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1. Introduction

Let V be a not necessarily regular, finite-dimensional symplectic space (with
symplectic form . ) over a field K where K\rad(|/) is non-empty. Our previous paper
[27] (hereinafter referred to as [I]) began the study of the orbits of K\rad(K) under
the action of the group Tv{S) of isometries which are products of transvections from a
subset S of V. Let G(S) be the graph with vertex set 5 and an edge between a,b e S if
a.b # 0. The main result of [I] was that if K has more than two elements, then the
action of Tv(S) on K\rad(K) is transitive if and only if S spans V and G{S) is
connected.

In this paper we consider the more difficult case where K is the field F2 of two
elements, and we assume this throughout.

Let P be a basis for V. Then the graph G(P) determines the symplectic form on V.
Moreover, if H is a full subgraph of G(P), then the sum of the vertices of H is an
element of V. This gives a one-one correspondence between the elements x of V and
the full subgraphs x \P of G(P), and enables us to use lattice-theoretic terminology for
elements of V. That is, inclusion of subgraphs of G(P) determines a lattice ordering ap

on elements of V, with union uP and intersection nP.
Let QP be the quadratic form associated to the symplectic form . on V such that

QP{a) = 1 for all a e P. Then Tv(P) preserves the form QP. We show that for x e V,
QP(x) is the Euler characteristic mod 2 of the graph x |P. Thus this quadratic form is
that introduced in [9] for the case where V = Hl(Tg;F2) with the intersection
symplectic form. It is easy to prove that if P, R are r-equivalent bases of V, as defined
in [I], then QP = QR.

Let E6 denote the graph shown in Fig. 1. The vertex v will be called the centre of Eb.
A graph G is said to be of orthogonal type if G is a tree and contains £6 as a subgraph.
A basis P of V is of orthogonal type if P is r-equivalent to P' where G{P') is a graph of
orthogonal type.

v
FIG. 1

Our main result is:

THEOREM 10.1. Let P be a basis of V of orthogonal type. Let x,y e V\rad(K). Then
x,y belong to the same orbit under the action of Tv(P) if and only if QP(x) = QP{y).

A.M.S. (1980) subject classification: 20 H 30, 51 F 99.
Proc. London Math. Soc. (3) 52 (1986) 532-556.
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We shall use this result to give necessary and sufficient conditions on a spanning set
SofV for it to be true that Tv(S) = Spo(V) (Theorem 11.1). We shall also describe the
group Tv(P), together with its action on K\rad(K) in the case where G(P) is connected
but P is not of orthogonal type. Here we find that Tv(P) is an extension of an abelian
group by a symmetric group.

We mention here some further developments. The paper [32] gives necessary and
sufficient conditions for a connected graph G(S) to be r-equivalent to a graph having
no valency-3 vertices. This allows a complete description of subsets S such that Tv(S)
is isomorphic to a symmetric group, thus answering a question of J. I. Hall. It is also
shown in [32] that if P and R are two bases for the regular symplectic space V over
F2 such that G[P) and G(R) are connected and Tv(P) = Tv(R), then P and R are
f-equivalent.

Related techniques are used in [33] to classify all sets of n transvections generating
SL(n, F) where F is a finite field.

This paper forms a revised version of Chapters 4-6 of [10].

2. Outline of the argument

Let P be a basis for the symplectic space V over the field F2 of two elements, and
suppose that the graph G(P) is connected. According to § 3 of [I] we may assume that
G(P) is a tree. Let x e K\rad(K). By §4 of [I] we see that the orbit of x under Tv(P)
contains elements having discrete graphs. Thus we assume x \P is discrete. The idea, as
in [I], is to reduce the number of components (vertices) of x|P.

Let Ln be a basis for V where Ln = {e{,...,en} with e{.ei+l = 1 for / = \,...,n— 1, all
other products being zero. We call Ln a line graph.

In §3 we show that if G(P) is connected and is not of orthogonal type then P is
t- equivalent either to some Ln, or to a 'blow-up' of some Ln (for which see Example
6.3 of [I]).

If G(P) is a line graph then we cannot change the number of components of x\P by
an action of Tv(P), and we show that this number is a complete invariant of the orbit
of.v.

If G{P) is a blown-up line graph, then there is a symplectic projection p: V -*• U
such that p(P) has graph a line graph L. Also for x e K\rad(K), the number of
components of (px)\L is a complete invariant of the orbit of x under the action of
Tv(P).

Thus non-orthogonal cases are relatively simple. However, if G(P) is a tree of
orthogonal type then the idea is to move around the vertices (components) of x | P by
an action of Tv(P)so as to have vertices a{,...,ar, where r > 1, o f x | P all adjacent to a
vertex c, say, of G(P), as in Fig. 2. Note that c is not a vertex of x \P since x \P is discrete.
Now if c.x = 1 (that is, if r is odd), then C(x)\P has less components than does x | P .
However, if c.x = 0, then r is even and if there are vertices of x | P which are not
adjacent to c, we try to 'bring them in closer to c\ For example, imagine that G(P) is as

c
FIG. 2
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in Fig. 3, where x = a1+a2 + a. Then c.x = 0. Here we increase the number of
vertices of x\P adjacent to c by acting on x by DAED, the composite of the
transvections corresponding to d,e,a,d. Now DAED(x) = ax +a2 + e and
CDAED{x)\P has fewer components than does x\P.

FIG. 3

However, not all cases are as nice as this. For example, if, in the above situation, we
had .Y = al+a2 + a + b, then x e l/\rad(K) but d.x = 0 and so we cannot move one
of the vertices a or b closer to c.

The problem stems from the fact that a + b is in rad(K) and so we cannot move it
about by an action of Tv(P). To overcome this type of difficulty we show that there is z
in the orbit of x under Tv(P) such that z \P is discrete and has no more components
than does ,v|P, and further if w e V\{0} with w aPz, then w £ r ad^ ) . This gives us
more freedom to move subgraphs of z around, and allows us to show that it is always
possible to reduce the number of components to one or two. The rest follows easily.

3. The line geometry

Let Ln be the line graph with vertices el,e2,...,en in order, as in the last section. We
write <L,,> for the symplectic space over F2 with basis the vertices of Ln and symplectic
form determined by Ln. Note that rad<Ln> is 0 if n is even, and is spanned by
e\ +e3+---+en tin is °dd.

For the rest of this section we write L = Ln, V = <L>.
We shall need the following result. We abbreviate \x\L is connected' to \\ is

connected'.

PROPOSITION 3.1. Let x, y be connected elements of <L>. Then Y(x) is connected.
Further, if a e Tv(L), then oc(x) is connected.

Proof. Clearly, if y.x = 0, then Y(x) = x is connected.
We now assume that y.x = 1. Figure 4 shows various possibilities for the relative

placements of x and y(note that x connected implies x is of the form eh + eh+i +...+ ek

where h ^ k). The only cases in which x.y = 1 are (i) and (iv), and in these cases
Y(x) = x + y is connected.

(ii) (iii)

/ / + 1 i i+r
-• • • • , • • T > 1

(iv) (v)
FIG. 4
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That a(.v) is connected now follows, since a is a product of transvections £, for e{ a
vertex of L.

THEOREM 3.2. Let R be a set of connected elements ofV = <L> such that T = G{R) is
a tree with x, as an end vertex. Then there is ana e Tv(L) such that <x maps R into L and
.Y, to f,. Also G(R) is a line graph.

Proof. Since xx is connected, it collapses by operations of Tv(L) to a vertex
[I, Proposition 4.3] and this vertex may, by further operations of Tv(L), be moved to
f, [I, Tioposition 2.1]. Hence there is an ax e Tv{L) such that a ^ = ex.

Let 1 ̂  cj and suppose inductively that aq e Tv(L) and xx,x2,...,xq e T have been
chosen so that aqx{ = eh where 1 ̂  / ^ q. This has been done for q=\. If
T= {A,,.. . ,A'J, we set a = aq. Suppose T # {xi , . . . ,* ,}; we show how to choose
xq + ! , y.q + ! .

Since T is connected, there is an element xq+l of T distinct from xx,...,xq but
adjacent to one of them. Now y = ccqxq+x is connected, and so, for some h ^ k,

Suppose h = 1. Then y ^ ex implies ex.y = 1 and so xx.xq+l = 1. If <gr = 1, we must
also have k > 1, since y ^ ex, and so we can find a' e Tv(L) such that a!ex = ex and
a'v = e2. We then set a2 = a'a,. Also we cannot have q > 1,--since xx is an end vertex
of T.

