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Introduction

The fact that the relative homotopy groups do not satisfy excision makes the
computation of absolute homotopy groups difficult in comparison with homology
groups. The failure of excision is measured by triad homotopy groups
7.(X ; A, B), withn= 3 (for n =2, this gives a based set), which fit into an exact
sequence

‘n:n+1(A’ AN B) L) nn+1(X) B)—_) nn+1(X ’A: B)
— m,(A, AN B)— m,(X, B)—>...

where e is induced by the ‘excision’ inclusion. That e is an isomorphism in a range
of dimensions is shown by the classical Blakers—Massey triad connectivity
theorem: if A, B, and AN B are connected, {A, B} is an open cover of X and
(A, AN B) is p-connected, (B, AN B) is g-connected, then the triad (X ; A, B) is
(p + q)-connected. (See, for example, [11, p. 211].) Further, if p,q=2 and
m,(A N B) =0, the critical group Rprqr1(X A, B)is described in [2] as a tensor
product of abelian groups m,(A,ANB)® 7 +1(B, AN B).

One of our main results (Theorem 4.2) extends this description of the critical

- group to the cases where p, ¢ = 1, (A N B)#0. Note that if p or g is 1, then

one at least of the groups ,.1(A, AN B), 7, +1(B, AN B) may be non-abelian,
and acts on the other group. In the description of the critical group, the usual
tensor product must be replaced by the tensor product G ® H defined in (5, 6],
which involves actions of G on H and H on G. This description of
Tyiqr1(X A, B) is a special case of a description of the hyper-relative group
T(X 3 Aq, ..., Ap) Of 2 ‘connected’ excisive (n + 1)-ad as determined by the lower
dimensional information involved in the (n + 1)-ad; a precise description is given
in Theorem 4.1. As another consequence of Theorem 4.1 we obtain an exact
sequence for a connected space
2 2
n2X£—> mSzXﬂ—) X A an—i [7:X, mX]—> 1,

where for a group G, the group G ~ G is obtained from the tensor product
G ® G, with action of G on itself given by conjugation, by factoring by the
relations

x®y)y®x) =1 forallx,yeG.
Our other results involve a hyper-relative form of homotopical excision. Let
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the space Y be covered by open sets X, B, ..., B, and let A;,=XNB,, for
i=1, ..., n. We regard the excision map as the inclusion of (n + 1)-ads

X=(X;A,..,A,)>Y=(Y;B, ..., B).

Theorem 6.1 can be interpreted as describing, under appropriate connectivity
assumptions, the group m,Y as ‘induced’ from the group z,X by the morphisms
of ‘lower dimensional information’. As a consequence, on taking Y=
XUC(A,U...UA,), B;=CA;, we obtain two forms of a Hurewicz theorem
for m,(X ; Ay, ..., A,). We also obtain an explicit description of the triad homotopy
group 73(X U {e3} ; A, B) in terms of information on the triad (X ; A, B) and the
attaching maps of the 3-cells. This result is analogous to Whitehead’s description
of the relative homotopy group 7,(X U {ei}, X) as a free crossed 71, X-module on
the characteristic maps of the 2-cells e3.

All of our homotopical results are deductions from the Van Kampen theorem
for n-cubes of spaces proved in [7]. This theorem states that the fundamental
cat”-group functor II from n-cubes of spaces to cat”-groups preserves certain
colimits. The main trick for the applications is to choose the colimit of n-cubes in
a way allied to the given structure of n-cubes. For example, if X =U,U... U U,,
then the sets U; determine, by inclusion of intersections, an n-cube of spaces X;
they also, as a covering of X, determine by intersection with X, a Van Kampen
theorem for ITX.

The analysis of this kind of situation is accomplished in § 1, Formalities on
n-cubes. The notion of n-pushout is crucial throughout this paper. In §2, we
recall the main facts on cat”-groups, the functor IT, and the Van Kampen
theorem. In §3 we discuss a particular kind of colimit of cat®-groups, the
universal cat”-groups. This notion is applied in §4 to the Blakers—Massey
theorem. In §5 we discuss induced cat”-groups—this notion generalizes the
notions of induced module and induced crossed module. Induced cat”-groups are
applied in § 6 to give an ‘excision theorem’ and Hurewicz theorems for n-cubes of
maps.
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1. Formalities on n-cubes

The set {0, 1} is given its usual partial order with 0 < 1. The product set {0, 1}"
is given the product partial order. This poset (partially ordered set) is a lattice,
with meet operation A. That is a A b is the greatest lower bound of g and b. The
bottom element of {0, 1}" is 0 = (0, ..., 0), and the top element is 1=(1, ..., 1).

Let € be a category. An n-cube in € is a functor {0, 1} — €, where the poset
{0, 1}" is regarded as a category in the usual way. We write N, € for the class of
all these n-cubes. The family {N,€},-, has also the standard cubical face
operators i and degeneracy operators g;, giving a cubical complex N%, the
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cubical nerve of €. For instance, a 1-cube in € is a map f: A— B and 3(f) = A4,
3i(f)=B, and £,(A)=14,:A—A.

