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0. Introduction

Let Top denote the category of topological spaces and Tops the category of
spaces and maps over a fixed space B (spaces over B are maps p: X — B,
&:Y-—>B,r:Z->B, etc, and maps p — g are maps f : X — Y such that gf = p). It
is well-known that Tops has a product, the so called fibred product or pullback
pNg:XMNY->B (XNY is often written X X3 Y) of p and q. We consider the
question: when does the obvious pullback functor for g

Tops —Tops, p+ pllg,
have a right adjoint? Ia other words when is there a fibred exponential law giving a
bijection

¢ : M(png, r)—> M(p,(gr)):

for a suitable map (gr) : ( YZ)— B, where M(p, q) denotes the set of maps p —q?
From the se: theoretic point of view, it is easy to see that (YZ) should be the
disjoint union of the sets of maps M (Y, Z,) of fibres of 4 into corresponding fibres
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182 . - P.L Booth, R. Brown

of r. The problem is to provide a topology for (YZ) and to obtain, at least in some
circe-ustances, such a fibred exponential law.

Analogous laws {previously called exponential laws of maps) have already been
considered in categories Cs, where C is either the category Q of quasi-topological
spaces [2], the category K of f-spaces [4], or (generalising the previous case) the
category of A-generated spaces [12]; furthermore one of us has applied this
construction to problems in homotopy theory [4, 5, 6, 7]. However, the main
purpose of this paper is to obtain a topology on (YZ) by a simple modification of
the compact-open topology, and so relate this space to the more usual function
spaces of General Topology. For this reason, and in order to make clear which
results are valid in Tops, we avoid working in a convenient category of topological
spaces (except in Section 7).

The fibred exponential laws are themselves derived from exponential laws for
parc maps (i.e. partial maps with closed domain) using a simple idea, the
representability of parc maps. The function space of parc maps is likely to be of
independent interest.

The structure of this paper is as follows. Section 1 discusses the space of parc
maps (with the compact-open topology) and its exponential laws. Section 2 defines
the fibred mapping space {YZ) for spaces Y,Z over a Hausdorff space B and
Section 3 gives the fibred exponential laws. Section 4 gives some elementary
examples of fibred mapping spaces (more interesting ones will be considered in [8])
and Section 5 shows that (YZ) is Hausdorff if Z is Hausdorft, B is locally compact
and g : Y — B is a submersion. Sufficient condit:ons for maps to be submersions
are discussed in Section 6. .

Section 7 contains a few remarks describing the analogues of our arguments and
results in convenient categories, in particular in the convenient category K of
t-spaces.

In a sequel {8] to this paper we relate our constructiorn to the well-known Hom
construction for vector bundles and to other constructions, both new and old, in the
theories of principal bundles, ex-spaces and relative lifting spaces. It is hoped that

these two papers will give some idea of the breadth of applications of fibred
mapping spaces.

1. Exponential laws for partial maps

If X, Y are spaces, then M(X, Y) will denoue the set of all maps (i.e. continuous
functions) X — Y, and M(X, Y) will denote the same set with the compact-open
topology. (If X =, then M(X, Y) has a unique element, namely the empiy map
indexed by Y. If X#0, Y =6, then M(X,Y)=0.)

A closed domain partia’ wap from X to Y is a map A > Y for some closed
subspace A of X —such a partial map is called a parc map and denoted by
X>-Y. The set of all such maps is written P(X, Y); note tha! we include in
P(X,Y) the empiy parc map.
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Our first simple observation is that P(X,Y) can be given a compact-open
topology which has as sub-basis the seis

WK, U)={f€P(X, Y): f(K)C U}

for all compact subsets K of X and open subsets U of Y, where of course
f(K)={f(x):x €K, f(x) is defined}. The resulting space will be denoted by
P(X, Y). Of course P(X, Y) is in general non-Hausdorf, since any non-empty open
set contains the empty map @.

Our second simple observation is that the functor X » IP(X, Y) is represeatable.
To prove this, let Y~ be the set Y U {w} (where w & Y) with the topology in which
Cis closed in Y™ if aud only if C=Y" or C is closed in Y.