S u p p o s e 1 < h < q + \ . T h e n e h . x . y = e h . y = 1 a n d s o x h - x . x q + x = x h . x q + x = 1,
contradicting the fact that T is a tree. Therefore h = q+\, and eq.y = 1, whence
•Vv</+1 ~ '• Choose a" involving £, for t>q+\ such that ^'3; = ^ + , . Set

That C(̂ ?) is a line graph follows from the existence of a.

COROLLARY 3.3. Let fi e Sp(V) be such that $e{ is connected for i = \,...,n. Then
P e Ti(L).

Proof. Clearly P(L) is also a line graph and hence a tree. By the proposition, there is
a n a € Tv(L) s u c h t h a t txP(L) = L . H e n c e P = a~l.

As an application of Theorem 3.2, we determine Tv(Ln).

THEOREM 3.4. The group Tv(Ln) is isomorphic to Sn+X, the symmetric group on n+ 1
symbols.

Proof. A connected, non-trivial element of <Ln> may be written

Xij = ei + ei+x +. . . + e/_1, where 1 ̂  i < j ^ n + 1 .

We regard A'iy as an edge between vertices v{ and Vj of the simplex A" with vertices
r , , i ; 2 . . . . , j ; , I + 1 . Then the edges xo-,xfc, meet if and only if xo-.xk, = 1. (See Fig. 5.)

Let a 6 Tv{Ln). Then a permutes the connected elements of <L,,>, and preserves the
symplectic form. Hence a determines an automorphism <p(a) of A". This gives a
morphism cp: Tv(Ln) -> AutA". But <p is injective, since a, P e 7XLJ are determined
by their effects on the et.

Let 0 e Aut A" and let x,- be the edge g(e^) of A", for 1 ^ / ^ n. Then {xx,..., x,,} is a
line graph. By Theorem 3.2, there is an a e Tv(Ln) and a permutation a of \,...,n such
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FIG. 5

that o\ = 1 and a(xai) = eh for 1 ̂  / ^ n. By adjacency considerations, o is the
identity. Then ^(a"1) and g agree on the vertices of A", and so coincide. Hence
cp: Tv(Ln) -> AutA" is an isomorphism.

The theorem follows, since the isomorphism AutA" = Sn + 1 is well known.

REMARK. The above determination of Tv(Ln) has been obtained in the regular case,
that is, when n is even, also in [1, §3], where it is attributed to Serre.

In § 7 we show that for any subset S of V, if G(S) = L,,, then Tv{S) = S/1+,.

4. The blown-up line geometry

Let L",' denote the graph shown in Fig. 6. We call U" (as in Example 6.3 of [I]) the
graph obtained from Ln by blowing up en to m+ 1 elements d0 = en,du ...,dm. We
identify L,, as a subgraph of L'" in the obvious way.

•en = d0

The symplectic space over F2 with basis the vertices of L™ and symplectic form
determined by the edges, is written <(LJ">. Note that rad<LJ,"> is spanned by rad<Ln>
and the elements di—d0,...,dm — d0.

If G is a graph, we say G contains E6 if G has a subgraph isomorphic to E6.
Let G be a finite tree. If G does not contain £6, and G is finite, as we always assume,

then G must be obtained from a line graph Ln = {e^ ...,en} by blowing up ex to r
elements (say), and en to s elements with r, s ^ 1.

PROPOSITION 4.1. If V is a symplectic space over F2 and S is a subset of V such that
G(S) is a tree not containing E6, then S is t-equivalent to some L™.

Proof. We know that G(S) is a line graph {el5...,en} with ex blown up to r + 1
elements et, ux,..., ur and en blown up to s elements. If r > 0, then by Proposition 3.4
of [I], we can find a t-equivalence moving u{, ...,ur to have the same adjacencies as en.
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We now prove a converse to this proposition.

THEOREM 4.2. Let V = <L"'>, and let f: L'" -» S be a t-equivalence such that G{S) is a
tree. Then G{S) does not contain £6.

Proof. Let U = (L,,), and let p: V -> U be the symplectic map such that p(e:) = eh

for / = 1,...,/?, and p[dj) = en, for j = 1, ...,m. We say x e U is connected if it is so in
terms of the graph Ln.

Note that if x,y e V and z = p(y), then p(Y{x)) = Z{p(x)). Hence if px,py are
connected, so also is P(7(.Y)). From this it follows that p(a) is connected for all vertices
a of S.

We now repeat the argument for the proof of Theorem 3.2 but with S replacing R,
to show that there is an a e Tv(Ln) and elements A*,, ...,xn e S such that a/?(.v,) = eh

for / = ! , . . . ,» , and .Y, is an end vertex of G(S).
Let v G S\{A'1? ...,.v,,}. Then y is adjacent to at most one of .Y,, ...,.Y,, since G(S) is a

tree. Hence ay is adjacent to at most one of a.Y1? ...,a.Y,,.
Now we can write a.Y, = e,- + a, for / < n, and a.Y,, = b, and, since pay is connected,

ay = eh + eh+l + ...+ek + c

where 1 ̂  h ^ k ^ n and a, c are sums of an even number of d} including possibly
j = 0, while b is the sum of an odd number of d}.

An examination of cases shows that ay can be adjacent only to a.\'2 or aA',,_i. Hence
OLG(S) does not contain E6. Hence G(S) does not contain £6.

We can also determine Tv(L'").

THEOREM 4.3. If n > \ and m > 0, then there is a split exact sequence

where p is n— 1 or n according as n is odd or even.

Proof By Proposition 6.6 of [I], we have a split exact sequence,

1 -> L(|//rad(K),F?) -> 7 u ( O -»- Tv(LH) -• 1.

The result follows.

COROLLARY 4.4. / /n > 1 and m > 0, r/?en Ty(L^) /s nor isomorphic to a symmetric
group.

Proof By Theorem 4.3, Tv(L'") has a normal, abelian subgroup consisting of
elements of order 2. Such elements in a symmetric group of degree q are products of
disjoint transpositions; if q ^ 3 then conjugates of such elements generate a non-
abelian group, and this gives a contradiction.

5. Sociable elements

Let V be a symplectic space over the field F2. Let P be a basis for V. Then the
elements of V and the full subgraphs of G(P) form equivalent sets, as pointed out in § 1.

Non-zero elements of rad(K) will be called isolated elements of V. We will say that



538 RONALD BROWN AND STEPHEN P. HUMPHRIES

.Y e V is part-isolated (in P) if there is a y e V such that y <=P A and y is isolated. If A* is
not part-isolated, then we will call x sociable (in P).

We let IP(x) denote the element of V whose graph is yjPy where the union is over all
isolated elements y with y <=P A. Note that if x is isolated, then IP(x) = x for all bases P.
However it is not true that if /P(A) = x then x is isolated. For example, let P = L\ and
v = dx + (l2 + d3. Then dl+d2 and dt+d3 are both isolated elements and so /P(A*) = A;

however e3.x = 1 and so A- is not isolated. Note further that x is sociable in P if and
only if /P(A) is zero.

PROPOSITION 5.1. Let P be a basis for V with G{P) a tree. Let x e V. Then lP{x) is
discrete. In particular, if x is isolated then x is discrete.

Proof Suppose that /P(.Y) is not discrete. Let C be a component of /P(A) which is not
a vertex. Then C is a tree since G{P) is a tree. Let e be an end vertex of C and let / be
the unique vertex of C adjacent to e. Let y <=P A be an isolated element of K containing
/ Then the only vertex of y adjacent to e is / and so e.y = e.f= 1, which is a
contradiction as y is isolated. Thus IP{x) is discrete.

If .Y is isolated, then /P(.Y) = A and so x is discrete.

The next result shows that if P is a basis with G{P) a tree, then we can act on
.Y G V\rad(K) by Tv(P), the result being sociable. Write x ~P.y, or simply .Y ~ y, if A*
and y belong to the same orbit of the action of Tv{P).

PROPOSITION 5.2. Let P be a basis of V with G(P) a tree. Then for x e V\rad(V),
A" ~ Ao where x0 is sociable, discrete and has no more components than does x.

Proof By Proposition 4.3 of [I] we may assume that A is discrete. If A* is sociable we
have finished, so we suppose that /P(.Y) is non-zero.

CLAIM. There is a z e V such that x ~ z, z is discrete, z has no more components than
A, and IP(z) is properly contained in IP{x).