Let X be an n-cube in 4, and let « € {0, 1}" be such that i; <... <i, are exactly
those indices i for which a; = 0. The (n — r)-cube R, X is defined to be &}, ... 37X.

There is an important formalism of passing from an n-cube in € to an n-cube of
n-cubes in 4. Let X be an n-cube in €. The n-cube X" of n-cubes in € is defined
by

X"(a)(B) =X(a A B), where «, B € {0,1}",

where « A B is the meet operation. For example, if n =2, the square

C— A
X: l l
B —X
which is often abbreviated to
CA
BX,
determines the square of squares
cC » CA
cC CA
X-: l l
cC CA
BB — ’ BX

Note that, in the general case, if @ # 1, then X"(«a) is a degeneracy of R, X.
We now define the notion of excision for n-cubes. Recall that if a space X is a
union of subspaces A, B, then the ‘excision map’ is the map of pairs

(A, AN B)— (X, B).

Alternatively, we have a square of spaces

ANB——A

I

B—X

and the excision map regards this as a ‘map of maps’
(ANB—A)— (B—X).

Suppose now that X is an n-cube in a category €. Then X defines a map of
(n — 1)-cubes

ex: 39X — 31X;
this we call the excision map of X. This map determines also
(ex)™: (8X)"— (3, X)"
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an ‘excision map’ of (n — 1)-cubes of (n — 1)-cubes, or if convenient, an n-cube of
(n — 1)-cubes.

In the applications we make essential use of a generalization of pushout squares
to pushout n-cubes. An n-corner in a category € is a functor Y from {0, 1}"\ {1}
to 4. The colimit of such an n-corner Y, if it exists, is called the pushout of Y.
Then Y and the universal natural transformation Y — colim Y define an n-cube X
in € with X(1)=colimY and for o #1, X(«)=Y(a). Such an X we call an
n-pushout, or pushout n-cube, in €. Note that the diagrams for 2-corners and
3-corners are of the following forms respectively:

I Y 2

B

h J

We mention for future reference the following result.

ProrosiTiON 1.1. A degenerate n-cube is a pushout n-cube.

2. The fundamental cat™-group functor

We recall the notions of cat”-groups, crossed squares, fundamental cat”-group
functor, and also the Van Kampen theorem for n-cubes which we use extensively.

First, a cat'-group G = (G ;s, b) is a group G with two endomorphisms s, b of
G satisfying

(i) sb=>b, bs =s,

(ii) [Kers, Kerb]=1.
From (i) it is easily deduced that s*°=s, b*=5b, Imb =Ims and that s, b are the
identity on Ims. The cat'-group G determines, and in fact is equivalent to, the
crossed module b|: Kers— Ims (cf. [10, Lemma 2.1]).

Next, a cat"-group G=(G ;sy, by, ..., S,, b,) consists of a group G with
n cat'-group structures sy, by, ..., $,, b, which commute in the sense that

(l]l) S,-b]- = bjsi, S,-S/- = S,-S,-, b’b.’ = bjb,‘, if i ¢]

The group G is called the big group of the cat”-group G and will be written B(G);
the intersection L(G)=( Y., Kers; is also important in applications and is
emphasized in [10, 7].

A morphism f: G— H of cat"-groups is a homomorphism f: G—> H of groups
which  commutes with the s;,, b, for i=1,...,n. So we have a category
(cat-groups) of cat”-groups.

For explicit calculations with cat”-groups it is useful to have an equivalent
formulation in terms of ‘crossed n-cubes’. A crossed 2-cube (or crossed square)
consists of a commutative square of homomorphisms of groups

L2 m

Moo [k

N-—=—>P
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actions of P on L, M, N, and a function h: M XN — P satisfying a number of
rules which are given in [10] and, in slightly different formulation, in [7]. Given a
cat’-group G = (G ; 51, by, 52, by) its associated crossed square has

P=Ims;NIms,, M=Kers,NIms,,
N=Ims,; NKers,, L=XKers;NKers,;

the maps A, u are induced by b,; the maps A, v are induced by b,; the actions of
P and the h-function are determined by conjugation and commutators respec-
tively. It is a theorem of D. Guin-Waléry and J.-L. Loday that this association
gives an equivalence between cat’>-groups and crossed squares [10, § 5]. Crossed
n-cubes are defined in [8, 9], and an equivalence between them and cat”-groups is
proved there. We shall use some information on crossed 3-cubes in § 4.

In [10, Theorem 1.4] there is defined a functor from n-cubes of fibrations to
cat”-groups. This functor may be composed with a standard functor X~ X from
n-cubes of spaces to n-cubes of fibrations to give the fundamental cat"-group
functor TI from n-cubes of spaces to cat"-groups [7].