Propesition 1.1. The function
AMX, Y)-P(X Y),
feflFY)
is a homeomorphism.

The proof is simple.

This proposition enables facts on mapping spaces with the compact-open
topology to be translated into new results on parc maps. We list the ones that we
need, first of all discussing functoriality.

Proposition 1.2.(i) Maps f: W— X, g: Y— Z induce by composition maps
g+ PXY)=P(X 2Z),
[F:PX,Y)>P(W,Y).

(ii) if Xo, Yo are subspaces of X, Y such that X, is closed, then P(X,, Yo) is a
subspace of P{X,Y).

We recall that the exponential function

0: M(XxY,Z)» M(X,M(Y, Z)),
8(N(x)(y)=f(xy), xEX,yEY,fEMXXY,Z),
is a well-defined injection.

Definition 1.3. The pair (X, Y) is calied an exponential pair ii for all spaces Z, the
exponential function 6 : M(X X Y, Z)—» M(X,M(Y, Z} is surjective.

Note that (X, Y) is an exponential pair if (i) Y is locally compact, i.e. each point
of Y has a fundamenta! system of compact neighbourhoods ([10; p. 156] or [13, 16}
for the HausdorfF case), or (i) X x Y is a Hausdorff k-space [13}. (A k -space is one
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which has the weak topology with respect to its compact subspaces. For non-
Hausdorff spaces, it is more useful to study i-spaces as defined in Section 7.)

Theorem 1.4 (Exponential Iaw for parc maps). The exponential function
0(Nx)¥)=f(xy), FEPXXY,Z),xEX y€EY,

is well-defined.
() If (X,Y) is an exponential pair, then 0 is surjective.
(ii) If X is Hausdorjf, then 0 is continuous.
(iii) If X, Y are Hausdorff, then 0 is a homeomorphism into.

Proof. These follos from Proposition 1.1 and standard results on exponential laws
for maps [13, 16], on replacing Z by Z~.

Remark 1.5. If Z is a singleton, then P(Y, Z) coincides with the space of closed sets
of X with the topology considered in [1, §7].

Remark 1.6. Similar methods give exponential iaws for paro maps (partial maps
with open domains). The representing space for paro maps from X to Y is
Y'=Y U{w} with open sets U such that U = ¥’ or U is open in Y.

2. Fibred mapping spaces

Let Y,Z,B be spaces and q: Y — B, r: Z— B be maps. For each b € B, let
Y, =q7'(b), Z, = r '(b). Let (YZ) be the set

Li M(Y., Z,)
bEB

where M(Y), Z,) is as in Section 1. Let (gqr): (YZ)— B be the function with f:bre
over b € B the sut M(Y,, Z,). The conventional deﬁmuon for M(Y,, Z,) when Y,
or Z, is empty implies that

(qr)(YZ)= (B < q(Y))Ur(Z).

Assume from now on that B is T;; then each fibre Y, is closed. (The assumption
that B is T, could be weakened in many places to the assumption that certain maps
have closed fibres.) Let i :(YZ)—> P(Y, Z) be the function which sends a map
Y, — Z, to the parc map Y>— Z with the same domain and same valucs. Note
that i necc not be injective, since whenever Y, is empty, the unique map Y, — Z,
i« sent oy i to the empty parc map Y >— Z.
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Definition 2.1. The meodified compact-open topoiogy on (YZ) is the initial topclogy
with respect to the two functions

This topology has as a sub-basis the sets W(U) = (qr)""(U) for all U open in B and
W(A, V)={f €(YZ): f(A)C V}for all compact subsets A of Y and open subsets
V of Z. (Notice that if f: Y, — Z, where Y, is empty, then f belongs to any
W(A, V).) The space (YZ) will be called the fibved mapping space of Y into Z over
B, and the map (gqr):(YZ)— B the fibred mapping projection or functional
projection of (YZ) to B.

Proposition 2.2. (i) Maps f: p—q, g : r — s induce by composition maps
8+ :{qr)— (gs),
f*:(gr)— (pr).