Since A is not isolated, there is a vertex 5 of G(P) such that s. x # 0. Let <5( , ) be the
distance function in G(P). We will need the following lemma:

LFMMA 5.3. Suppose x is discrete and s e P with s.x # 0. Let ux,..., ur be all the
vertices of x adjacent to s. Then r > 0 and s is not a vertex of x. If y = Ul ... UrS{x),
then Uj is not a vertex of y for all i = 1, ..., r, IP{y) <= IP(x), y is discrete, y has no more
components than does x, and

(i) //• S(s, lP(x)) > 1, then IP(y) = / P ( A ) ,

(ii) //' (%s,lP{x))= 1, then IP(y) is properly contained in IP{x) and y has fewer
components than x.

Proof. Since s.x # 0 w e have r > 0, and as A is discrete we see that s is not a vertex
of A and that I/,.A = 0 for all / = 1,..., r. Thus

>• = Vx ... UrS(x) = x + s + u{ + ...+ur,

and y is obtained from A by replacing u{, ...,ur, by s. Nows.o = 0 for all other vertices
c of A and so we easily see that y is discrete and has no more components than does x.

We now prove that I{y) c /(A) (we will omit the reference to P in the rest of the
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proof). Suppose that this is not true. Then there is an isolated element w in Kwith
n' c v and H- not contained in x. Now the only vertex of y which is not a vertex of x is
.s\ and so s must be a vertex of w. Now u,.s = 1 and since vv is isolated we have
iv. i/, = 0. Thus, as s is a vertex of vv, there is another vertex, t say, of vv, adjacent to ul.
Then t is a vertex of .Y, since the only vertex of)' which is not in .v is s. Thus t and u{ are
vertices of x and so .\- is not discrete contrary to our assumption. Thus l{y) c= I(x).

For (i) suppose that 5(s, I(x)) > 1. Then no w, is a vertex of I(x) and so we have
l{x) a I(y) and (i) follows.

If now S(s, I(x)) = 1, then we may assume that w, is a vertex of some isolated vv in V
where vv <= x. Since s. u, = 1 ands.vv = 0, vv contains some other Uj, where j ^ l.Thus
r > 1 and (ii) follows.

We now return to the proof of the claim.
If S(s, I(x)) = 1, then we may take z = y where y is as given by Lemma 5.3.
Suppose now that 3{s, I(x)) > 1. Let y be as given in Lemma 5.3. Then y is discrete,

l(y) = l(x), and y has no more components than does .v.
We now assume (as we may) that any vertex s' of G(P) nearer to I(x) than s satisfies

.Y..S' = 0.

Let t be a vertex of I(x) nearest to s and let s, u, v, ...,t be the vertices along a
shortest path from s to t in G(P). Then v.x = u.x = 0 by our choice of s, and u.u,- = 0
since G(P) is a tree. Thus

u.y = u. (x + s + u j + ... + ur) — u.s = 1

and so we have reduced 3(s, I(x)). Continuing in this way we eventually get the
situation 3(s, I(x)) = 1.

Thus if I(x) is not empty we can always find z such that z is discrete, z ~ x, z has no
more components than does .v, and I(z) is a proper subset of I(x). This proves the
claim.

By repeating this construction, replacing .v by z, and so on, we eventually arrive at
.v0 as required by the proposition.

6. Basic moves

Let Kbea finite-dimensional symplectic space over the field F2. Throughout this
section we assume that P is a basis of V such that T = G(P) is a tree. We let
.Y e KXradll/) be discrete.

The two basic moves are to move x either off one of its vertices, or onto a specified
vertex. We abbreviate ~P to ~ .

PROPOSITION 6.1. Let a be a vertex of x. Then x ~ y where
(i) y is discrete, and has no more components than x,

(ii) a is not a vertex of y,
(iii) IF{y) c /P(.Y), 50 that if x is sociable, so also is y.

Proof. Since x is not isolated, we can choose a vertex s of Tsuch that s.x ^ 0, but any
vertex s' of T closer to a satisfies s'.x = 0. Let m(x) = d{s,a).

Let «,,.. . , «r be all the vertices of x adjacent to 5. If some M, = a, then Lemma 5.3
gives the result. Suppose then that a is not adjacent to s, so that m(x) > 1.
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Let s, u,..., a be the vertices along a shortest path (so of length m(x)) from s to a.
Then u.x = 0. Since Tis a tree, we have u.u{ = Ofor / = \,...,r. Let w = Ul...UrS{x).
Then u. vv = u.s = 1, and a is still a vertex of vv. But m(w) < m(x), and Lemma 5.3 tells
us that vv is discrete, has no more components than .v, and IP{w) <= Ip(x). So we may
reduce to the case where m(x) = 1, considered above.

PROPOSITION 6.2. Let a be a vertex of T. Then x ~ y where
(i) y is discrete, and has no more components than .v,

(ii) a is a vertex of y,
(iii) IP(y) e IP{x), so that if x is sociable, so also is y.

Proof. We may assume a is not a vertex of A*.
If a.x # 0, then the result follows from Lemma 5.3 (with s = a).
Assume a.x = 0. Since .v is not isolated, there is a vertex s of T such that S..Y # 0,

but any vertex s' of T closer to a satisfies s'.x = 0. Let m{x) = S(s, a). Then ro(.v) ̂  1.
Suppose m(x) = 1. Let ut , . . . , i/r be the vertices of x adjacent to 5. Then a.u{ = 0, for

/ = l,...,r, since T is a tree. So if vv = Ul...UrS{x), then a.w = a.s = 1. Now apply
Lemma 5.3 first with x, then with v replaced by vv, to obtain the result.

If m(x) > 1, then we reduce m{x) to 1 exactly as we did in the proof of the previous
proposition.

7. Orbits for line and blown up line graphs

Let Ln = {?,,...,?,,} be the line graph as in §3. Our main result on orbits is the
following:

THEOREM 7.1. Let V — <L;I> and let x,y e K\rad(l/). Then x and y lie in the same
orbit under the action of Tv(Ln) if and only if x and y have the same number of
components.

Proof In the terminology used in the proof of Theorem 3.4, any element x of V
corresponds to a union of disjoint edges of A", one for each connected component of
.v. Further, if j \ , . . . , fm and yx,...,gm are two sets of disjoint edges of A", then there is
an y. in AutA" such that af = gh for / = l,...,m. (The proof is an easy induction on
m.) The theorem follows.

We continue by determining orbits for the blown-up line graph.
As in §4, let <L"'> denote the symplectic space determined by L™ and let

p: <L;"> -»• <L,,> denote the standard projection.

THEOREM 7.2. Let V = <L,'">, and let x, y e I/\rad(K). Then x, y lie in the same orbit
under the action of Tv{L'") if and only if px,py have the same number of components
relative to Ln. If n ^ 4, wi ^ 1, then Tv(L") # Spo(V).

Proof Let P = L™, L = Ln, and abbreviate ~P to ~ .
Suppose first that y = Ax where a is a vertex of L'"t. Then py = Bpx where b is a

vertex of Ln. Hence py,px have the same number of components, by Theorem 7.1.
From this we deduce the necessity part of the theorem.
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We know from Theorem 7.1 that px ^Lpy if and only if npx = npy (where n gives
the number of components with respect to L). However px ~Lpy implies px ~ py. So
it is sufficient for the first part of the theorem to prove that if z e l/\rad(K), then

By [I, Proposition 4.3] we may assume z is discrete. By Proposition 6.2, we may
assume z is sociable. Then z contains at most one of the vertices d0 = en, dx,...,dm. If z
is contained in L = L,,, we have finished. Otherwise, assume d-t is a vertex of z. Let L'
be the line graph {et,...,en-l,di}. Then z is not isolated in L' and so z may by
operations of Tv{L') be moved to vv where d{ is not a vertex of w. Further, npz = npw,
by Theorem 7.1 (applied to L'). Since pw = vv, and vv, pz e <L>, we have vv -^Lpz, by
Theorem 7.1. Hence z ~ pz.

The last statement now follows, since Tv(L"') then does not act transitively on
V\n\d(V).

EXAMPLE 7.3. Using this last result, we determine v"1 = N(LJ") the number of
elements in the orbit of a vertex under the action of Tv(L™). For this purpose it is
convenient to assume dx,...,dm are adjacent to e2 (rather than to £?„_,, as before).
Then we have the recurrence relation

v™ = v™_ , +/i2"\ where n ^ 3.

Proof. The term v,'"_, corresponds to elements of the orbit whose graph does not
include e,,. If en is included, then it must be part of a connected element
e, + c1+1 +... + e,,, by Proposition 7.2. If / ^ 3 and e,_, is not included, we may also
add in any even number of e,,rf,,...,</,„, giving 2'" possibilities. If/ = 2, we may add in
any number of ex,</,, ...,d,n, giving 2"'+1 possibilities. Hence

as required.
Note also that v™ = v']'" '. By induction on m one finds v'31 = 3.2"I+', and it follows

easily that

We now consider some line and blown-up line graphs G{S) where S spans a
symplectic space V over F2 but is not a basis.