We will use this functor in the case where the n-cube of spaces X is constructed
from n subspaces (A, ..., A,) of the space X(1) = X by taking intersections.
Explicitly, one has that X(a) is the intersection of the A; such that a; =0. In this
case the big group G of the cat”-group ITIX is 7,(®) where @ is the function space
of base-pointed maps from I” to X which send the faces 3" and 8}I” into A, for
i=1,.. n In this framework the group L(IIX), which is the intersection

"_ Kers;, has the following interpretation. It is the fundamental group of the
function space W of base-pointed maps from I" to X which send the faces 871" to
the base-point and the faces 3" into A; for i =1, ..., n. In other words L(ITX) is
the hyper-relative homotopy group Tpr(X 5 Ay, oony Ap)-

We recall now the Van Kampen theorem for n-cubes of spaces proved in [7,
Theorem 5.4]. An n-cube X is called connected if its associated n-cube of
fibrations X has all its spaces X(8) (path-) connected, f € {—1, 0, 1}"; thus not
only is each of the original spaces X(«) connected, for « € {0, 1}", but also the
various homotopy fibres constructed from X are connected. For example, if X is
the square

C—LA
rpo b
BT»X

then X is connected if C, A, B, X and the homotopy fibres F(a), F (b), F(f),
F(f"), and F(X) = F(F(f')— F(a)) are all connected.

Tueorem 2.1. Let X be an n-cube of spaces and let {Ui}sen be an open
covering of X(1). If o is a finite, non-empty subset of A, then U,, the intersection
of the sets U, for A€o, determines by inverse image an n-cube of spaces U,.
Suppose that each such U, is connected. Then the n-cube X is connected and the
natural homomorphism of cat"-groups colim NnuU,—IX=IcolimU, is an
isomorphism.
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In this theorem the cube structure and the covering of the bottom space
X =X(1) are independent. However in the following we are dealing with a
particular situation. We start with an n-covering of X and we consider the cube
which is determined by this covering (see above). As a consequence, the cubes
U, are degenerate cubes except for X itself (cf. § 1). This leads to a particular
type of cat”-group which is discussed in the next section.

3. Universal cat"-groups

Colimits of cat”-groups are easily described. To form colim, G;, one first forms
the group G =colim, G;. The structure maps s;, b; on each G, determine
homomorphisms s;, b; on G satisfying conditions (i) and (iii) above. However,
there is no reason for (ii) to be satisfied, and so G becomes only a ‘pre-cat”-
group’. The cat™-group colim; G is (G/N ;s4, b4, ..., s, b,) where the normal
subgroup N is generated by the subgroups [Kers;, Ker b;], for i =1, ..., n and the
structure maps are induced by those on G (cf. [6]).

We shall also need to consider n-cubes of cat”-groups. They were used already
in [10], and for n =2 in [7].

DEerFNtTION 3.1. Let G=(G ; sy, by, ..., S,,, b,) be a cat”-group. The associated
n-cube G- of cat"-groups has G”(1) =G, and for other & € {0, 1}, G®(«) has
big group the intersection of the groups Ims; (=Im b;) for which a; =0, with the
restricted cat”-structure. It is useful to think of the cat”-groups G"(«) for a #1
as representing the ‘lower dimensional part’ of G.

ProrosITION 3.2. Let the cat’-group G be given as a colimit of cat"-groups,
G =colim; G;. Let @ € {0, 1}". Then G"(«) = colim; G «).
Proof. We recall that B(G) denotes the big group of a cat”-group G. Let
G =colim, B(G;), G(a) = colim; B(GZ(«)).
Let N and N(«) be the normal subgroups of G and G(a) generated by the
[Kers;, Ker b,]. Let S be the composite of the s; for which a; = 0. Since § =85, S
preserves colimits. So
G(a) = colim, SB(G,) = S colim; B(G,) = SG.
Thus N(«) is the normal subgroup of SG generated by the [Kers;, Ker b,]; one
can check that this is SN. Thus
B(colim, (G7(a))) = G(«)/N(«) = SG/SN = S(G/N) = SB(G) = B(G"(«a)).

This gives the result.

If G is a cat"-group, we write G' for the n-corner of cat"-groups determined by
G-.

Prorosition—-DEerFINITION 3.3, Let G be a cat*-group. The following two
conditions are equivalent and define G as a universal cat"-group:

(i) the n-cube G® of cat"-groups is a pushout cube in the category of
cat”-groups;
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(ii) if H is a cat"-group such that H =G’ then there is a unique morphism
G— H of cat"-groups inducing the identity G —-H .

Proof. That (i) implies (ii) is trivial.

To prove that (ii) implies (i), let K be the cat”-group colim G' . Propositions
1.1 and 3.2 show that K' = G . Condition (ii) gives a morphism G— K, and the
definition of K gives a morphism K— G. By the two universal properties, these
morphisms are the inverse of each other.

The implication of this definition is that if G is universal, then its big group G is
determined by the family of subgroups P, = Im s; and their interrelated cat”-group
structures.