(i) If q:Y— B, r: Z— B are maps and B, is a closed subspace of 3, then
(YoZ,) is a subspace of (YZ), where Y, is q '(Bo) and Zo= r™'(B).

Proof. This follows easily from properties of parc maps and initial topologies.

3. The fibred exponential law

This result will be given in three parts, i.e., Thecrems 3.1, 3.3 and 3.5. Let
p:X—B, g: Y — B be maps. The fibred product pllq with the two projections
pliq —p, pMq — q is, of course, the product in the category Tops. In order to
apply the methods of parc maps, we nzed to assume XY isclosed in X X Y. So for
convenience we assume for the remainder of ikis section that B is Haus dorff and leave
the reader to see how the results apply under the weaker hypothesis that the
pullback spaces which occur are closed.

Theorem 3.1. Let ¢ : X =B, q: Y= B, r: Z— B be maps. Then #< : is a fibred
exponential functior:
¢ :M(priq.r)— M(p,(qr)),

which for f:XMY—>Z a map over B, satisfies ¢(f}{xi(y)=f(x,y) all
(x, 7)€ XY and which is injective and natural in the obvious sense.

Proof. Let f: X[Y —>Z be amap over B and let x € X, b = p(x}. Then ¢(f){x)
is given by y & f(x, y) and hence maps ¥, — Z, (if Y, = @ we take ¢(f)(x ) to be the
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unique empty map Y, — Z,). Thus ¢(f): X —(YZ) is a function over E. But
(qr)° ¢ (f) = p, which is continuous, and i © ¢(f) = 8(f'), where f': X X Y>> Z is
the parc map corresponding to f, and so {o@(f) is continuous. Hence ¢(f) is
continuous.

The injectivity of ¢ is immediate, and details of naturality are left io the reader.

Remark 3.2. The above proof does not use the continuity of p, g. r except {0 ensure
that XY and the fibres of q are closed.

Let M(p, q) denote M(p, q) with the compact-open topology.

Theorem 3.3. (i) If X is Hausdorff, then ¢ : M(»Mq, r) — M(p, (qr)) is continuous.
(i) If X and Y are Hausdorff, then ¢ is a homeomorphism into.

Proof. (i) It follows from [13, XII 5.1(a)] that a sub-basis for M(p, (gr)) consists of
the sets W(C, W(D, V)), W(C, W(U)) for C compact in X, D compact in Y, V
open in Z and U open in B. But in this space W(C, W(U)) is either the whole
space or the empiy set according as p(C) is or is not contained in U, and
¢ (W(C,W(D, V)))= W(C x D, V). Hence ¢ is ccntinuous.

(i) By [13, XII 5.1(b)} a sub-basis for the open sets of M(p[q, r) consists of sets
- of the form W(CND, V) for C, > compact in X, Y respectively and V open in Z.
The result follows easily.

Definition 3.4. If p : X — B is a map and A C B then X | A will denote the space
p(A)and p | A the restriction of p to X l A. Then p is said to be locally trivial
with fibre F if each b € B has an open neighbourhood U such that there is an
associated homeomorphism u, : p | U = t, where ¢ : F X U — U is the projection.

Theorerm 3.5. The exponential function ¢ : M(pNgq, r)— M(p,(qr)) is a surjection
(and hence a bijection) if any one of the following list of conditions is satisfied.

(a) (X, Y) is an exponential pair.

() X, Y are Hausdorff and XY, Y are k-spaces.

(¢) X = F X A where F is Hausdorff, A CB, p : X — DB is the projection, Y is a
Hausdorff k-space and Fx (Y | A) is a k-space.

(d) Y =G x A where X, G are Hausdorff, A CB, q : Y — B is the projection, and
GXAand GX{X [A) are k-spaces.

(e) ‘pis locally trivial with Hausdorff fibrc F, Y is a Hausdorff k -space and F X Y is
a k-space.

(£) Bis regilar. X is Hausdorff, q is locally trivial witl: Hausdorff fibre G such that
G X B and G X X are k-spaces.