PROPOSITION 7.4. Let S he a subset of K\rad(K) such that S is linearly dependent, S
spans V, and the graph G(S) is a line graph Ln = {el,e2,...,?„}• Then n is odd, n ^ 5,
dim V = n— 1, and

el+e3 + ... + en.2+e,, = 0.

Further Tr(S) = Spo{V) if and only if n = 5.

Proof Clearly n > 1 (since 5 c V\rad(V)).
Let / be the largest integer such that {el,e2,...,ei} is linearly independent. Then

/' > 1. If / = 2 then e3 = e{+e2 and G{S) is not a tree. So ; > 2.
The incidence relations on {el,e2,...,ei+i} imply that / is even and

If /+ 1 < ;;, then ei + 2.ei+, = 1 and so ei + 2.e} = 1 for some j ^ /, contradicting the
fact that G(S) = L,,. So /-f 1 = n and n is odd.
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Suppose n = 5, so that S = {el,e2,e3,e4,el + e3}. The elements of |/\rad(K) have
one or two components with respect to the basis L4 = {el,e2,e3,e4} of V. But
Es(f4) = f, + ? 3 + e<4 has two components and so Theorem 7.1 implies that Tv(S) acts
transitively on V\rad{V). Hence Tv{S) = Spo(V).

Suppose n is odd and n > 5. Let

where / < j , be a connected element of V(with respect to the basis Ln_x). If en.x = 1
then / = n and e,, + x has j(n — 1) components. Conversely, if j> has j{n— 1) compo-
nents then y = ?„ or y = en + e; + ei+l + ... + £„_, for some 1 ^ / ^ w— 1. So £„(>') has
4(/?— 1) components or 1 component. It follows that Tv(S) does not act transitively on
V\rad(V).

We now wish, in the circumstances of this last proposition, to compute Tv{S). We
follow the method of §3, but only sketch the argument. We first need a result
corresponding to Theorem 3.2.

PROPOSITION 7.5. Let n he odd, let L = L,,_ , = {ex, e2,..., e,,_ ] j be a line graph, let
V = <L,,_,>, and let

Let L' = LKJ \e0).
Let R he a set of elements of V such that T = G(R) is a tree and each element ofR has

one component or j(n— 1) components with respect to L. Let x0 be an end vertex of T.
Then there is an a 6 Tv(L') such that a maps R into L and x0 to e0. Hence T is a line
graph.

We leave the proof to the reader. It is similar to that of Theorem 3.2, but uses the
fact that the elements of V with^(/?— 1) components are of the form e0 or f + e0, where
j] is the connected element ex +e2+... + eh with 1 ̂  / ^ H— 1.

COROLLARY 7.6. Under the assumptions of Proposition 7.4 on L and L', we have

Proof. The proof is similar to that of Theorem 3.4, but one introduces a vertex v0

and edges e0 and eo + e, +e2 + ... + e,Joining v0 to u, and to vi+l, for 1 ̂  / ^ »—-1
respectively.

PROPOSITION 7.7. Let the symplectic space V be spanned by a subset S' such that
G(S') = L',", where m ^ 1. Then Tv(S') is not isomorphic to a symmetric group, and if
n > 5 then Tv(S') # Spo(V).

Proof Let S' = [el,...,en-l,d0,...,dm] as usual with {e,,..., e,,_,} forming a line
graph L(l_,, and */,-.£„_, = 1, for / = 0,...,m, all other products being zero.

•If some set {el,...,en.l,di} is linearly dependent, then, as in Proposition 7.3, n is
odd and d,f = e, +ei + ... + e,,^2. This relation can hold for at most one /, and since
m ^ 1, we may assume that {el,...,en_l,d0\ is linearly independent, forming a line
graph which we write L,r

Let M be a non-empty minimal linearly dependent subset of S'. If some e( belongs to
M, then the adjacency relations imply that n is odd, that ex, f3,..., e,,_2 e M, and that
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the other distinct elements of M aredh,...,dis, say, where s is odd. By minimality, the
sum of the elements of M is zero, and M' = {el,e2,...,en-l,di2,...,dis} is linearly
independent. Extend M' to a basis P of V by adding various d{ to M'. Define
p: V -* <L,,> by sending the e{ identically and by sending the d{ in P to dQ. Let Ck be
the set of elements .v of V such that p(x) has k components relative to Ln, and let
n = 2r+ 1. Then the orbit of a vertex of S' under the action of Tv{S') is C, u Cr, by
Theorem 7.2. Let 5" = S 'uC,uC r . Then Tv(S') = Tv{S").

Let V be the subspace of V with basis M', and define p'\ V -*• V by mapping M'
identically and defining p'(di) = dix for dieP\M'. Then Kerp' has a basis () of
elements dt + dh, for dj e P\M'. Let S = p'(S"). It can be checked that S c S". We now
show that Theorem 6.6 of [I] applies to p' and S". Let c = dt + dh, where dt e P\M'.
Then c/ = J,- e S and c+ </,-, e 5"; also p(J,) = d0 e S". So Theorem 6.6 of [I] applies
and TiiS") contains a normal, abelian subgroup whose elements are of order 2. As in
the proof of Corollary 4.4, this shows that Tv(S") is not a symmetric group. Also
V'\rdd{V) ± S", since n > 5. So Tv{S") # Spo{V).

We now consider the case where no et belongs to M. Then M = {dil,...,dis}, and
the sum of the elements of M is zero. Hence s is even, since dix .en.x = 1. Theorem 7.2
shows that dit lies in the orbit of e,,_, under the action of Tu(S'\{</,-,}). Hence
Tr(S') = Tv(S'\{d^}), and we can reduce to the case where {do,dx,...,dm} is linearly
independent. This completes the proof.

We now extend some of the above results to arbitrary subsets S of V. For this, we
need a more precise notation than Tv(S).

Let 5 be a subset of W, where W is a subspace of the symplectic space V. Then'
transvections from S can be considered as operating on W or on V. The subgroups of
SpQ(V), Spo(W) generated by transvections from S will for the rest of this section be
written Tv(S; V), Tv(S; W) respectively. Clearly the action of Tv{S\ V) on V leaves W
invariant, and the restriction map gives an epimorphism p: Tv(S; V) -* Tv(S; W). In
general, Kerp is non-trivial, as is seen by taking V= <L2>, W = <L,>, S = {*>,}.

P R O P O S I T I O N 7 . 8 . Let S be a subset of V such that G(S) = L n . Then Tv(S ; V ) ^ S n + l .

Proof. Let W be the subspace of V spanned by S. By Theorem 3.4 and Corollary
7.6, Ti'(S; W) = S,,+ i. Now for any a,beV, the following relations hold in
Ti(S- V): AB = BA \fa.h = 0; ABA = BAB if a. b = 1. This is proved by evaluating
on r e K and examining the cases given by various adjacencies of v with a,b. It
follows that the relations £,£,- = £,-£, if | / — j \ > 1, and EkEk+lEk = Ek+lEkEk+l, for
1 ^ /,./' ̂  '?, 1 ^ k; ^ /7, hold in Tv(S; V). But these are a complete set of relations for
the corresponding generators of Tv{S\ W) ̂  SfI+1. Hence p: Tv(S; V) -> Tv{S\ W) is
an isomorphism.

PROPOSITION 8.9-. If S is a subset of V and G(S) = L'",for n > 2 and m > 0, or for
n = 2 and in > 1, then Ti'(S; V) is not isomorphic to a symmetric group.

Proof. Suppose Tv(S; V) is isomorphic to Sk. By the conditions on m,n, we have
L3 c L"' and so Tv(S; V) contains a proper subgroup isomorphic to S4, by the
previous proposition. Hence k ^ 5.

Let W be the subspace of V spanned by S and let p: Tv(S; V) -> Tv(S\ W) be the
restriction map. By Proposition 7.7, Tv(S, W) contains a normal subgroup of index
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not 2, and hence so also does Tv(S; V). This contradicts the simplicity of the
alternating group Ak, for k ^ 5.

8. Quadratic forms

Throughout this section, V is a symplectic space over F2. As usual, a function
Q: V -*• F2 is called a quadratic form on V if, for all A*,); e V,

Such a quadratic form is determined by its values on a basis for V. The following two
facts are well known [29].

PROPOSITION 8.1. Let Q be a quadratic form on V. If a e V satisfies Q(a) = 1, then,
for all x e V,

Q{Ax) = Q(x).

