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Introduction

The motivation for this work came from attempting to use groupoids to obtain a normal
form for elements of the trefoil group. In fact a normal form theorem using groupoids
had already been achieved by P. Higgins [17] in a little known paper The fundamental
Groupoid of a Graph of Groups. Higgins paper includes well known results on the
fundamental group of a graph of groups as given by Serre [23] as consequences of the
fundamental groupoid of a graph of groups.

The groupoid approach seems more natural than a group only approach and suits
computation better by splitting the reduction processes of words into smaller manage-
able pieces.

The aim of this thesis is to obtain a free crossed resolution of a fundamental groupoid
of a graph of groups by adapting results on graphs of CW-complexes. We highlight
results on computations used to obtain normal forms for words in graphs of groups and
the construction of free crossed resolutions. The categories of groupoids and of crossed
complexes are the natural setting for this work.

We use a combination of the graph theory and algebra of groupoids. The graph
theory shows clearly how elements of a groupoid can be composed using paths in the
underlying graph of the groupoid, and the idea of “passing elements along edges” of
a graph of groups is developed in determining a normal form for the fundamental
groupoid of a graph of groups. A crossed complex is a sequence of groupoids and mor-
phisms satisfying certain conditions and can hold information about the presentation
of a groupoid. An important example of a crossed complex is induced by a filtered
space. The connection between crossed complexes and filtered spaces is the key to
obtaining a free crossed resolution of a graph of groups.

We begin this thesis by defining a groupoid and using its underlying graph to define



groupoid words. We give groupoid constructions that are analogous to standard group
theory structures and aim to show that groupoids are a better setting to work in than
groups in this context. We exploit groupoid techniques to convince group theorists
that groupoids is the setting to work in. For a comprehensive overview of the history
of groupoids and examples in different applications refer to R. Brown’s survey, From
Groups to Groupoids [1].

The groupoids that will play an important role in this thesis are called unit, free,
universal and fundamental. The unit groupoid models the unit interval and will be
used to define total groupoids. Free groupoids are defined on a graph and a word in
a free groupoid is given by a path in the graph the groupoid is defined on. A normal
form theorem exists for words in an universal groupoid, and this is further developed to
obtain a normal form for an element of a fundamental groupoid of a graph of groups.

We develop P. J. Higgins paper, The fundamental groupoid of a graph of groups
in which using a graph of groups a normal form for for an arrow of the fundamental
groupoid of a graph of groups is obtained and a reduction process of a graph of groups
word to a unique normal form is given. Higgins’ paper is expanded upon and a new
proof of his normal form theorem using techniques in common with rewriting algo-
rithms. From Higgins’ normal form theorem a normal form for elements of the trefoil
group can be obtained and the general normal form coincides with the general normal
form for free products with amalgamation as given in the group theory literature.

Using graphs of groups to achieve a normal form the process of reduction is split into
smaller reduction processes. The group elements at the groups associated to the ver-
tices are reduced using Knuth-Bendix methods and then linked by the graph structure
and the group isomorphisms associated to the edges of the graph. Implementing the
representation of a graph of groups and the reduction process has enabled a reduction
of a graph of groups word to a unique normal form.

We link the fundamental groupoid of a graph of groups to a total groupoid for a
graph of groups. The key to this work is cylinders and we give full details of groupoids
obtained using mapping and double mapping cylinders. The main example is the
double mapping cylinder which can be used to model free products with amalgamation
and HNN-extensions. We give details of the homotopy equivalence of the fundamental

groupoid of a graph of groups and the total groupoid of the same graph of groups.



We continue by defining graphs of spaces and the total space of a graph of spaces
which is constructed using cylinders. The spaces that we restrict to are CW-complexes
and by applying the homotopy crossed complex we have a connection between aspher-
ical spaces and free crossed resolutions. The key result due to Scott and Wall [22] that
given a graph of aspherical spaces, the total space is aspherical is used to prove the
main result of this thesis that given a graph of free crossed resolutions the total crossed
complex is a free crossed resolution.

Free crossed resolutions of a group contain information about the presentation of
a group and we give calculations using free crossed resolutions to obtain free crossed
resolutions for free products with amalgamation and HNN-extensions and give full
details of the generators and boundary relations of the free crossed resolution of the

trefoil group.



Chapter 1
Groupoids

The structure of a groupoid combines geometry and algebra. Geometrically a groupoid
can be thought of in terms of objects and arrows: a directed arrow with two objects
(source and target), and two arrows can be composed together if the target of the first
is the source of the second. Algebraically we can impose conditions of associativity,
left and right identities and inverses.