The proctf is removed to Section 8.

-Definition 3.6. If p : X — B is .. map, then a section of p is 2 map s i E — X such
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that ps = 1. We write sec p for the set sec p of sections to pr topologised with the
compact-open topology.

Corollary 37. If q: Y — B, r: Z — B are maps, ther. there is a natural injection
¢:M(qr)—sec(qr), S(HB)=Ff|Y,:Y,>2Z, fEM(gr), bEB.
If Y is a Hausdorff k-space, then ¢ : M(q,r)—> seciqr) is a homeomorphisr:.

Proof. This follows easily from Theorzm 3.3 and Theorem 3.5(c), putting A = B,
p = 15 and noticing that 15Mq = q and sec(qr) = M(15, (q1')).

There are two more corollaries covering the case where r is a trivial fibration;
they require the following preliminary result.

Lemma 3.8. (i) Given a map q: Y ->B and a space W, if t = t{W) denotes the
projection W X B — B, then

§:M(Y,W)->M(q,1), £(f)=(fq), fEM(Y,W)
‘> & bijection. In other waords the functor
Tops — Top, (q:Y->E)rY, f:p=q)»(f: X-Y)
is left adjoint to the functor
Top— Tops, W (W), F:W-oW)r(fX1g).
Gi) If Y is Hausdorff, then ¢ :M(Y, W)— M(q, t) is a homeomorphism.
Proof. (i) ¢ is clearly a well defined function. If s: W x B - W denotes the
proiection, then we define
§:Mig.N->M(Y,W), £(g)=s3 gEMI(q1)

Now &£’ and '€ are identity functions and so £ is a bijection.

We notice that &' is continuous, for it is the composite of the inciusion
M(q,t)=>M(Y, W x B) and the map M (Y, W x B)—>M(Y, W} induced by the
projection WX B — W.

(ii) The composite of £ and the inclusion M(q. t)—>M(Y, W X B) is also the
composite

M(Y, W)—> M(Y, W) x M(Y,B)—-;—»M{Y, W X B),
where & is f » (f, g) and 7 is the standard bijection. Certainly & is continuous, and
n is continuous since Y is Hausdorfl, so ¢ is continuous. Hence § is a

homeomorphism.

The next result will be applied elsewhere to the problem of computing the
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cohomology of pullback spaces; its f-spacé version is (implicitly) the centrai concept
in the argument of [7].

Corollary 3.9. If p: X—B, q: Y—B are maps, W is a space arnd t=
t(W): WX B~ B. tiica there is a natural injection

¥ MXDE W) Mp, @), vOE)) = fxyna())
fEMXMY, W), (xy)EXNY.

() If p,q satisfy ainy one of the conditions (a)- - - (f) of Theorem 3.5 then ¢ is a
suijection.

(ii) If X and Y are Hausdorff then ¢ :M(XNY, W)—a M(p,iqt)) is a
homeomorphism into.

Proof. ¢ is the composite of ¢ of Theorem 3.3, and ¢ of Lemma 3.8.

The next result is relevant to the problem of computing the cohomology of tke
total space of a fibration (a relative version of ihe corresponding result in the

category K has already been used to study H"(E,F;w) for a fibration
F—E —;—»B [3, pp. 334-336] and [6, p. 21j;.

Corollary 3.10. If g : Y — B is a map, Wis a space and t = {(W): W X B — B then
there is a natural injection

n:M(Y,W)—>sec(qr),  n()BXy)={f(y),b),
FEM(Y,W),y €Y, b=q(y).

If Y is a Hausdorff k -space, then n : M(Y, W)—sec(q, t) is a homeomorphism.
Proof. 7 is the composite of ¢ of Corollary 3.7 and £ of Lemma 3.8. If X and Y
are spaces then _

e:MX, Y)XX->Y, ,x)» f(x), fEMY),xEX,

is called the 2valuation function for M(X, Y); it is well-known that if X is locally
compact then e is continuous. We conclude this section by examining the fibred
mapping space analogue of e; the result will prove useful in Section 4 below. If
q:Y—B, r:Z-»B are maps, then

e:{gr)fig—r, e(f,x)=f(x), (fx}e(YZ)Y

will be called the evaluation function for {qr).
Propaosition 3.11. /f Y is locallv compact, then e : (qr)lq —> r is continuous.