Proof. If A.x = A', then Q{Ax) = Q(x). Otherwise Ax = a + x and a.x = 1. In this

case,

COROLLARY 8.2. Let Q be a quadratic form on V, and let S be a subset of V such that
Q(a) = 1 for all a e S. Then Tv(S) is contained in the group of isometries of Q.

Let P be a basis of V. We write QP for the quadratic form on V which takes value 1
on each element of P. The following alternative description of QP is useful.

PROPOSITION 8.3. Let P be a basis of V, and let x e V. Then QP(x) is the mod 2 Euler
characteristic of the graph x\P.

Proof Let Q' be the function which assigns to .Y £ V the mod 2 Euler characteristic
of v |,,. We prove that Q' is a quadratic form on V. Since Q' and QP coincide on P, this
will prove that Q' — QP.

Let A\ y e V. We have to prove that

Suppose first that y e P. If x.y = 0, then there are an even number 2p, say, of
vertices of \ adjacent to y. Thus adding y to A* changes A'|P by adding (or subtracting)
2p edges and the vertex y. So

Q'(x + y) = Q'(x) + 2p+ 1 = Q'(x) + Q'(y) + x.y.

If A\ y = 1, then there are an odd number 2p+ 1, say, of vertices of A- adjacent to y. In
this case

Q'(x + y) = Q'(x) + 2p + 2 = Q'(x) + Q'(y) + x.y.

The general case is proved by induction on the number of vertices of y\P, the above
being the case of one vertex.

Suppose i' = u + w where u\P, w\P both have fewer vertices than y. Then by the
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inductive hypothesis

Q'(x + u + w) = Q'(x + u) + Q'(w) + (x + u).w

= Q'{x) + Q'(u) + x.u + Q'(w) + (x + u).w

= Q'(x) + Q'{u + w) + x .(u + w).

This concludes the proof.

PROPOSITION 8.4. Let P,R be bases for V such that P is t-equivalent to R. Then
QH = QR-

Proof. Clearly, we need only consider the case where R is obtained from P by an
elementary r-operation t = tah where a.b = 1. Thus P = {a,b,...}, R = {a,a + b,...}.
But then QP{a + b) = 1 = QR(a + b). Hence QP = QR.

As an application of this result, let L be the line graph L4 and let
L = \ei + ei,e4,ei,e2] in that order. Then U is also a line graph, QL{e{) # Qr(ei)-
Hence L is not f-equivalent to LJ. Thus isomorphic graphs in a symplectic space need
not be f-equivalent.

We now give results on the readability of a quadratic form as QP for some P.
Recall that the rank of V is the dimension of K/rad(K), and that rank(K) is even.

THEOREM 8.5. Suppose rank(|/) ^ 4 and Q is a quadratic form on V. Then there is a
basis P for V such that G(P) is a forest and Q = QP. Moreover, //rank(K) ^ 6, we can
find such a basis P with G(P) a tree. If rank(V) ^ 8, we can find a basis P with G(P) a
tree containing £6.

Proof. By the definition of quadratic form, it is sufficient to find a basis P for Ksuch
that Q(a) = 1 for all a e P .

Since rank(K)> 3 there is a regular subspace W of V of dimension 4. Let
\e,,<?2,/i, f2} be a symplectic basis for W.

We first show that we may assume Q{ex) = 1. If Q(ex) = 1 then we have finished. If
not, but Q(J\) = 1, then we interchange ex and fu and we have finished. If
Q(ex) = 0 = Q{j\), then Q{e{ +/,) = 1 and we replace ex by ex + / l 5 the basis remaining
symplectic.

A similar argument shows that we may assume that Q(e2) = 1.
Letty, =./, if<2(/,)= 1, and gx = / , +e2 if Q(J\) = 0. Then g ^ i ) = 1, e,.», = 1.
Extend R = {ex,yx} to a basis /?' of K, and let d e R'\R. We now show that there is

an'element dx e </?> such that Q(d + dx) = 1.
If Q(d) = 1, we take dx = 0. Suppose Q(d) = 0. If d .^ = 0, we take dx = ex. If

d.ex = 1, d.j\ = 0, we take dx =j\. \$ d.ex = d.j\ = 1, we take dx = ex +fx.
Let S be the basis obtained from R' by replacing each d e R'\R by rf-f^!. Then

Q{a) = 1 for all a e S, and so Q — Qs. By Theorem 3.3 of [I], S is r-equivalent to a
forest P, and Qs = QP by Theorem 8.3,

Now suppose that rank(^) ^ 6 and that P has three or more components. Let
a, b, c be vertices in different components and assume c belongs to a component with
more than one vertex. Then Q(a + b + c) = 1. We thus replace a by a + b + c and it is
clear that the new graph has at least one less component than the original.

By this argument and Theorem 3.3 of [I] we may assume that G(P) is a forest with
5388.3.53 JJ
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at most two components. If G{P) has two components, choose vertices a, b, c of G{P)
such that a.b = a.c = b.c = 0 and c lies in a different component than a (this is
possible since G{P) is a forest and rank(K) ^ 6). Then Q(a + b + c) = 1 and we replace
the element a of P by a + b + c. Now G{P) has only one component and Theorem 3.3 of
[I] gives the result.

Lastly, if rank(K) ^ 8 and G(P) does not contain £6 then by Theorems 4.2 and 8.3
we may assume that G(P) = L"1 where n ^ 8. Here we replace e, by ex + e3 + e5 to get
P'. It is easily checked that e6 is a centre for an E6 in G(P'). This completes the proof.

REMARKS. (1) The last result is not true if rank(K) = 2. To see this let V be a
symplectic space with rank(K) = 2. Then there is a basis P with elements a, b of the
basis P such that a.b = 1 and P\{a,b} c rad(K). Let Q be the quadratic form with
Q(d) = 0 for all d e P. Then Q ^ QP and it is easily seen that if x e V, then Q(x) = 1 if
and only if both a and b are vertices of x. Thus if;x. y = 1, then we have either Q{x) = 0
or Q(y) = 0. Now if R is another basis for V then there are elements c, d in R such that
c.d = 1 and QR{c) = QR{d) = 1. Thus Q # £R.

(2) Theorem 8.5 gives a way of visualizing quadratic forms Q. For if Q = QF where
F is a forest, then £)(*) is simply the number of components (mod 2) of x \F.

PROPOSITION 8.6. Suppose that P and R are bases of V with connected graphs, and
satisfying Tv{P) = Tv{R). Then QP = QR.

Proof. Suppose QP ^ QR. Since a quadratic form is determined by its values on any
basis, there is an x 6 P such that QR(x) ^ QP(x), that is, such that QR(x) = 0. Now
X e Tv{P) = Tv{R) and so X preserves QR, by Proposition 8.1. However, since P is
connected with more than one element, there is a y e P with y.x = 1. Then

QR(X(y)) = QR(x + y) = QR(x) + QR(y)+ 1 = QR(y)+\.

This contradiction completes the proof.

We now recall the classification of quadratic forms Q associated to a symplectic
space V over F2. A convenient reference is [26, Chapter III, § 1]. The cardinality of a
set S is written \S\.

8.7. Let V be a symplectic space of dimension 2m + s, where s = dim(rad(K)). Let Q
be a quadratic form associated to V.

(i) // Q is zero on rad(K) then an element Arf(0 e F2 is defined and determines Q up
to equivalence. Further, if E = 0, 1 then

\Q~l{e)\ = (2 2 m - ' + 2'""l)2S if Arf(0 = e,
| Q - ' ( l - e ) | = (22'»-1-2m-1)2i- » /Arf(0= l - e .

(ii) If Q is not zero on rad(K) then Q is determined up to equivalence by V. Further,

PROPOSITION 8.8. / / Q is the quadratic form determined by the basis Ln of V then
Arf(Q) is undefined if n = 1 mod 4, Arf(Q) = 1 // n = 2, 3,4 mod 8, and Arf(0 = 0 if
n = 0,6,1 mod 8.

Proof. Two non-equivalent quadratic forms on V for n = 2 are Qo and Qx which
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take values 0 and 1 respectively on each of ex, e2. Then Qo and Qx have Arf invariants
0 and 1 respectively.

In general, r ad^ ) is non-zero if and only if n is odd; also Q(rad(K)) = {1} if and
only if n = 4r+ 1. A symplectic basis for K/rad(K) is given by the image of the set

and so the induced quadratic form on |//rad(K) is of the type Qx + QO + QX + Q0 + ••••
Since Q, 4- Q, is equivalent to Qo 4- Qo, and the forms mQ0, Q, 4-(m — 1 )Q0 have Arf
invariants 0,1 respectively, the result follows.