This chapter begins with a section on the construction of a category and a groupoid
from a graph and continues with a section on groupoids with motivating examples.
The construction of groupoids and analogous group structures in groupoid theory is

developed to adapt group techniques on normal forms.

1.1 Graphs, Categories, and Groupoids

This section defines graphs, categories and groupoids using graphs. Graph theory
has two roles in this exposition; firstly graphs are used to define graphs of groups,
spaces and crossed complexes, and secondly, free structures for groupoids are defined
on graphs.

Categories and groupoids have an underlying graph structure and many of the
terms from graph theory are used to describe the related attributes and properties in
category and groupoid theory.

Category theory provides a general framework which we can then apply to specific

mathematical structures such as groups, groupoids and spaces.
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1.1.1 Graphs

Graph theory is used in this chapter to define categories and groupoids. In later
chapters we use graphs to construct graphs of groups, groupoids, CW-complexes and

crossed complexes. We begin by defining a graph, its attributes and properties.

Definition 1.1.1 A directed graph I" consists of a set of vertices V (I'), a set of edges
E(T'), and two maps s and ¢, (source and target) from E(I") to V(T).

We denote the edge e from s(e) = u to t(e) =vas e:u——s=v or u——=v. We
write I'(u, v) for the set of edges from u to v. For the purposes of this exposition we
abbreviate a “directed graph” to “graph.”

A subgraph of T' is a graph whose vertices and edges are subsets of the vertices and
edges of T'.

If we have two graphs I'y and I'y a graph map ¢ : I'y — I'y is a pair of maps
oy V(1) — V(I'9) and ¢g : E(I'y) — E(['y) such that spgp(e) = ¢ys(e) and
tor(e) = ¢yt(e) for all e € E(T).

A directed path in a graph I' is either an ordered set p = (eq,...,e,) for some n > 1
of edges e; such that t(e;) = s(e;11) fori =1,...n — 1 or an empty path at v € V(I'),
denoted (),.

Ifp=(ey,...,e,)and g = (€}, ..., €, ) are directed paths in I" then pg = (e1,...,€,,€],...,€)
is a directed path from s(ep) to t(el,) if t(e,) = s(e}), and () acts as an identity. This

defines a multiplication of paths

F(u,v) X ?(v,w) — f)(u,w)
where ?(u, v) denotes the set of all directed paths from u to v.

An involution of a graph I' is a map FE(I') — E(I") which sends each edge e to an
edge € where s(e) = t(e), t(e) = s(e) and € = e for all e € F(T).

To each graph I' we can associate a graph I' with involution. Let I be a graph
anti-isomorphic to I' where each edge e of I' corresponds to an edge € of IV which
is involutary to e. We assume that I" and I have no edges in common. We define
the graph with involution T to be the graph with vertices V(T') := V(I') and edges

I'(v,v") :=T(v,0") UT"(v,0") for all v, v € V().



We define a path in I to be a directed path in the graph I’ with involution. A path
p=(e1,...,e,) such that s(e;) = t(e,) is called a circuit and a path of length 1 which
is a circuit is called a loop.

Given a path p = (ey,...,e,) and s(e;) = v and t(e,) = v’ then the path is said
to connect vertices v and v’. Connected vertices determines an equivalence relation on
the vertices of I' defined by v = ¢’ if and only if there is a path in I’ that connects v
and v’. The equivalence classes partition the graph into connected components. If the
graph has one connected component it is called connected.

A graph without circuits is called acyclic. A graph is a tree if it is acyclic and
connected. A spanning tree in a connected graph I' is a subgraph which is a tree and
has the same vertex set as I'.

In categories and groupoids we will use the terms object and arrow to describe

elements of the vertex and edge sets respectively of their underlying graphs.

1.1.2 Categories and Groupoids

Category theory is the abstraction of the study of structures and structure preserving
maps. We will use two approaches to category theory, categories of structures and a
category as an algebraic object. The mathematical structures that we will study are
groupoids, groups, topological spaces and crossed complexes. The structure preserv-
ing maps are called functors and are tools that allow comparison between different
mathematical structures. We will use functors to translate results from one category
to another.

We refer the reader to MacLane’s Categories for the Working Mathematician [20)]
for a full account of category theory, and Higgins' Categories and Groupoids [16] which
combines the theory and algebra.

Since groupoids are a special case of category theory we give the definition of a
groupoid in this subsection. The theory of groupoids is developed in Section 1.2.

This subsection begins with the definition of a category and a functor and then gives
examples of categories of structures. We then give details of the coproduct, coequaliser
and colimit constructions. We end this subsection with a brief account of a category

as an algebraic object in which we describe elements of a category of directed paths.