If G is a cat’-group with associated crossed square

L2 m

| 4P

N —> P

then the 2-cube GZ of cat’>-groups has an associated square of crossed squares of
the form
11 1M
1Pl [1 P]
11 ,[LM
[N P [N P

where 1 denotes the trivial group. If this is a pushout of crossed squares then the
group L is canonically isomorphic to the tensor product M ® N defined in [6, 7).
For the convenience of the reader we recall this definition.

Let the groups M and N be equipped with an action of M on the left of N,
written "n, where m € M, n € N, and an action of N on the left of M written "m.
It is always understood that a group acts on the left of itself by conjugation:
*y = xyx~'. The tensor product M ® N is the group generated by symbols m @ n
with the relations

(a) mm:® A= ("m' ®"n)(m @ n),

(@) m@nn'=(mn)("m®"n’),

for all m, m''e.M, n,n" € N.

For the Blakers—Massey theorem in § 4 we need to analyse particular kinds of
cat”-groups and their corresponding universal cat”-groups.

PROPOSITION 3.4. The following are equivalent categories:
(i) the category of cat'-groups (G ;s, b) in which s = b;
(ii) the category of crossed modules u: M— P in which p =0;
(iii) the category of cat"-groups (G ;s;, b;), with n =2, in which s;=s;, b;=b;
forall i, j.
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Proof. The standard equivalence between cat'-groups and crossed modules has
(G ;s, b) corresponding to u: Kers— Ims where u is the restriction of b, and a
crossed module u: M — P corresponding to the cat'-group (M XP;s, b) where
s(m, p)=(1, p), b(m, p)=(1, (um)p). The equivalence between the categories
given in (i), (ii) is automatic.

Now recall the rules sb =b, bs =s for a cat'-group. So s =b is equivalent to
sb = bs. The equivalence between the categories given in (i) and (iii) follows.

ProrosiTioN 3.5. Let 6, , be the category of cat”*?-groups

(G 551, b1, s Spqs bptg)

such that
(Sl, bl) =y = (Sq, bq), (Sq+1, bq+1) Sy = (Sp+q) bp+q)'
Then 6, , is equivalent to the category of crossed squares
L4 m
o]
N o P

in whichuy=0and A'=0ifq=2, v=0and A=0if p=2.

Proof. The case in which p = g =1 is the equivalence between cat>-groups and
crossed squares, referred to above. Clearly €, , is equivalent to €,., , if p =2,
and to €, .., if ¢ =2. Also by Proposition 3.4, 4, , is equivalent to the category
of cat’*!-groups (G ;s;, b;) such that s, =b,, and €, is equivalent to the
category of cat?*!-groups such that Sq+1=bgy41. So the required equivalence
follows from Proposition 3.4 and the relation between cat*-groups and crossed
squares (§ 2).

ProposiTiON 3.6. The inclusion i: €, ,—> (cat’*9-groups) preserves colimits.

Proof. A colimit in cat’*?-groups of objects of 4, , is itself in %,,4- (This
proof was pointed out by the referee.)
CoroLLARY 3.7. Let G be an object of the category €, ,, with associated crossed
L M
square ( N P)' Then G is a universal cat®*?-group if and only if the canonical

map M ® N — L is an isomorphism.

2

4. The Blakers and Massey theorem

Let {U;, ..., U,} be an open covering of a space X. Then we have an n-cube X
such that X(1) = X and for @ #1, X(«) is the intersection of the sets U, for which
«; = O.

We apply the generalized Van Kampen theorem to this n-cube X and to the
covering {U, ..., U,} of X.

THEOREM 4.1. Let {U,, ..., U,} be an open covering of the space X such that
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each face 3?X of the associated cube X is a connected (n — 1)-cube. Then X is a
connected n-cube and its fundamental cat"-group [1X is universal.

Proof. If o is a non-empty finite subset of {1, ..., n}, the cube X, is defined to
be X N U,; it coincides with X"(«) where &; =0 if and only if i € 0.

Since 3YX is connected for i =1, ..., n, each subcube R, X of X is connected for
a#1 For a#1, X%a) is a degeneracy of R,(X), and hence X («) is
connected. Hence each cube X, is connected. By the Van Kampen theorem for
n-cubes (see §2) the cube X is connected and

ITX = colim X,,.

Hence ITX = colim ITX(«), where a #1. But the n-cube of cat”-groups ITI(X")
is isomorphic to (ITX)", and hence I1X is universal.

RemARk. The particular case in which #» =2 was treated in [7].

We will now apply this theorem to a still more particular situation. Recall that
if (X;A, B) is a triad, that is, A and B are subspaces of X, containing the
base-point, then the triad homotopy groups m,(X ; A, B) fit into a long exact
sequence (C=ANB)

o= Ti1(A, C)—= m;1(X, B> 7,.1(X ; A, B)y— mi(A, C)—> mi(X, B)— ...

As excision does not always hold in homotopy these triad homotopy groups are
not always trivial in the excision situation X = A U B.