Proof. This follows by applying Theorem 3.5(a) to the identity map (qr}— (gr).
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4. Elementary examples of fibred mapping spaces

Example 4.1. If Y, Z are spaces and q : Y - », r : Z — * are maps fo the siugieton
space #, then {YZ) may be identified with the usual function space M(Y, Z). From
this and Propositior: 2.2(ii) we deduce:

Corollary 4.2. If g : Y > B, r : Z — B are maps, then for cach b in B the fibre of (qr)
over b is the space Mi(Ys, Z).

Notice also that if B = *, then the fibred exponential laws of Section 3 reduce to
the usual exponential laws for topological spaces.

Example 4.3. Suppose now that ¢ : Y — B isamap aad r : Z — B is the inclusion of
the subspace Z of B. Then there is a continu:ous bijection g:(YZ)—Z U
(B < q(Y)) which is a homzomorphism if B is Hzusdorff.

Proof. The projection (qr):(YZ)— B is continvous, and (since r: Z— B is an
inclusion) is injective and has range A = 2 U (13 < q(Y)). So (gr) restricts to a
centinuous bijection g : (YZ)-»> A. However, ihe projection AMY — Z is continu-
ous, and her:ce, by Theorem 3.1 and the Hausde~* condition on B, the adjoint map
A —(YZ) is continuous. Since this map is g™, the result follows.

Example 44. If q: Y— B, r: Z— B are both inclusions of subspaces and B is
Hausdorff, then (YZ) is homeomorpiic to (B < Y)U (Y N Z). (This follows front
Example 4.3.)

Example 4.5. If ¢ : Y — B is a map, and B is Hausdorff, then (q15):(YB)— B is &
homeomorphism. (This follows from Example 4.3.)

Example 4.¢. If r : Z — B is a map, then there is a natural bijection g : Z -» (BZ)
over B. If B is Hausdorff then g is continuou:. If also B is locally compact, thex g is
a homeomorphism.

Proof. The function g is defined by the rule that if z & Z,, then g(z):{b}— Z. bhas
value z. Thu: g is adjoint to the projection ZMB => Z and so is continuous if B is
Hausdorff. Suppose B is locally compact. Then the evaluation function
e :{BZ)MB — Z is continuous (Proposition 3.11); since g ' is the composite of e
and the canonical identification (BZ)-> (EZ)B, it follows that g ' is coniinuous.

5 Hausdorfiness of (YZ)

We obtain both sufficien? conditions for (YZ) to be Hausdorff and an example of
a situation i which (YZ) is non-Hausdoril.
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Theorem 5.1. Assume Z is Hausdorff and q : Y — R has the following property: if
v £ Y, then ¢(y) has a neighbourhood ¢ which is the image by q of a compact subset
A of Y such that A Nq7'q(y)= {y} The:s ’Z) is Hausdmﬁ‘

Proof. Let f: Y, Z,, g: Y, —> Z,, belong to (YZ " and suppose f# g. If b# b’,
then we can chocse disjoint neighbourhoods V, <’ of b, b’ so that (qr)™'(V),
(qr)(V’} are disjoint neighbourhoods of f, g. Suppose & = b'. Since f# g, Y, is
non-empty and sc there is a y in Y, such that f(y) # g(y). Let U, U’ be disjoint
neighbourhoods of f(y),g(y). Let C, A be as in the assumptions of the th.eorem.
Then f€ W(A,U), g € W(A,U’) and so -

W(A, U)N(gr}™(C),
W(A, U")N(gr)(C)

are disjcint neighbourhoods of f, g respectively. This completes the proof.