Let Mp denote the graph Ln u {gp} where gp is adjacent only to ep. Thus Ml = E6.
We determine the type of the quadratic form Q determined by Mp for p = 3, 5.

PROPOSITION 8.9. Let V be the symplectic space with basis Mp, where p = 3 or 5,
n ^ 5. and let Q be the quadratic form determined by Mp. Then Arf(0 is undefined if
p = 3 and n = 2 mod 4, or if p = 5 and n = 0 mod 4. Otherwise,

= 2^ 3 ' or 4 m o d 8 '
1 ifn + p = 6, 7, or 0 mod 8.

Proof. First consider the case where p — 3. Then we obtain a basis for K of the
following type:

!e i , e2 + g3;e3.»3 ;(Ji + e* e5;g3 + e4 + e6,e7;g3 + eA + e6 + e8, e9; . . .}

ending at en if n is odd, and w = g3 + eA + e6 + ... + e,, if n is even. If n is odd, this basis
is symplectic and V is regular. If n is even, then rad Khas w as a basis, and Q(w) = 1 if
and only if n = 2 mod 4, in which case Arf(0 is not defined. It is now easily checked
that Arf(0 = 0 if n = 7,0, 1 mod 8, and Arf(Q) = 1 if n = 3,4, 5 mod 8.

The case where p = 5 is similar using the basis of the type

05 + e6 + e8,e9; g5+e6

9. More fcas/c moves

Throughout this section ^ is a symplectic space over F2 and P is a basis for Ksuch
that T = G{P) is a tree.

Let d e P. Let C be a component of G(P\{d}). Let <C> denote the subspace of V
spanned by the vertices of C. For .v e V, we let .vc denote the element of V
corresponding to x\Pr\ C. We say x is isolated in C (sociable in C) if xc is isolated
(sociable) in <C>.

LEMMA 9.1. Lff .v e V be sociable. Then either x is sociable in C or d.xc = I. In the

latter case, if y is isolated in C and y <=CA'C, then d.y = 1.

Proof. Suppose that x is not sociable in C. Let y be isolated in C and such that
v cf..vc. Then y.C = {0}. Also if/is a vertex of 7 \ (C u {d}), then 5(/, C) > 1 since T
is a tree, and so / . y — 0. Since .v is sociable, y is not isolated and so d.y = 1.
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Let e be the unique vertex of C adjacent to d. Then e is a vertex of y, and so of .\\
Thus d.xc = d.e = 1.

Our next result will describe a standard situation in which we are able to reduce the
number of vertices of x e V\rsid{V) by an action of Tv(P).

LEMMA 9.2. Let d e T and let x be a discrete, sociable element of V which does not
contain the vertex d. Assume that x meets at least three different components oj'T\{d}.
Then x ~ y where y has less components than does x.

Proof. Let C be a component of T\{d} where .\c has no vertex adjacent to d. Then
by Lemma 9.1, .v is sociable in C. By Proposition 6.2 applied to xc and C, there is
a e Tv(C) such that ot(xc) is discrete, has a vertex adjacent to d, has no more
components than does xc and is sociable in C. Since d is not a vertex of .Y,
OI.(X)C = a(.Yc), and so replacing x by a(.\') increases the number of vertices of x adjacent
to d by one.

A similar argument (using Proposition 6.1), shows that if .x is sociable in C and .YC

has a vertex adjacent to d, then x ~ y where y is discrete, has no more components
than does x, y is sociable, and y has one less component next to d than does x.

By the above argument, the conditions on x, and Lemma 9.1, we may assume that .Y
has r > 2 vertices adjacent to d.

If d.x = 1, then D(x) has fewer components than has x.
H d.x = 0, then r > 3 is even.
Suppose that there is a component C of T\{d) with x sociable in C and let e be the

unique vertex of C adjacent to d. If e is a vertex of x then by the above we may move .Y
ofife by an action of Tv{P) changing only.YC. NOW we have the case where d.x = 1 and
since r > 3 we have finished. If x is sociable in C and e is not a vertex of .Y, then by the
above, we may move x onto e by an action of Tv(P). Now d.x = 1 and we have
finished.

Now suppose that .YC is not sociable for all components C of T\ {d}. Let C and D be
two such components and let w a xc; u c .YD be isolated in C, D respectively. By
Lemma 9.1 we have w.d = u.d = 1. Thus d.{w + u) = 0. If e is a vertex of C or D then
e. w = e.u = 0. If e is a vertex which is not in C or D then e.(w + u) = 0 and so u + vv is
isolated. This is a contradiction and so there is always a component C of T\{d] such
that .YC is sociable.

The result now follows.

In [I] we showed that the action of Tv(S) on V is transitive on S if G(S) is connected.
We now prove:

THEOREM 9.3. Let S be a spanning set of V such that T = G{S) is a tree. Let

dS = {{a,b)e SxS: a + b$ rad(K) and a.b = 0}.

Then the set {a + b : (a, b) e d£} is contained in a single orbit of the action of Tv(S)
on V.

Proof. Suppose first that S is a basis for V. Let (a,b) e dS.
AsdS # 0 t h e n dim(k') > 2 and T has a vertex c, say, which is not an end vertex. Let

e be an end vertex of T furthest away from c. If e is adjacent to c then T is an L™ for
some m > 0. In this situation dS = 0. Thus we may assume that e is not adjacent to c.

Let / be another end vertex of T not in the same component of T\ {<?} as that of e. If
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(j is a vertex of T adjacent to/, we have g.{e+f) = 1 and so e+/is not isolated. Also
e,f = 0. Thus (eJ)edS.

We now show that e+f ~ a + b. By Propositions 6.2 and 8.1 we see that a + b ~ y
where y is not isolated, y is discrete, y has no more components than does a + b,
Qr(y) = QAa + b) = 0, and e is a vertex of y. Thus y = e + h where h is a vertex of T
with e./i = 0.

Since e is an end vertex of T at maximal distance from c we have S{h, c) < (5(e, c). Let
/?, «, ,s\ . . . , /be the vertices along a shortest path ( in Tfrom h to / . Let v be the unique
vertex of T adjacent to e. If v is not a vertex of (, then by Corollary 2.2 of [I] we may
find i e Tv(T\{v}) such that a(h) = / a n d so a(h + e) = e + / a n d we have finished.

Iff is a vertex of£, then u.e # O(that is, v = u) since S(e,c) is maximal (Fig. 7). Here
f+ /; is isolated, contradicting our assumption on a + b.

h

c

FIG. 7

Thus e+f ~ « + /> as required.
Suppose now that S is a spanning set for K. Then we may apply the above argument

to a symplectic extension p: V -*• V of V with basis S' of V such that pS' = S. The
result for 5 and V follows.

10. Orbits: orthogonal case

Our main result in this section, and one of the major results of this paper, is the
following description of the orbits in the orthogonal graph case.

THEOREM 10.1. Let V be a symplectic space over F2 and let P be a basis of V
of orthogonal type. Let x and y be elements of K\rad(K). Then x and y lie in the same
orbit under the action of Tv(P) if and only if QP(x) = QP(y).

Proof. By Theorem 3.3 of [I] and our assumption on P, we may assume that
T = G(P) is a tree graph containing £6.

The necessity follows from the fact that QP is an invariant of the action (Proposition
8.1).

The sufficiency will follow if we can show that x e K\rad(K) is in the orbit of either
a vertex of T or the sum of two vertices a and b where a. b = 0 and a + b is not isolated
(see Corollary 2.2 of [I] and Theorem 9.3). This fact is immediate from the following
proposition, which uses the fact that if d is a centre of an £6 in a tree T, then T\{d}
has at least three components at least two of which have more than two vertices.

PROPOSITION 10.2. Let P be a basis for V with T = G{P) a tree containing E6. If
x 6 V\ rad( V) has more than two components, then x ~ y where y has less components
than does x.

Proof By Proposition 5.2 we may assume that x is discrete and sociable. The idea
of the proof is to reduce to the situation in Lemma 9.2.



550 RONALD BROWN AND STEPHEN P. HUMPHRIES

Let d be the centre of an £6 in T. By Proposition 6.1 we may assume that d is not a
vertex of .\*.

If-v meets at least three components of T\{d} then Proposition 9.2 gives the result.
So we prove that x can be changed by the action of Tv{T) to obtain this condition.

Assume that x is contained in a component C of T\{d} and let e be the unique
vertex of C adjacent to d. If e is not a vertex of x, then Lemma 9.1 shows that x is
sociable in C. By Proposition 6.2, x ~ z where e is a vertex of z. L e t / # e be another
vertex of T adjacent to d. Then z' = DFED{z) is z with / replacing the vertex e, no
other vertices being changed. So x ~ z' where z' meets two components of T\{d}.