THEOREM 4.2 (Blakers—Massey theorem). Let X be the union of open subspaces
A, B such that A, B and C=AN B are path-connected, and the pairs (A, C),
(B, C) are respectively p-connected and g-connected. Then the triad (X ; A, B) is
(p + q)-connected, and the generalized Whitehead product induces a map

[ ’ ]: ”p+1(A» C) ®”q+l(B: C)_>ﬂp+q+l(X A, B)

which is an isomorphism.

Proof. Let X be the (p +g +1)-ad (X ; A, ..., A, B, ..., B) with g copies of A
and p copies of B. By symmetry, the fundamental cat’*?-group ITX of X belongs
to the category 4,, (cf. §3). Consider the cover Uj, ..., U,., of X where
Uy=..=U,=A, U;1=...=U,;,=B. Theorem 4.1 shows first that X is
connected, and hence that (X ; A, B) is (p + g)-connected. Theorem 4.1 also
shows that IIX is universal. By Corollary 3.7, the theorem is proved once we
have checked that the crossed square associated to ITX as an object of the
category 6, ,, is canonically isomorphic to the crossed square

Tprq+1(X A, B) —> m,,4(B, C)

l 1

7p+1(A, C) ——> m,C

with h-function given up to sign by the generalized Whitehead product.
The identification of the groups and actions in the crossed square of ITX follows
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from the construction of ITX (cf. § 2). The universal example for the generalized
Whitehead product is the triad (E”*' v E*! s EP+ly 89, SP v E9*"). Let W be
the (p + g + 1)-ad constructed from this triad in the same way as X is constructed
from (X ; A, B). Then ITW belongs to the category %, , and its associated crossed
square is of the above form with X, A, B, C replaced by

X' =EFt'vE®™, "A'=EP*'v S, B'=SPVvE, C'=§vS§.

At this stage there arise questions of sign conventions and orientations, none of
which affect the statement of the theorem. It is common in the literature to make
conventions so that a square whose arrows are boundary maps is anticommutative
(cf. [1, p. 105]). For our purposes, we want crossed squares to be commutative,
and we assume the conventions are arranged in this way. Then the generalized
Whitehead product [¢,1, tg+1] in 7,(X' ; A’, B'), where r=p +q +1, is defined
using the following diagram (cf. [1, p. 108]):

0 0

0 — n(X';A’, B oy, 7,_1(A", C'") > m,_(X', B")

i -

n,_«(B', C") ~* m,_(C') «— 7,_»(B’)

|
a,_(X',A") 7T,2(A")

The element [t,41, t,+1] is the unique element which in the above central square
maps as follows:

[Lp+1) Lq+1] = £ [Lp+1) Lq]

[to) tgr] — x4, Ll

where the signs depend on conventions, and the other Whitehead products are
relative or absolute.

One now has to examine separately the cases where p, g > 1 and those in which
porgqgisl If pg>1, then m,, (X' ;A", B")=Z generated by [t,41, tg+1)s
while the crossed square associated to #X' is

z-%7

i

This crossed square is universal, and so its h-function ZXZ—Z is (m, n)—
+ mn. Hence h(1, 1) = £1, as required. The case where p = ¢ =1 is dealt with in
[7] (but without mentioning the point about sign conventions). Suppose p >1,
g =1. Then d, and d, are isomorphisms, and [t,, t4] € 7,(S” v §") is the element
4(1,) — t,- The element [1,, t,] € My 1(S? v E?, 5P v §") is of a similar form. Since
d, is an isomorphism, and is part of the crossed square associated with TIX’,



186 RONALD BROWN AND JEAN-LOUIS LODAY

the h-function of this crossed square sends (i, t;) to £[t,11, t,+1], as required.
The case where p =1, g >1 is similar.

We now give an application combining Theorem 4.1 with the case n =3 of the
equivalence between cat”-groups and crossed n-cubes established in [8, 9]. We do
not give definitions here since we need only one example.

ExampLE 4.3 [8, 9]. Consider a crossed 3-cube of the form

L—G
l\G i \G

|
S

in which all the maps G — G are identities. If this crossed cube is universal, then
L is canonically isomorphic to the group G A G defined in [6, 7]; that is, L is
generated by elements x A y, with x, y € G, with relations

x Ayz=(x Ay)Cx A’2),
xy Az=(y A*2)(x A 2),
xAy=(@Ax)"}

where ’x = yxy~!, forallx,y, z€G.

ProrosiTION 4.4. For any connected space X, there is an exact sequence

E? H? - P
T X — 1,8°X — m X A ;X — [1,X, 1, X]—> 1.