Definition 1.1.2 A category C consists of a class of objects Ob(C) and a set of arrows
Arr(C) with an underlying graph I'C where Ob(C) := V(I'C) and Arr(C) := E(I'C)

together with a family of multiplications:

Arr(u,v) x Arr(v,w) — Arr(u,w)

(a,b) +— ab
satisfying the following axioms.
I.Ifa:u—wv,b:v— wand c: w — z then (ab)c = a(be).

2. For all v € Ob(C) there is an element 1, € Arr(v,v) such that 1,b = b and

al, = a whenever these multiplications are defined.

We use the notation C(u,v) to denote the set of arrows Arr(u,v) in C. A small
category C is category where the objects of C form a set. (A set is a class which is a

member of some other class.)

Definition 1.1.3 A groupoid G is a small category in which every arrow has an inverse:
for all u,v € Ob(G) and a : u — v there is an element a™! : v — u such that aa™' =1,

and a”la = 1,.

If C is a category we define its opposite category CP as follows. The objects u® of CP
are in one-to-one correspondence with the objects u of C, the arrows a®” € C(u, v°P)
are in one-to-one correspondence with arrows a € C(v,u) and composition is defined
by a’?b? = (ba)?. We note that (C?)? = C and I'C = I'C where I" is the anti-
isomorphic graph of I' as described in Subsection 1.1.

Let X be any construction of a category C, then the dual of X is the construction
defined for the category C by defining X in C% and reversing all the arrows.

Given two categories C and D we define their product C x D to be the category
whose objects are ordered pairs (¢, d) of objects ¢ € Ob(C), d € Ob(D) and arrows
(c,d) — (c,d") are pairs (f,g) where f € C(c,), g € D(d,d) with composition
defined by (f,9)(f".q") = (ff'.99").

Definition 1.1.4 If C and D are categories, then a functor F' : C — D assigns to

cach object u of C an object F(u) of D, and to each arrow g € C(u,v) an arrow
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F(g) € D(F(u), F(v)), in such a way that F'(1,) = 1p) for each v € Ob(C) and
F(gh) = F(g)F(h) whenever gh is defined. The functor F'is called a covariant functor.

We note that a functor is a graph map which preserves products and identity
elements. In contrast we also have a contravariant functor F' : C — D which assigns
to each object u of C an object F'(u) of D, and to each arrow g € C(u,v) an arrow
F(g) € D(F(v),F(u)), in such a way that F(1,) = lp(,) for each v € Ob(C) and
F(gh) = F(h)F(g) whenever gh is defined. We can define a contravariant functor as a
covariant functor C? — D.

The identity functor 1¢ : C — C is defined to be the identity map on objects and
arrows.

An important class of functors are forgetful functors. We obtain forgetful functors
from a groupoid to a category to a graph, G — C — I'C, by thinking of a groupoid as
a category and a category as a graph.

We now give examples of categories in which the objects are structures and the
arrows are mappings between them. Composition is given by composition of mappings
and the identity arrows are given by the identity maps.

The category of groups, which we denote Gp has as objects all groups and as arrows
all homomorphisms of groups. We also note that a group G can be thought of as a
category with one object whose arrows are the elements of G.

The category of graphs, Gph, has as objects all graphs and arrows all graph maps.
Composition is given by composing the object and arrow maps in the obvious way.
The identity arrow for each object I' is the identity graph map on Ob(I') and Arr(T").

Similarly we can define the categories Set, 7 op, Gpd, and Crs of sets, topological
spaces, groupoids and crossed complexes respectively.

We also have functors between categories of structures which translate one structure
to another. The fundamental groupoid is a functor from the category of topological
spaces to the category of groupoids. We define the fundamental groupoid of a graph
in subsection 1.2.2 and the fundamental groupoid of a space in Subsection 3.2.1.

We now define coproducts and coequalisers which are used to construct pushouts

and colimits.



Definition 1.1.5 The coproduct of a pair of objects A and B in a category C is an
object of C denoted A LI B together with morphisms iy : A — AU B and ig : B —
AU B with the following universal property: given any object C' of C and morphisms
i’y : A — C and i3 : B — C there is a unique morphism ¢ : AU B — ' such that

¢ig =1y and ¢ip = 1.

AL~ AuB<L-B
\l‘f’/
Ly 'B

C
The coproduct of objects in the categories of Set, Top, Gp and Gpd are disjoint

union of sets, disjoint union of spaces, free product of groups and disjoint union of

groupoids.