Assume that .v meets two components CX,C2 of T\{rf}. Then we may write
uniquely .v = .v, +.x2 where .v,,.v2 are contained in C,, C2 respectively. Since x has
more than two components, we may assume that .x, has more than one vertex. Let e, f
be respectively the vertices of C, and C2 adjacent to (/(Fig. 8). Let h be another vertex
of T adjacent to d. If C2 = {/}, we assume h is in a component C3 of T\ {d} with more
than one vertex.

Cfl.se> (i): f is not a vertex of x. Then we can, as above, assume e is a vertex of x,; so
z = DHED(x) meets Cl5 C2, C3 and we have finished.

Case (ii): f is a vertex ofx2 and C2 has more than one vertex, (a) If x2 is not isolated
in C2 then by Proposition 6.1 we may move .v2 in C2 off/, bringing us back to Case (i).

(b) If v2 is isolated in C2, then .v2 has more than one component; for if .v2 = / a n d b
is a vertex of C2 adjacent to / , then b.f=\ and so x2 is not isolated. If also x is
isolated in C{, then e is a vertex of x (by Lemma 9.1) and x.d = 0; hence x is isolated,
and we have a contradiction. So x is not isolated in C,. Hence we can move .Y, in C,
off e (if necessary) and change / to h by operating with DHFD.

Case (iii): x2 =f and C2 = {/}. (a) If e is not a vertex of x{, then DHFD{x) is .Y with
/ replaced by h. So we are in Case (ii) with C2 replaced by C3.

(b) If e is a vertex of .Yj then x.d = 0 and so x is not isolated in Cx (since x is not
isolated). Hence xx can be moved in Cx off e, and we are back to Case (iii)(a).

COROLLARY 10.3. Let V be a regular symplectic space over F2 and let P be a basis of
V such that G{P) is of orthogonal type, with associated quadratic form QP. Let S be a
subset of Vcontaining P and such that QP(a) = 1 for all a e S. Then Tv{S) is the group of
isometries of the quadratic form QP.

Proof. Let OP be the group of isometries of the quadratic form QP. We know
already that Tv(S) c OP. Since V is regular and dim V^6, Proposition 14 on p. 42 of
[29] gives that OP c Tv(S') where S' is the set of elements a of V such that QP{a) = 1.
However, by Theorem 10.1, if a e S' then there are an a e Tv(P) and b e P such that
a = <x(b), whence A = aBa"1 e Tv(P). It follows that ru(S') c Ty(P), and so
Tv(S) = OP.
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REMARK. Without the assumption in this corollary that V is regular we expect that
Tv(S) is the group of isometries of QP which are the identity on rad(K)(see Appendix).

11. Generation of symplectic groups by sets of transvections

Let V be a symplectic space over F2. Recall from [I, Theorem 2.7] that if S is a
subset of l/XradiK) such that Tv{S) = Spo(V), then S spans Kand G(S) is connected.

THEOREM 11.1. Let V be a symplectic space over F2 with rank( V) ^ 6. Suppose that S
is a subset of l / \rad(l /) and S = P u R where P is a basis of V.

Then Tv(S) = Spo(V) if and only if

(a) G{S) is connected,
(b) G{S) satisfies an orthogonal geometry, and
(c) there is an a e R such that QP{a) = 0.

Proof We already have the necessity of (a). The necessity of (b) follows from
Propositions 7.3 and 7.6 using the assumption on rank(l/).

To prove the necessity of (c), suppose QP(a) = 1 for all a e S. Then by Corollary 8.2,
Tv(S) preserves the quadratic form QP. Since rank(K) ^ 6, there is an element
v e l / \rad(l /) with QP(x) = 0. Therefore Tv{S) does not act transitively on K\rad(K).
Hence Tu(S) # Spo(V).

Suppose now that (a), (b), and (c) are satisfied. Choose a symplectic space V
containing Vand symplectic projection p: V -> V, such that V has basis S' = P u R'
where p maps S' bijectively to S and is the identity on P. Then G(S') is connected and
of orthogonal type. Let cp: Tv(S') -*• Tv(S) be induced by p and the inclusion
/: V -> V, as in [I, Theorem 6.4]. Let xe K\rad(K). Then ix e V and
Qs.(ix) = QP(\). If QP{x) = 1, there are, by Theorem 10.1, an element a' of Tv(S') and
s e P such that a'(/.x) = is. Hence ((pcc')(x) = s. If QP{x) = 0, choose a e R such that
QP{a) = 0. Then Qs(ix) = 0 = Qs(ia). Again by Theorem 10.1, there is an element a'
of Tv(S') such that a'(/.x) = ia. Hence {(pa'){x) = a.

It follows that Tv{S) acts transitively on K\rad(K), as required.

REMARK. The cases where r = rank(K) < 6 are easily discussed.
If r = 2, then any tree graph in V is some L2. A classical result tells us that if

V = <L2>, then Tv{L2) = Sp(V) = Sp(2, F2). This is also a special case of our results.
If /• = 4, then any tree graph in V is some L% or L™. If S is a basis for V, we know

from $7 that Tv(S) does not act transitively on K\rad(K). If S is not a basis, but is a
spanning line graph, then Propositions 7.3 and 7.6 give us that S = L5, and
Tv(S) = Spo(V) ^ S6.

We now give a result needed in [32]. Recall that if 5 is a subset of V spanning a
subspace W of V, then Tv{S; V), Tv(S; W) are the subgroups of Spo(V), Spo(W)
generated by transvections from S.

COROLLARY 11.2. Let S be a subset of V\rad(V). Then Tv(S; V) is isomorphic to a
symmetric group if and only if S is t-equivalent to a line graph.

Proof Suppose Tv{S; V) is isomorphic to a symmetric group Sk. Then k > 1, since
5 c V\rad(V). If A: = 2, then S is a singleton, which is a line graph Lv If k > 2, then
G(S) is connected; for if G(S) is the union of two disjoint, non-empty graphs
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G(S2)- then the elements of Tu(S,; V) commute with those of Tv(S2; V) and so
Tv(S; K) is not Sk.

By Proposition 7.9, S is not r-equivalent to a blown-up line graph. Suppose S is not
f-equivalent to a line-graph. Then we may suppose 5 is a tree containing £6. Let W be
the subspace of V spanned by S. Let U be the subspace of V spanned by L5 c £6.
Then Tv(L5; V) maps onto Tv{L5; U) which is isomorphic to S6. Hence k > 5.

Let p: W -> W = W/rad{W) be the projection. Let S' = p{S). Then p preserves the
form and so p maps £6 isomorphically into S'. Hence 5' is a tree containing £6, and so
Ttj(S'; W) is either a symplectic or an orthogonal group on the regular space W.
Hence Tv(S'; W) is not a symmetric group. We have surjections

Sk = Tv{S; V) -* Tv(S; W) -> Tv{S'; W).

Since k ^ 5 and Tv(S'; W) ^ Z2, this is a contradiction.
The converse part of the corollary is Proposition 7.8.

We now give some examples and other applications.

EXAMPLE 11.3. Let L = L2n be a line graph where n > 2. Let V = (L2n), and let
ci; = ex +e3 + ...+e
Theorem 11.1,

2i+l
for —1. Then = / (mod 2), and so, by

if and only if / is even and / ^ n— 1.

EXAMPLE 11.4. Let P = {e, , / , , ...,£„,/„} be the standard symplectic basis for
V = <P>, and let g =j\ +f2 + ...+/„. Then Ti;(P u {̂ }) = Sp(2n, F2) if and only if w is

even.

EXAMPLE 11.5. We return to the subject of [9] and give more sets of 2g+ 1 Dehn
twists which do not generate Mg, the mapping class group of the orientable closed
surface Tg of genus g. Define the following curves on Tg as in Fig. 9.

FIG. 9

Let 8: Mg -* Sp(2g, F2) be the epimorphism given by the action of Mg on
H\{Tg\ F2). Recall that if c is a simple closed curve on Tg, then 6 maps (the class of) the
Dehn twist about c to the transvection C determined by the homology class of c. So if
the Dehn twists about a set S of curves generate Mg, then the corresponding
transvections generate Sp(2g; F2). Let 5 be the set {a,, ...,ag,cu ...,c9_,,/),-,6y}, where
# > 2. Then P = {«!, ...,«9, cl5 ...,c9_i,6,-} is a basis for f/^T^; F2). Suppose / = 1 and
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/ = g. Then C(Pu [bj]) is a line graph. Suppose i—j is even. Then QP(bj) = 1. Thusin
either case Tv(S) # Sp{2g; F2) and so the Dehn twists from S do not generate Mg.