Recall that a map q: Y — B is a submersion if for each y in Y there is a
neighbourhood V of 4(y) and map A : V- ¥ such that Aq(y)=y and gqA = 1,.
Various sufficient conditions for maps to be submersions are given in the next
section.

Corollary 5.2. If Z is Hausdorff, B is locally compact and q : Y — B is a submersion,
then (YZ) is Hausdorff.

Proposition 5.3. Lzt G X B — B be the projection where G is a space with more than
one element and B is not locally compact. Then (G X B G X B) is iot Hausdorff.

Le: b be a point of B which has no compact neighbourhood. Let
f,8: G X {b}—> G x {b} be two distinct elements of (G X B G X B) (es. constant
maps to different points of G) and suppose

M=wU)NW(C,U)N - NW(C,, U.)
is a basic neighbourhood of f and

N=wW{V)NW(D, V)N --- N WD, V,)
is 2 basic neigh:bourhood of g. Then

E=CU---UC,UD,U---UD, ~

i5 compact in G X B and so its projection p(E) in B is not a neighbourhood of b.
Hence there is an elemen. . in (U N V)< p(E). Let h : G X {x}—> G x {x} be the
identity function. Then h(C)), h(D;) are empty and sc h €M N N. Thus
{(GxB G xB) is not Hausdorfl.
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6. Submersions

It is clear that any locally trivial map, either in our sense or in the sense of [13, p.
404], is a submersion.

Theorem 6.1. Ifq : Y > B isa Hurewicz fibration and B is a CW -complex then q is a
submersion.

Proof. This follows from the result [13, p. 406, Zorollary 4.4], that g is locally trivial
in the sense of {13, p. 404].

A stronger result can be obtained using an (as yet) unpublished result of P.R.
Feath, that Hurewicz fibrations with LEC base spaces are regular.

Theorem 6.2. (R. Brown and P.R. Heath). If q : Y — B is a Hurewicz fibration and
B is an LEC space, then q is a submersion.

This generalises 6.1 because CW-complexss are LEC spaces [14)].

Proof. LEC spaces are locally contractible [14]. Let V' be a neighbourhood of q(y)
in B and ¢, : V— B be a homotopy such that ¢, is an inclusion and ¢, is the
constant map relative to q(Y).

The constant map ¢, lifts to V->{y} and ¢, liits regularly to ¢.. Then ¢. is a
section to q over V taking q(y) to v, hence q is a submersion.

If X is any pointed space then q : PX — X will denote the path fibratior. over X.

'Theorem 6.3. If X is a space such thar all of the inclusions {x}—> X of its points are
closed cofibrations, i.e. X is a T:-space with no degenerate points, then q : PX --» X is
a submersion.

Proof. Let x, be the base point of X znd y : I = X be a path in X with y(C) = x,,
vy(1) = x,. By [10, 7.3.6(C)] there is a map u : X —[0,«[ and a map ¢ : X. = X,
where

Xu ={(x,t)EXXI:O=SI'Smin{u(x),l}},

such that u(x,)=0, ¢(x,0)=x for all x € X, and ¢ (x,u(x))=x if u{x)<1?. Let
U =u"'([0,1]) and v(y)=(1+u(y))”", y € U. Define a map ¢ : U X I - X by

j:\(w(y)), 0=<t=<uv(y),

Yy, t)= <
lomna-na+up), so)=<t=<1.

Then ¢ is continuous and its adjoint ¢': U — PX satisfies py'(y) = y{»v € U),
¥'(x) = A
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Theorem 6.4. If p : X — B is a submersion and f : A — B is a map, then the induced
map p;: XA —> A is a submersion.

Proof. This is easy and left to the reader.

It follows, from Corollary 5.2 and the results of this section, that some of the
fibred mapping spaces most likely to arise in applications to homotopy theory are
Hausdorff.

7. Convenient categories

Because the usuai topclogical category Top does not have a function space and
product satusfying an exponential law (i.e. Top is rot a cartesian closed category)
various other related catego:ics have been proposed as replacements. In this
section we discuss their significance for fibred exponential laws.