Definition 1.1.6 A coequaliser of a pair of arrows f,g: A — B in a category C is an
arrow u : B — C such that uf = ug and whenever h : B — E satisfies hf = hg then

h = h'u for a unique arrow h' : C' — FE.

A—=ZB—=(C

N

E

In Set the coequaliser of two functions f,g : X — Y is the projection p : ¥ —
Y/E on the quotient set of Y by the least equivalence relation £ C Y x Y which
contains all pairs (fx,gz) for x € X. A similar construction for topological spaces
gives the coequaliser in 7 op. The coequaliser of two groupoid morphisms is given in
Subsection 1.2.6.

Definition 1.1.7 A pushout of a pair of arrows, f : A — B and g : A — C with

common source, is a commutative square

/

A——

B
g lz
P

C—
j



such that to every other commutative square built on f and g

f

A——B
’ |

C——=PF

J
there is a unique morphism u : P — P’ with ui = ¢ and uj = j'.

In the category Set elements of pushouts are sets of equivalence classes. Similarly
for topological spaces. An interesting class of pushouts in 7 op are adjunction spaces.
In Chapter 3 we use a type of adjunction space called a “mapping cylinder” which is
used to model a groupoid mapping cylinder.

The motivating example of this thesis, the free product with amalgamation of
groups is given by a pushout of injective maps of groups. In Subsection 1.2.6 we
will give details on free products of groups and HNN-extensions using pushouts of
groupoids.

The dual construction of a pushout is called a pullback.

We now construct a structure that builds a category from a graph. Let C be a
category and I' a non-empty graph. A I'-diagram D in C is a graph map D : ' — C. If
' has vertex set V and edge set F, then the diagram D consists of {D;};cy of objects
of C and a family {a.}.cp of arrows in C, where a, € D(D;, D,) if e is an edge from ¢
to j.

If D' is another I'-diagram in C with objects D} and arrows o/, then a diagram map
f:D — D' is a family f = {f;}iev of morphisms f; : D; — D, in C, such that for every
edge e of I from i to j, fial = a.f;.

A constant I'-diagram in C is one in which all the vertices of V(I") are mapped to
the same object D and all edges are mapped to the identity arrow on D. There is up
to isomorphism just one such diagram for each object D of C, and we denote it k(D).

We now define a colimit.

Definition 1.1.8 Suppose we are given a [-diagram D in C, an object L of C and a
diagram map f : D — k(L). We say that f is a colimit of the diagram D if it has the
following property: for every object C' of C and every diagram map g : D — k(C') there

10



is a unique morphism v : L — C in C such that the following diagram commutes

D—1 k(L)

where k(7) is the diagram map k(L) — k(C).

If T' is a graph with no edges, the ['-diagram in a category C is a family of objects
{Dy}vev(ry- If the colimit exists it is the coproduct of the objects D,. The colimit (if
it exists) of the I'-diagram D, < Dy —2> Dy is the pushout of a; and as.

The following theorem is used to show that the category of groupoids admits colimits

in Subsection 1.2.6.

Theorem 1.1.9 For categories J and C, if C has coequalisers for all pairs of arrows
and all coproducts indezed by the sets Ob(J) and Arr(J) then C has a colimit for every
functor F : J — C.

Proof The result follows by dualising the proof of Theorem 1, MacLane [20] U

MacLane restates the theorem in terms of a coequaliser of two morphisms of co-

products on arrows and objects.

Theorem 1.1.10 The colimit of F' : J — C is the coequaliser of

!
UFyq) —Z UF,
o Sl ——

foru € Ob(J) and a € Arr(J), where fi, = isq) and gia = iya)Fy-

We now apply this to pushouts. Hence a pushout of the following diagram in a

category A~<——(C o C' can be given as the following coequaliser.
CuC%?AuCuB

We recall that a category can be viewed as an algebraic object. In Section 1.2 we will

be studying groupoids as algebraic objects and considering the notions of generators,
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relations, free groupoids and word problems. For words in a groupoid we need the
following category.

The set of directed paths in a graph I defines a category of directed paths PI" where
Ob(PT) :=V(I"), Arr(PT)(u,v) := f)(u, v) and identities are empty paths.

1.2 Groups to Groupoids

In this section we define groupoid structures that model group structures. We use
groupoids because the algebra is closer to the geometry; a word in a groupoid corre-
sponds to a path in the underlying graph of the groupoid.

The category of groupoids also provide an algebraic analogue of the unit interval
which will be used to construct cylinders and mapping cylinders for groupoids and
crossed complexes in Chapter 3.

We refer the reader to Higgin’s [16] and Brown’s Topology [1] for full accounts on
groupoids and applications of groupoids.