Proof. We write the two vertices of the (unreduced) suspension SX of X as v, ,
v_, and write C*X =SX\{v_}, C"X =5X\{v.}. These two cones are contrac-
tible and have intersection which is homeomorphic to X X (=1, 1), and so is
homotopy equivalent to X. We now cover S°X by the open contractible spaces
U, =SC{X, U,=C3Ci X, Uy=C5;CiX, where the suffices on the C’s denote the
two directions. Then

Uan2=C;C1_X, Uzn U3=(C1—X)X(—1, 1), U3ﬂUIEC2_(XX(—1, 1)),
so that these double intersections are contractible. Also
UNnU,NU;=X x (-1, 1)~

Thus in terms of homotopy types, the 3-cube over $?X defined by this cover can
be represented as

S2X:e— —-——»L

— X
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Since X is connected, each face 8$°X is connected. By Theorem 4.1, the cube
$2X is connected, and its fundamental cat>-group is universal. Equivalently, the
fundamental crossed cube TIS?X is universal. But this crossed cube is the cube of
Example 4.3 with G =m,X. The homotopy fibre F(S°X) is equivalent to the
homotopy fibre of X — Q252X. The exact sequence follows.

REMARK 4.5. As a deduction from Proposition 4.4 we find the formula
m3K(G, 1) =Ker(G A G— G) obtained by other means in [7]. In particular, we
obtain a new proof that 74(S%) = 2.

5. Induced cat™-groups

The notion of inducing cat"-group is comparable to that of changing base rings
in module theory, and also to that of inducing representations in group
representation theory. In order to explain the intuitive basis of the construction,
we recall from [4] the notion of induced crossed module.

Let O be a group, and let £, be the category of crossed Q-modules. Let
f: P— Q be a homomorphism of groups. Then pullback (fibre product) defines a
functor f,: XMo— ZMp. This functor has a left-adjoint f,: ZMp—> LMy, giving
for a crossed P-module M a crossed Q-module f«M, the crossed Q-module
induced by f.

Since f, is a left adjoint, it preserves colimits. This allows one to give
presentations of f,M, given a presentation of M. Also f,.M can be defined
without reference to f* as the pushout crossed module

(1 P)(-l—Q(l Q)

1

M P)— (fuM Q)

This description shows how induced crossed modules can arise as examples in a
Van Kampen type theorem for the fundamental crossed module 7,(X, Y)—>m,Y
of a based pair, as in [4]. This example of a crossed module suggests that we think
of a crossed module u: M — P as having P in dimension 1, M in dimension 2, and
 that an induced crossed module arises from changing the lower dimensional part
by a morphism f: P— Q.
We recall from [4] a presentation of the induced crossed module.

Prorosition 5.1 [4]. If uy: M— P is a crossed P-module, and f: P—>Q is a
morphism of groups, then the induced crossed Q-module 0: f ,M— Q has a group
presentation with generators (g, m) € Q X M and relations

(i) (g, m)(g, m") = (g, mm’),

(i) (g, ”m)=(af(p), m),

(iii) (g, m)(g', m')(g, m)™" = (qfu(m)q~'q", m"),
for all g,q'€Q, m,m' €M, p e P. The action of Q on f,M is determined by
4(g’, m)=(qq’', m), and 0 is determined by 8(q, m) = qfu(m)q™".
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In examples, the element of f M determined by (g, m) is usually written m, so
that the universal map M — f,M is given by m Im. Of course this map need not
be injective.

We now discuss corresponding notions for cat”-groups. For a cat™-group G, the
‘lower dimensional part’ of G is the corner G™ of cat"-groups determined by G

(83).

PROPOSITION—DEFINITION 5.2. Let f: G—H be a morphism of cat"-groups, and
let f: G —>H, (f%: GZ—H") be the morphisms of n-corners (n-cubes) of
cat™-groups determined by f. Then the following two conditions are equivalent, and
define the cat"-group H (up to an isomorphism which is the identity on H) as
induced from the cat"-group G by the morphism f:GT-H . .

() If T is the (n+1)-cube of cat"-groups determined by the morphism
f7: G"—H, so that 3., T=G", 3L ,,T=H", then T is a pushout (n + 1)-cube.

(ii) For any morphism g: G— K of cat"-groups such that K =H andg" =f",
there is a unique morphism h: H— K of cat"-groups such that hg =f.

Proof. That (i) implies (ii) is clear.

To prove that (ii) implies (i), let K be the cat”-group which is the pushout of
the (n+ 1)-corner determined by T. For each (n + 1)-multi-index a#1, the
(n + 1)-cube determined by the map of n-cubes (GP(a))"— (H (@)~ is de-
generate, and so an (n + 1)-pushout by Proposition- 1.1. By Proposition 3.2,
K°(«) =H"(«). Hence K =H . The two universal properties give an iso-
morphism H— K which induces the identity HF - K' .

An example of inducing which will occur in connection with the Hurewicz
theorem is when each vertex cat”-group of H' is a trivial cat”-group.

PROPOSITION AND NOTATION 5.3. Suppose that the morphism f:G—H of
cat"-groups presents H as induced from G by f', and that H is the cat"-group
(H;1,1, ..., 1) in which all s;, b; are trivial. Then H is the factor group of G, the
big group of G, by the normal subgroup generated by 51(G), ..., $,(G). This
cat”-group H will be denoted by triv(G).

The proposition is clear from the universal property 5.2 (ii).

