23mod4ande=0if m=0,1 mod 4.

Proof. Let V. ={(M) where M = M,,,_,.

Since m > 3, Tu(M) is the orthogonal group of the quadratic form Q,, and Tu(M) is
an 0°(2m).

Let x=e,+e¢,+¢g. Then Qu(x)=1 and so X € Tv(M), by Theorem 10.1.
However, L = L,,,_, u{x} is a line graph and a basis for V. Hence Tv(L) = S,,+ -
This gives our embedding.

Let H be a subgroup of Tu(M) properly containing Twu(L), and let « € H\ Tuv(L). By
Corollary 3.3, there is a vertex « of L such that aa is not connected with respect to L.
By Theorem 7.1, there is a § € Tu(L) such that y = faa satisfies

y=x+e,+e,+...+e,, wherer>=1.
Since f,2 € Tv(M), we have Qy(y) = | and so
1 =Qu0)=1+r.

Hence r is even. Assume now that m is even. Then 2r # 2m—2, and so 2r < 2m—2.
Hence the graph P =L,,_,u{y} (which is a basis for V) is orthogonal. But
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Ou(y)=1. It follows easily that Qp, = Q, and hence H = Tuo(M). This proves
maximality.
The computation of ¢ follows from Proposition 8.9.

THEOREM 12.4 [7]. Let m > 1. There is an embedding of S4,+4 as a maximal
subgroup of an orthogonal group 0% (4m+2). Further, ¢ = | or 0 according as m is even
or odd.

Proof. Let V = {(N) where N = M,,,,,. Then N is orthogonal and Tu(N) is the
orthogonal group of the quadratic form Qu; hence To(N) is an O (4m+2).

Letx =e,+e,+9g,y=¢eg+eg+e,+...+eq,+9. Then Qp(x) = Qp(y) = 1 and so
X.Ye ToN). Let L= Ly, -, v{x}, L' =Lu{y}. Then L, L’ are line graphs and L is
a basis for V. By Corollary 7.6, Tu(L') = S,,,+4. This gives our embedding.

Let H be a subgraph of Tu(N) properly containing Tv(L'), and let « € H\ Ty(L'). By
Proposition 7.5, there is a vertex a of L’ such that aa has r components with respect to
L, where | <r <2m+1t. By Theorem 7.1, there is a f# € Tv(L) such that u = foa
satisfies

Uu=x+e,+...+ey,-4)

But N' = {e,e,,....€4m4+, 4} is orthogonal, since r < 2m+1. Also Qn(u) = 1, since
f.xe To(N), ae L', and Qu(x)=Qxy)=1. Hence Tuv(N')= Tuv(N), and so
H = Tuv(N). This proves maximality.

The computation of ¢ follows from Proposition 8.9.

Appendix

Since these papers were submitted, we have been able to consider the paper [13] by
Janssen. He considers symplectic forms on spaces over Z or F,, and his principal
results are over F,. The notion of ‘equivalence’ of bases used in [13] is the same as our
t-equivalence. The graphs G(P), x|, are used in [13] with the notations gr(P), gr(P, x)
respectively. The overall method of [13] is to replace a connected P by an equivalent
P” which has a point adjacent to all other points of P’; this is almost the opposite of
our method, which is to replace a connected P by a tree. We have also found it
convenient to follow the definition of @, given in [13], and to deduce the computation
of Qp as an Euler characteristic rather than define Q, in the latter way.

There seems to be some overlap of our results and those of [13], but the overall
aims are not exactly the same. A fully detailed account of [13] is given in [34], which
in Theorem 4.8 generalizes our Corollary 10.3 to the non-regular case.
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