This section gives examples of groupoids that will be used throughout this expo-
sition, and details of how group concepts of free groups, normal subgroups, quotient
groups, cosets and presentations are modelled in groupoid theory. We also give the
construction of the universal groupoid which enables free products with amalgamation

and HNN-extensions to be defined as pushouts of groupoids.

1.2.1 Examples and Properties of Groupoids

Groupoids are a generalisation of groups. A group is a groupoid since it is a category
where every arrow has an inverse. It it is profitable to study groups in the context of
groupoids. In Chapter 2 we construct the fundamental groupoid of a graph of groups
which shows how more complicated groups can be constructed from less complicated
groups in the context of groupoids.

The unit groupoid acts as the unit interval in the theory of groupoids and will be

used to construct mapping cylinders and total crossed complexes in this thesis.

Example 1.2.1 Unit Groupoid

12



The unit groupoid T has two objects; 0 and 1, two non-identity arrows; ¢ and ¢~ which

are inverse to each other and the following underlying graph. O

L

(021 )n

L71
Figure 1.1: Unit Groupoid

An important family of groupoids are tree groupoids Z,,. The unit groupoid is

isomorphic to Zs.

Example 1.2.2 Tree Groupoids
The groupoid Z,, has objects {0,...,n — 1} and arrows {(¢,7) : 0<i,5 <n—1}. The
source of (i,7) is ¢, and the target j. Composition is defined by (i,7)(j, k) = (i, k).

Identities 1; := (i,4) and inverses (i, 7) ™! = (j,4) exist for all 4, j. O

Any set of arrows forming a tree is a generating set X'(Z,) for Z,, and we usually
choose X(Z,,) = {(0,7) : 1 < i < n— 1} called the star of 0 in Z,,. For an arbitrary
groupoid G the star of u in G is the union of sets G(u,v) for all objects v of G. We
denote the star of u in G by Stg(u).

We now combine the groupoids; group and a tree groupoid to form a new groupoid.

Example 1.2.3 Direct Product of a Group and a Tree Groupoid

If G is a group and Z,, a tree groupoid, the direct product G x Z,, is a groupoid. The
objects of G x Z,, are {(+,i1) : - € Ob(G), i € Ob(Z,), 0 <7 < n — 1} and the arrows
of G x I, are (g, (i,7)) : (-,i) — (-,j) where g is an arrow in G and (i,j) an arrow
in Z,,. Composition is defined by (g1, (¢,7))(g2, (7, k)) = (9192, (i, k)) for all g;,¢92 € G
and (i,7), (j,k) € Z,,. The identity arrows are (e, (¢,7)) and the inverse of (g, (i,7)) is
(974 (5. 1)) 0

The groupoid G x Z,, has generating set X(G) x X(Z,,) where X(G) is a generating
set of G.

A subgroupoid ‘H of a groupoid G is a groupoid with Ob(H) C Ob(G), Arr(H) C
Arr(G) and induced multiplication on H. A subgroupoid is full if for any two objects

13



u, v of H the two sets of arrows H(u,v) and G(u,v) are equal. The full subgroupoid
G(u,u) is a group called the vertex group at u which we denote G(u).

As groupoids have an underlying graph structure we use graph theory language to
describe different properties and attributes of groupoids. A groupoid is connected if
for any objects u, v of G there is a path in G from u to v or, equivalently, G(u,v) # (.
The components of a groupoid G are the full connected subgroupoids of G. If the
components are all vertex groups, then G is totally disconnected. A subgroupoid H of
G is wide if Ob(G) = Ob(H). A groupoid G is discrete if G is totally disconnected and
for each object u of G, the vertex group G(u) is the identity group.

The proof of the following proposition appears in 6.3.1 of [1].

Proposition 1.2.4 The vertex groups of a connected groupoid are all isomorphic.

Proof If u and v are objects of a connected groupoid G then G(u,v) # (). For any
g € G(u,v) the map h +— g~ 'hg is an isomorphism G(u,u) — G(v,v). O

Every connected groupoid with a finite number of vertices is determined up to
isomorphism by a vertex group and object set. This result will be restated as Propo-
sition 1.2.20 a result of free products of groupoids.

A groupoid morphism f : G — 'H is a functor of groupoids. As for groups we have
the notions of injections, surjections and isomorphisms.

A morphism f : G — H is injective (surjective) if both f(Ob(G)) and f(Arr(G))
are injections (surjections). A morphism f of groupoids is an isomorphism if and only
if f is both an injection and a surjection.