It will be useful to describe induced cat"-groups more explicitly for n = 2, using
in this case the equivalence between cat>-groups and crossed squares given in [9]
(see §2 above). To this end we first recall that the category &M, of crossed
O-modules has a coproduct which is described in [3] as follows. Let M, N be
crossed Q-modules. Then N acts on M, and M acts on N, via the given actions of
Q. Let M XN denote the semidirect product with injections i': M—>M XN,
m+>(m, 1), and j': N—>M xN, n— (1, n); let {M, N} denote the subgroup of
M XN generated by ("mm~",™nn™"), for all meM, neN; let g: MXN—
MoN=(MxN)/{M, N} be the projection and let i=gqi', j=qj'. Then M°N,
with the morphisms i, j, is coproduct of M, N in the category ZMo.

ReMark. The above construction of a group MeN with morphisms i: M-
MoN, j: N— MoN requires only actions of M on N and N on M. If also these



HOMOTOPICAL EXCISION, AND HUREWICZ THEOREMS 189

actions are compatible in the sense of [7], then i M— MoN, j: N— Mo°N may
be given the structure of crossed modules.

PROPOSITION 5.4. In the following cubical diagram of homomorphisms of groups

—* N
)Ll 5 U lv B

suppose that the front and back squares are crossed squares, that the cube is a
morphism of these crossed squares, and that the front crossed square is induced
from the back crossed square by «, B, y. Consider R®S and y,L as crossed
Q-modules. Then T is isomorphic to the coproduct (R ® §)°(v,L) factored by the
relations

(i) i(am @ n) =jh(m, n),
(ii) i(aAl ®s) =j(*DiCI™),
(iil) i(r ®1BA'T) =j(DICLI),
forallreR, s€S, leL,meM, neN, qeQ. The maps t, 1’ are determined by
the usual maps R®S—R, R®S—S, and on j(y<L) by 7 —(akl),
7't 9I—>9BA'l, while 6: L—T is given by 8(I)=j'(l). The h-function of the
induced crossed square is (r, s)—> i(r ®s).

The proof of Proposition 5.4 is a direct verification.

6. Applications of induced cat"-groups: the excision and Hurewicz theorems

In this section we show that a Hurewicz type theorem for IIX follows from a
description of the excision map, which is more general and has other applications.
The general situation is given by the following theorem.

TueoReM 6.1 (Excision Theorem). Let the space Y be the union of open sets X,
By, ..., B,, and let A;=XN0OB, for i=1,..,n Let X and Y be the n-cubes
determined by the (n + 1)-ads (X ; Ay, ..., A,) and (Y ; By, ..., B,). Assume that X
and each 3°Y is connected, for L<i<n. Then Y is connected and the morphism
f: IIX— I1Y determined by the inclusion X—Y presents IIY as the cat*-group
induced from TIX by the corner morphism 2 (IX)™ — (ITY)" .

Proof. Let T be the (n + 1)-cube of cat™-groups determined by the morphism
f: MIX—IIY of fundamental cat"-groups. We prove that T is a pushout
(n + 1)-cube by applying the Van Kampen theorem (Theorem 2.1).

The space Y is 'given’"ito have the open cover V ={V;, ..., V,, V,+1} where
Voa=X, i=B, for'lsi=sn. Let V be the (n + 1)-cube of n-cubes of spaces

S

in which VA)=Y and for 1#a e {0, 1}"", V(a)=YNV,N... NV, where



190 RONALD BROWN AND JEAN-LOUIS LODAY

i <... <i, are exactly those indices i such that &; = 0. Then T, the (n + 1)-cube of
cat"-groups defined above, may be identified with the (n + 1)-cube of cat"-groups
IIV(«) for each & € {0, 1}"*". Thus to apply Theorem 2.1 we have only to prove
that each n-cube of spaces V(«) is connected, for a € {0, 1}"*', a#1.

Write a €{0,1}""! as (B, yv) where Be{0,1}", ye{0,1}. If y=0, then
V(&) = RgX, and so V(«) is connected, since X is connected. If y =1 then g #1
(since a#1) and V(&)=R;Y is connected since each 3%Y is connected, for
i=1, ..., n. The result follows.

As a corollary we obtain our first version of the Hurewicz theorem for
(n+1)-ads. Recall from §5 that a cat’-group G determines an induced
cat”-group triv(G) with trivial corner.

Tueorem 6.2 (Hurewicz Theorem, version I). Let (X ;A ..., A,) be an
(n+1)-ad such that each A; is closed in X, and the associated n-cube X is
connected. Then the space

Y=XUC(A,U...UA,)

is n-connected and H,.(Y) is canonically isomorphic to the big group of the
cat"-group triv(ITX).

Proof. Let v be the vertex of the cone in Y =X U C(A,;U... UA,). The cover
of Y given by V = {CA;, ..., CA,, X} determines, by intersection with the n-cube
of (Y ; CAy, ..., CA,), as in the proof of Theorem 6.1, an (n + 1)-cube of n-cubes
which is homotopy equivalent to the (n + 1)-cube of n-cubes determined by the
open cover {CA,, ..., CA,, Y\{v}} of Y. So the Van Kampen theorem may be
applied to the cover V, even though it is not an open cover. Apart from
openness, the hypotheses of Theorem 6.1 hold. Since the fundamental cat”-group
ITY has trivial corner, the result follows.