7.1. The category of Hausdorff k-sraces

This was on« of the first convenient categories proposed [9], and has since been
considered by many writers. The function srace ic the k-ification of the usual
function space M(X, Y). Howev.r ihe difficulty which arises here is that many
fibred mapping spaces, and presumably also their k -ifications, are not Hausdorft.

7.2. The category K of t-spaces

This category is considered in [3, pp. 276-279), and also in [18, p. 554] (where it is
denoted by HG). We outline now the results of Sections 1, 2, 3 exiend to this
category.

If X is any space, then X is defined to be X re‘ovologised with the final
topoiogy with respect to all maps of compact Hausdorff spaces into X. We say X is
a B-space if X =1X. The categery of -spaces and corntinuous maps is written K;
clearly X » £X defines a reflection t: Top—» K, so that if X is a T-space aid Y is any
space, then M(X, Y)= M(X,tY) (c.f. 3, Propositiou 4.3]).

The basic constructions in K are then obtained by applying ¥ to the correspor:ding
constructions in Top. This gives a product space X x, Y = #X » Y) [3, p. 278],
subspace (3, p. 277], function space K(X, Y) = tM(X, Y) (see {3, p. 279)).

A i-space X is said to be - Hausdorff if the diagonal subset A is closed in X X, X.
Clearly any Hausdorff ¥-space ist-Hausdorff. Also if X is #-Hausdorff then X is T,
since if y € X then {y}=j'(A) where j: X — X X, X is the map x » (y, x).

If X, Y are I-spaces, then PK(X, Y) will denote the set of all parc mzns X - Y
topoiogised in such a way th~t the bijection

AKX, HY ™) - PK(X, ),

defired as in Proposition 1.1, is a homeomorphism.
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Theorem 7.1 (Exponential law for parc maps in K). Given f-spaces X, Y, Z the
exponential function
0 :PK(X % Y,Z)—»K(X,PK(Y, Z))

is a weil-defined homeomorphism.

Proof. That @ is a well-defined bijection foliows from the exponential law in K. (see
[4, Theorem 1.1}). That @ is a homeomorphism now follows from a standard

argument using the associativity of the product and the fact that all the spaces
concerned lie in K.

Now iet B be a i-space and let K5 denote the category of I-spaces over B. This
category has a product, namely the pull-back space XM:Y [4, p. 312] with
projection pM.q: XM, Y—>B.If p: X—>B, q: Y — B are t-spaces over B, then
K(p,g)=tM(p, q) is the space of maps in Ks.

Definition 7.2. Let q: Y= B, r: Z — B be maps in K, where B is T,. Let (YZ)'

have the same underlying set as (YZ) but with the initial topology with respect to
the two functions

. PK(Y,Z)

P

Let (YZ),=#((YZ)"), and let (gr): denote the projection (YZ),— B.

(YZ)
B

Theorem 7.3. (Fibred exponential law for f-spaces). If p: X —>B, q:Y—B,
r:Z— B are maps in K and B is t-Hausdorff, then the exponential funciior

¢ :K{pMeq,r)—>K(p, (qr))

is well-defined and is a homeomorphism.

Proof. The proof that ¢ is a bijection is analogous to that of Theorems 3.1, 3.5, but
using Theorem 7.1 i.stead of Thecrem 1.4. We also use [4, Lemma 5.1] to ensuz=
that X, Y is a subspace of X X, Y, and the f-Hausdorff condition tc ensure that
X, Y is closed in X X, Y. That ¢ is a homeomorphism now follows by a standard
argument.

Remark 7.4. (1) Since -ight-adjoints are unique, Theorem 7.3 shows chat (qr)k
coincides with the fibred mapping space projection of [3, p. 280]. Further, our parc
map approach explains the requirement for B to be -Hausdorff in [3, . 280] and in
[4, 6, 7]. 3

(2) We know little akout conditions for (YZ), to be -Hausdorff other than those
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which imply it is Hausdorff (as in Section 5) or when B is a point (for then
(YZ) = K(Y,Z) which is :-Hausdorft if Z is #-Hausdorff [11, p. 27)).