A groupoid morphism f : G — H is faithful (or an embedding) when to every pair
u, v of objects of G and to every pair of arrows gi, g2 : u — v of G the equality
for=fg2: fu— fuimplies f; = fo.

The kernel of f, Kerf, is the set of arrows of g € G such that f(g) is an identity of
H and the image of f, Imf, is the set of arrows f(g) € H, g € G.

If f:G — H is a groupoid morphism the image of f need not be a subgroupoid of
H. For example, let ¢ : T — A where A is the free group on one generator a. We define
#(lo) = ¢11) = 1, ¢(¢) = a and #(171) = a!. The image of ¢ has three elements and

hence is not a subgroupoid of A.
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The proof of the next result is taken from 8.3.2 of [1].

Proposition 1.2.5 If f : G — H is a faithful morphism of groupoids, the image of f
s a subgroupoid of H.

Proof We need to show that if ¢,d € Im(f) and d~'c € H then d~'c € Im(f).
Suppose ¢ = f(a), d = f(b) where a € G(u,v), b € G(v,w). Since d~'c is defined

f(v) = f(w) which implies since Ob(f) is injective that v = w. Hence b~'a is defined

and d~'c = f(b~'a) which belongs to Imf. O

A morphism f: G — H of groupoids is said to kill a subgraph I' of I'G if f(I) is a
discrete groupoid of H.

A homotopy h : f ~ g of a pair of groupoid morphisms f,g : G — H is a functor
G XTI — H in Gpd such that hig(G) ~ f and hi1(G) ~ g where iy and i; are the
inclusions of G into G x Z. A groupoid morphism p : G — H where H is a subgroupoid
of G with inclusion map p: ' H — G is a deformation retract if and only if pu = 14, and

up =~ 1g where 1y, and 1g are identity functors.

1.2.2 Free Groupoid and Words

Free groupoid and words will be used extensively in Chapter 2 to obtain groupoid
normal forms.

We define categories and groupoids by adding structure to a graph. We can also
recover a graph from a category or a groupoid by using forgetful functors. We can
think of a groupoid as a category and then think of a category as a graph. We move
from graphs to groupoids and vice versa when constructing groupoid words.

Free groupoids are used to present groupoids in terms of generators and relations;
and provide a groupoid setting for words and normal forms. Whereas free groups are

defined on sets, free groupoids are defined on graphs.

Definition 1.2.6 Let X be a graph in the underlying graph I'G of a groupoid G. We
say G is free on X if X is wide in G and for any groupoid H, any graph morphism
v : X — I'H extends uniquely to a groupoid morphism G — H. If such an X exists

we say G is a free groupoid on X.
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The techniques used here for groupoid words are similar to the techniques used in
group theory. We refer the reader to Cohen’s Combinatorial Group Theory [11]. The
following account for groupoids is adapted from Chapter 4 of [16].

Let p = (e1,...,e,) be a path in a graph I" i.e. a directed path in I" U T'?. If
for some i, ¢; = €41 or € = e;,1 then the path p reduces to (eq,...,€;_1,€i49,...,€p)
which is also a path in I'. This is called a simple reduction of p. The simple reduction
of p = (e,€) is the empty word () at s(e).

We write p = p’ if there is a finite sequence of paths p = pg,...,pr = p' (k = 0)
such that for r = 0,1,...,k — 1; p, is a simple reduction of p,.; or vice versa. This
defines an equivalence relation on the paths and we write [p] for the equivalence class
containing p. Equivalent paths have the same source and target so we can assign these
as the source and target of the equivalence class.

The equivalence classes form a groupoid. The objects are the vertices of I' and
arrows equivalence classes. Composition is defined by [p]lg] = [pg] whenever pq is
defined in PI" the category of paths in a graph. The identity elements are the classes
[().] where (), is the empty path at u. For any path p = (ey, ..., e,) we also have a path
P = (€n,...e) where s(p) = t(p) and t(p) = s(p). Hence pp and pp are equivalent to
empty paths, so [p] is inverse to [p]. This groupoid is called the fundamental groupoid
of the graph T which we denote F(I'). We note that this groupoid is also the free
groupoid on I'.

If p=(e1,...,e,) is a path in I" then the product [e1]...[e,] is defined in F(I)
and we call it the value of p in F(I'); the value of the empty word at u is the identity
element 1, of F(I).

To decide whether two paths have the same image in F(I') we consider words which

are called reduced words.

Definition 1.2.7 A path p = (y1,...,y,) where y; = ¢; or €41 is a reduced path or
reduced word in I if y;4q #7, fori=1,2,....,n—1; orif p = (),.