The n-connectivity of Y was proved directly by M. Zisman in 1981, in response
to a question of Loday.

Let G be a cat®-group. The abelianization of G is the cat"-group G* obtained
by the abelianization of the big group of G. The maps s;, b; become s{” and b{”
respectively. (Note that [Ker s?, Ker b?’] = 1 since G* is abelian.)

THEOREM 6.2' (Hurewicz Theorem, version II). Let (X ;A,, ..., A,) be an
(n+1)-ad such that each A; is closed in X and the associated n-cube X is
connected. Then the hyper-relative homology group H,(X ; A,, ..., A,) is isomor-
phic to the subgroup (-, Ker s¢* of the cat"-group (IIX)*.

Proof. 1t is immediate that H,.,(Y)=H,.(X;A,, ..., A,) where Y is the
space described in Theorem 6.2. With the notation of § 1 we have ()=, Ker 5=
L((ITX)**). On the other hand, Theorem 6.2 says that

H, (X ;A,, ..., A,) = triv(ITIX) = L(triv(I1X)).

Hence Theorem 6.2’ follows from the algebraic

LemMa 6.3. Let G be a cat"-group (n=1). Then L(G*) = L(triv(G)).
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Proof. Let H=(H ;1,...,1) be a trivial cat”-group (with n=1). Then H is
abelian because H— 1 is a crossed module. So H is equal to its abelianization. By
universality any map G— H factors uniquely through G?. As H=triv(H) the
map G — H factors uniquely through triv(G*). As a result triv(G) = triv(G*).
Therefore it suffices to prove the lemma when G is abelian (which means the big
group of G is abelian).

When G is abelian the big group G splits as a cartesian product IIG, where a
runs over {0,1}". The group Ims; is the sub-group of G consisting of all the
factors G, such that the ith index of ais 1. Therefore

L(G) = Q Kers, = Go = G/{Ims,} = triv(G) = L(triv(G)).

ReMARK 6.4. Under the hypothesis of Theorem 6.2 there exist a cat”-group
IIX (such that 7,.1(X 5 A1,--o) A,) =L(IIX)) and also an abelian cat”-group HX
(such that H, (X ;A .. A,) =L(HX)). Then Theorem 6.2’ is equivalent to

HX = (IIX)*.

This shows that our result is a direct analogue of the classical Hurewicz theorem:
if X is a connected space, then Hy(X) is the abelianization of 71(X).

We now consider computations involving attaching 3-cells. We use the explicit
description of induced crossed squares of §5.

ProposITiON 6.5. Let (Z ;U, V) be a triad such that
(i) the interiors of U, V cover Z,

(i) U, Vand W=UNYV are connected, and

(iii) the pairs (U, W), (V, W) are 1-connected.

Let fi: (8%;E2%, E2)—>(Z; U, V), where k € K, be a family of pointed maps and
let the space Z U {ei} be formed by attaching 3-cells to Z using fc: S*—> Z. Then
the triad homotopy group

T=n(ZU{er}; U, V)
is describable as follows. For each keKk, let
u, = fi(1y) € mo(U, W),
v = fil1) € mo(V, w),
we = fie(1) € m(W)
be the images of generators
v, € T(E2, SY), 1_emy(E%,SY), € (Y,

where 3(1,)=3(1_)=1t. Let C be the free crossed m(W)-module on generators Iy
such that 81, = w,, where k € K. Then T'is isomorphic as crossed 71(W)-module to
the coproduct (m,(U, W) @ m5(V, W))e C with relations

u @ v = [, Ie)s
T, @s= P90, (*)
r ® w, = "3,

forallk, k' €K, gem(W), re (U, W), s € mo(V, W).
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Proof. We rteplace the space ZU{e;} by the mapping cylinder Y
=M(f) U/« E3 where f: \/, Si— Z is determined by the f;, for k € K. Then Y
can be covered by open sets X, B, B, such that the triad (Y ; B,, B,) is homotopy
equivalent to (Z U {e;} ; U, V) and (X ; X N B;, X N B,) is homotopy equivalent
to E=(\Vx EX; Vi (E )k, Vi (E%)). The assumptions of the Excision Theorem
6.1 apply to Y with the cover X, B;, B,, and so it is sufficient to show that
Proposition 5.4 gives for w5(Y ; B;, B,) the presentation of our proposition.

Let F be the free group on the set K. The crossed square IIE is

1

F—

(==Y
N =

F —

1

with A-map the commutator. Thus the relations (*) are particular cases of the
relations (i), (ii), (iii) of Proposition 5.4. The proof is completed by showing that
these particular cases imply the general case. The details are left to the reader.

REMARK 6.6. The above methods are a development of those used in [5] to
deduce the relative Hurewicz theorem from a Van Kampen theorem for filtered
spaces.
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