REMARKS. (1) In [30], examples are given of sets S of closed curves on Tg such that
the corresponding transvections generate Sp{2g;Z) but the Dehn twists from the
curves in S do not generate Mg. The method involves a new invariant r\ which has
values in Z1 2 and which generalizes the winding number with respect to a vector field
(see also [31]).

(2) In [35] the minimal set of twist generators for Mg given in [9] is used to give a
finite presentation for Mg.

12. Symmetric groups as maximal subgroups of orthogonal and symplectic groups

The previous methods give a strategy for finding faithful representations of
symmetric groups by finding a spanning set S in a known symplectic space V such that
S is a line graph. Then Tv(S) is a symmetric group and the inclusion Tv{S) c Spo(V)
gives the representation. In some cases one can prove that Tv{S) is contained in an
orthogonal group, and that the inclusion is a maximal subgroup.

We illustrate these ideas by showing how to recover embedding results of Dye [7]
and refer the reader to the first paragraph of his Introduction for a discussion of the
relation of his embeddings to results of Dickson [28].

As explained in §8, there are two non-equivalent quadratic forms associated to a
regular symplectic form on a vector space over F2 of dimension n. We denote the
corresponding orthogonal groups by Ol(n), O°(n) according as the Arf invariant of the
quadratic form is 1 or 0 respectively.

We now use our methods to prove three standard isomorphisms.

PROPOSITION 12.1. There are isomorphisms
(i) S 6 ^Sp(4 ;F 2 ) ,

(ii) S5 ^ O'(4),
(iii) S8 =* 0°(6).

Proof. Let L be the line graph L4 and let V = <L4>. Then V is regular and
Sp(V) = Sp(4;F2).

Let .v = e2+e4, and let U = Luj.v}. By Corollary 7.6, Tv{U) S Sb. Let a 6 Sp(V).
The non-zero elements of V have one or two components with respect to L and so are
equivalent, under the action of Tv(L), to el or x. It follows from Proposition 7.5 (as in
Corollary 3.3) that a e Tv{L). This proves (i).

For (ii), we note that Tv(L) ^ S5, and that the elements of Tv(L) preserve the
quadratic form QL which by §8 has Arf invariant 1. Let a e Sp{V) preserve QL. Then
2f, is connected for / = 1, ...,4. Hence a e Tv(L), by Corollary 3.3. This proves (ii).

For (iii), let V = <L6>, x = e2 + e4 + e6, U = L6 u {x}. Then Tv(L') ^ 58. Since
Q,(x) = 1, it follows that X belongs to 0°(6), the orthogonal group of QL. Hence
Tv(L') <= 0°(6). Let a e O°(6). Then for each vertex eh ae, has 1 or 3 components with
respect to L. Proposition 7.5 now implies that a G TV(L'). This proves (iii).

THEOREM 12.2 [7]. Let m > 3. There is an embedding of S2m + 2 as a subgroup of
Sp(2m\ F2), an embedding which is maximal if m is even-
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Proof. Let V be the symplectic space <X2m> over F2. Then V is regular and
Sp(V) = Spo(V) = Sp(2m;F2).

Let .Y2r = e2 + ?4 + ... + e2n and let L' = L 2 m u {x2m}. By Corollary 7.6 (with
n = 2m + 1), Tv(L') = S2m + 2- This gives our embedding.

Let H be a subgroup of Sp(V) properly containing Tv(L'). Let a e H\Tv(L). By
Proposition 7.5 (cf. also Corollary 3.3) there is a vertex a of L' such that aa has r
components with 1 < r < m.

Suppose r is odd. By Theorem 7.1, there is /? e Tv(L2m) such that y = fi<xa is given
by

y = e2s + e2{s + , , + ... + e2m, where s = m - r + 1.

Let S = L \J {}'], P — L'\[e2m}. Then S is a tree of orthogonal type, P is a basis of V,

and .v2m = ^2 + t > 4+ - -+^2 ( s - i ) + );' s o t n a t

6p(-v2m) = 5 mod 2.

Suppose now that m is even. Then s also is even. So Theorem 11.1 gives us that
Ti(S) = Sp(V), whence H = Sp{V).

Suppose we can find a as above but only with r even. Choose /?' e Tv(L2m) such that

fl'xa = e2 + e4 + ... + e2r = .\'2r.

T h e n : = X2rX2m(el) = e 1 +e 2 ( r + i ) + .. . + e2m has an odd number (namely l + m - r ) o f
components, and so we are back to the first case.

For our next application, we let Mn denote the graph Ln u {g}, where g is adjacent
only toe 5.We will use the obvious relations Ln a Mn a M,l+1. Note that if/? ^ 7, then
M,, is of orthogonal type. Also, it is easily checked that V = <M,,> is regular if and
only if n is odd, and then the Arf invariant of the quadratic form Q determined by M,,
is computed in Proposition 8.9.

THKORF.M 12.3 [7]. Let in > 3. There is an embedding oj'S2m+, as a subgroup of an
orthogonal group Or(2m), an embedding which is maximal if m is even. Further e = 1 if
m = 2.?> mod 4 and g = 0 if m = 0, 1 mod 4.

Proof Let V = <M> where M = M2m_,.
Since m > 3, Tv(M) is the orthogonal group of the quadratic form QM and Tv{M) is

an O'(2m).
Let .\ = e2 + e4 + y. Then QM(.\) = 1 and so X e Tv(M), by Theorem 10.1.

However, L = L2m_, u {.\*} is a line graph and a basis for K Hence Tv(L) = S2m+,.
This gives our embedding.

Let f/ be a subgroup of Tv(M) properly containing Tv{L), and let a e H\Tv{L). By
Corollary 3.3, there is a vertex « of L such that aa is not connected with respect to L.
By Theorem 7.1, there is a fl e Tt;(L) such that )> = /faa satisfies

y = x + e2 + e4+ ...+e2r, where r ^ 1.

Since /̂ , a e Tr(M), we have QM(y) = 1 and so

1 = <2M0') =!+>••

Hence r is even. Assume now that m is even. Then 2r ^ 2m — 2, and so 2r < 2m —2.
Hence the graph P = L2 m_1u{yj (which is a basis for V) is orthogonal. But
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QM{y) = 1. It follows easily that QP = QM and hence H = Tv{M). This proves
maximality.

The computation of i: follows from Proposition 8.9.

THEOREM 12.4 [7]. Let m> 1. There is an embedding of S4m + 4 as a maximal
subgroup of an orthogonal group Os(4m + 2). Further, e. = 1 or 0 according as m is even
or odd.

Proof. Let V = </V> where N = M4(fl+1. Then N is orthogonal and Tv{N) is the
orthogonal group of the quadratic form QN; hence Tu{N) is an Or{4m + 2).

Let .v = e2+e4 + g, y = eb + e8 + el2 + ...+ e4m + g. Then QN(x) = QN(y) = 1 and so
X, Y e Tv(N). Let L = L4()I_ , u {.v}, L' = L u {3;}. Then L, U are line graphs and L is
a basis for V. By Corollary 7.6, Tv(L') ^ S4m + 4. This gives our embedding.

Let H be a subgraph of Tu{N) properly containing Tv(L'), and let a e H\Tv(L'). By
Proposition 7.5, there is a vertex a of L such that aa has r components with respect to
L, where 1 < r < 2m+\. By Theorem 7.1, there is a /? e Ty(L) such that w = /fao
satisfies

But N' = [ex,e2, . . . , f 4 m + 1 , « } is orthogonal, since r < 2 m + 1. Also QN(u) = 1, since
fi,xeTv{N), aeU, and Q .̂v) = QN{y) = 1. Hence Tv{N') = Tv(N), and so
H = Tv(N). This proves maximality.

The computation of F. follows from Proposition 8.9.

Appendix

Since these papers were submitted, we have been able to consider the paper [13] by
Janssen. He considers symplectic forms on spaces over Z or F2, and his principal
results are over F2. The notion of'equivalence' of bases used in [13] is the same as our
^-equivalence. The graphs G(P), x \P are used in [13] with the notations gr{P), gr{P, x)
respectively. The overall method of [13] is to replace a connected P by an equivalent
P' which has a point adjacent to all other points of P'; this is almost the opposite of
our method, which is to replace a connected P by a tree. We have also found it
convenient to follow the definition of QP given in [13], and to deduce the computation
of QP as an Euler characteristic rather than define QP in the latter way.

There seems to be some overlap of our results and those of [13], but the overall
aims are not exactly the same. A fully detailed account of [13] is given in [34], which
in Theorem 4.8 generalizes our Corollary 10.3 to the non-regular case.
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