Proposition 1.2.8 Fach equivalence class of paths in a graph I contains exactly one

reduced path.
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Proof We refer the reader to Corollary 1.2.18 on page 23. 0]

Since every path is equivalent to one reduced word two paths have the same value
in F(I") if they reduce to the same reduced word. Hence every arrow of F(I) is either
an identity arrow or is uniquely expressed as a product [e;] ... [e,] where e; is an edge
of I'and [ej41] # [&] fori=1,...,n — L

1.2.3 Normal Subgroupoids and Quotient Groupoids

We use quotient groupoids to obtain the fundamental groupoid of a graph of groups
in Chapter 2. To construct a quotient groupoid we factor a groupoid by a normal

subgroupoid.

Definition 1.2.9 A subgroupoid N of G is called normal if Ob(N') = Ob(G) and for
u,v € Ob(G) and a € G(u,v), a”'N(u)a C N (v).

We define a quotient groupoid for two cases; where the normal subgroupoid is
totally disconnected and for arbitrary normal subgroupoids.

If the normal subgroupoid is totally disconnected the quotient groupoid G /N con-
sists of objects Ob(G,/N) = Ob(G) and for arrows, if u,v € Ob(G) and a € G(u,v)
we define (G /N)(u,v) to be the cosets N(u)a. If a € G(u,v) and b € G(v,w) then
normality gives (N (u)a)(N (v)b) = N (u)a(a™ N (u)a)b = N (u)ab which defines multi-
plication of cosets. The identity elements of (G /N) are N (u) for u € Ob(G) and the
inverse of N'(u)a is N'(v)a™".

Given an arbitrary normal subgroupoid the quotient groupoid G,/ N consists of
objects which are equivalence classes determined by the connected components of N.
The classes form a partition of Ob(G) and we write u for the class containing wu.
Similarly the arrows are determined by equivalence classes of elements of Arr(G). If
a,b € Arr(G) the equivalence is given by a = b if a = xby for some x,y € Arr(N). For
more details we refer the reader to Chapter 12 of [16].

The special case where N is totally disconnected follows from this more general
construction. In the special case if a = zby, then y € N (v) and byb~! = 2/ € N (u) so
a = b implies a = za’b € N (u)b.
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1.2.4 Groupoid Cosets and Transversals

In the above subsection on normal subgroupoids we have introduced sets of arrows
N (u)a called cosets for totally disconnected normal subgroupoids. In this subsection
we define cosets for a wide subgroupoid of a groupoid.

Features of group cosets that we want to capture in groupoid cosets are that the
cosets partition the groupoid and the elements of the groupoid can be written uniquely
as a product of a coset representative and an element of the subgroupoid.

We use groupoid cosets and transversals in Subsection 2.1.6 to give a normal form

theorem for graphs of groupoids words.

Theorem 1.2.10 Let 'H denote a wide subgroupoid of a groupoid G, and define a
relation = on G as follows g = ¢’ if and only if g = ¢'h for some h € H. Then = is an

equivalence relation.

Proof

Reflexive If g € G then g = g because g = gl and H contains all the identity
elements of G.

Symmetric If g = ¢’ then g = ¢g'h for some h € H. Since H is a groupoid h~! € H and
gh™!' = ¢'. Hence ¢’ = g.

Transitive If g = ¢go and g9 = g3 then g1 = goh and g» = g3h’ for some h and b’ in H.
Since t(g2) = s(h) = t(h') we have g; = goh = g3h’h. As composition is closed in H,
hh € H and g1 = gs3. OJ

We call the equivalence classes cosets which we can define as sets of arrows in G
gH ={gh : he™H, t(g) = s(h)}.

The left coset containing ¢ is denoted gH. We note that the stars are all cosets,
gH = {g Stx(t(g))} and H itself does not form a coset. As in group theory we can
choose a set of coset representatives called a transversal. For each left coset choose a

coset representative.

Proposition 1.2.11 If 'H is a wide subgroupoid of a groupoid G and I, k € G then
[ € KH if and only if k € UH which implies kH = I'H.
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Proof Consider the following diagram of arrows in G.

k h//

—_— e

N

o ——
h/

If I € kH then | = kh for some h € H. Rearranging we get k = [h~!. Hence k € IH
since h=! € ‘H. Similarly, if k¥ € I'H then k = [h; for some h; € H. Therefore khy ' =1
and | € kH.

Since W' = khh', W € IH and khh' € k'H then IH = k’H. Similarly, since kh” =
lhih", kh" € kH and [hih" € IH then kH = I'H. O

Since the cosets partition the groupoid and any element of a coset can be written
as [h where [ is a coset representative and h a subgroupoid element then any element
of the groupoid G can be written uniquely as (h.