(3) The remarks of this section extend to other convenient categories ([18, 19, 12,
Theorem 3.4}).

8. Proof of Theorem 3.5

Let f: X —(YZ) te a map over B. Then g = ¢7'(f) is a function XY —»2Z
over 3, and the only problem is to prove g continuous. :

(a) Let f'=iof: X —>P(Y,Z). Since (X, Y) is an exponential pair, 7'(f") is a
continuous parc map X X Y>— Z. But g = 67'(f') as functions, sc g is continuous.

{b) Let C be a compact subset of XT1Y. We have to prove g | C continuous. Let
- A be image of C under the projection XMY — X, Then A is compact. So (A, Y)is
an exponential pair, since Y and hence A XY is a Hausdorfl k-space. So
& \(f [ A): AMY — Z is continuous. Since C is contained if AMY, it follows that
g | C, and hence also g, is continuous.

{c) XMY is homeomorphic to Fx (Y | A) and the result follows from (b).

(d) XNY is homeomorphic to G X (X |A) and the result follows from (b).

(e) 1t is sufficient to prove that if p | U is trivial then, ¢ '(f|U)=¢g|U is
continuous on its domain (X { u)yny=(xn Y),f U. Since U isopen F X (v [ U)is
an open subspace of the k-space F X Y and hence is a & -space [14, 1.5.3, p. 10].
Also p |U is essentially the projection Fx U — U fol'cwed by the inclusion
U -- B, so the result follows from (c).

(f) The proof of this depzuids on a result of [3], and is given there (Corollary 1.6).

Refferences

{11 R. Arens and J. Dugundji, Topologies for functiou spaces, Pacific J. Math. 1 (1951) 5-32.
[2] P.L Booth, The exponential law of maps I, Prac. “ondon Mash. Soc. 20 (3) (1970) 179-192.
[3] P.I. Booth, The section problem and the lifting problem, Mam. Z. 121 (1971) 273-287.
[4] P.I. Booth, The exponential law of maps II, Math. £. 12i (1971) 311-319.
{5] P.I. Booth, A unified treatment of some basic problems in } omotopy theory, Bull. Am. Math. Soc.
79 (1973) 331-336.
[6] P.I. Booth, Fibrations, mapping spaces and gene:ilised cohomology, Univ. of Warwick preprint
(1974).
{7] P.I. Booth, Fibrations and cofibred pairs, Math. Scand. 35 {1974) 145-148.
[8] P.I. Booth and R. Brown, On the application of fibred mapping spaces to exponentisi laws for
bundles, ex-spaces and oiier categories of maps. General Topology and Appl. 8 (2) 165-179.
{9 R. Brown, Some problems in algebraic topology: function spaces, function complexes and
FD-complexes, Thests, Oxf~rd (1961}
(10] R. Brown, Elementis of Moucin Topslogy (McGraw-Hill, New Y ork, 1965).
[11] A. Qlark, Quasi-topology and compactly generated spaces, Mimeographed Notes, Brown Univer-
sity.
(12! B. Day, A reflection theorem for closed categories, J. Pure Appl. Algebra 2 (1972) 1-11.



Compact-open topology 195

{13} J. Dugundji, Topology (Allyr and Bacon, Baston, MA, 1966).

[14] E. Dyer and S. Eilenberg, An adjuaction theorem for locslly equi-connected spaces, Pacific J.
Math, 41 (1972) 669-685.

[15] P. Gabriel and M. Zisman, Calculus of Fractions and Homotopy Theory (Springer, Berlin, 1967).

{16] S.T. Hu, Elemeats of General Topclogy (Holden-Day, -+ , 1964).

[17] A. Lundell and 3. Weingram, The 'fopology of CW-complexes (Van Nostrand Reinhold, New
York, 1969).

[18] R.M. Vogt, Convenient categories of topological spaces for hcmotopy theory, Arch. Math. (Basel)
XXII (1971) 546-555.

[19] O. Wyler, Convenient categeries for topology, General Topology and Appl. 3 (1973) 225-2%2,