Similarly we can define right cosets by Hg := {hg : h € H, t(h) = s(g)} and choose
suitable right transversals. For work on graphs of groupoids in Subsection 2.1.6 we will

restrict to the use of left cosets and left transversals.

Example 1.2.12 Left Cosets and Transversal

Suppose we are given the groupoid G = Cy x Z3 (where the group Cs is given by the
presentation (z | > = 1), and the subgroupoid H = {(1,(0,0),(1,(0,1)), (1,(1,0))
(1,(1,1)),(1,(2,2), (z,(2,2))}. We then have the following left cosets:

(1,(0,0)H = {(1,(0,0)), (1, (0, 1))} (2, (0,0)H = {(x,(0,0)), (=, (0, 1))}
(1, (L1))H ={(1,(1,0), (L, A, 1)}  (z (1, D)H = {(z,(1,0)), (=, (1,1))}
(1, (L2)H ={(1,(1,2), (1, (1,2))} (L ED)H={(1,(21),(1,(2,0))}
(2, (2, 1)H = {(z,(2,1)), (z,(2,0)}  (¢,(0,2))H = {(1,(0,2)), (2, (0,2))}
(1,(2,2)H = {(1,(2,2)), (=, (2,2))}



which allows elements of C'y x Z3 to have a unique decomposition of a transversal and

subgroup element. O

We now give an example that illustrates that groupoid cosets do not have necessarily

have the same cardinality.

Example 1.2.13 Coset Sizes
Let G := S3 x Z where S3 be the group with presentation (a,b | a® = 0* = abab = 1).
If H={(1,1p), (a,1y), (a* 1y), (1,1;), (b, 11)} then we have the following left cosets:

(1, 1o)H = {(1, 10), (a, 1o), (a* 10)} (LR ={(1,07), (a,7"), (@®, 071}
(b, 19)H = {(b, 1y), (ab, 1y), (a®b, 1)} (b, ™ YH = {(b,c™), (ab, ™), (a®b,.7)}
(1L 1M = {(1, 1)), (b 11)} (LM = {(1,0), (b,0)}
(a, 11)H = {(a, 11), (a’b, 11)} (a,0)H = {(a,1), (a®b, 1)}
(a®, 1))H = {(a® 11), (ab, 1,)} (a®,0)H = {(a* 1), (ab, 1)}
The cosets are of size 2 and 3. O

If G is a connected groupoid and H a totally disconnected subgroupoid of G with
subgroups H, C G(v) and t(g) = v then |¢gH|={G : H,}.

1.2.5 Universal Groupoids

The universal groupoid is a special case of a colimit for groupoids and is a method used
to obtain a new groupoid from an old groupoid by making identifications on objects
and arrows. Free groupoids and free products of groups can be obtained using universal
groupoid methods. A key result is that the word problem can be solved for universal
groupoids and we use this result to solve the word problem for graphs of groups in
Chapter 2.

Given a groupoid G and an object mapping from Ob(G) to a set X, considered as a
groupoid, we can construct a groupoid on X which is generated by G under the object
mapping. We will use this construction in Chapter 2 to construct the universal group

of the fundamental groupoid of a graph of groups.
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Definition 1.2.14 Given a groupoid G with object set Ob(G), a set X and a mapping
o : Ob(G) — X, there exists a groupoid U = U,(G), which we call the universal
groupoid, with object set X and a morphism of groupoids ¢* : G — U with object
mapping o such that:

1. 0*(G) generates U as a groupoid with object set X, and

2. given any groupoid H with object set X and any morphism of groupoids 6 : G —
‘H with object mapping o, there is a morphism of groupoids 6* : U4 — H where
Ob(U) = Ob(H) and 0 is the identity object mapping, with o*0* = 0.

If X consists of one element we obtain the universal group of the groupoid G. Since
free groupoids are a special case of universal groupoids (see proof of Corollary 1.2.18)
it is clear that the following construction of groupoids words is more general than the
groupoid words of subsection 1.2.2.

The following account of constructing an universal groupoid is based on Chapter
10 of [16]. Let G be a groupoid and o : Ob(G) — X a map. We view G as a
graph I'G and form the graph G7 as follows. Let V(G7) = X, E(G°) = E(I'G) and
s, t: E(G7) — V(G7) are defined by s(e?) = ¢s'(e) and t(e”) = ¢t'(e) where s, t' are
the source and target maps of I'G. The identity map on E(I'G) and o give a graph
map G — G°.

We also have the category of directed paths PG? in G?. If g is an arrow of G we
let g7 denote the corresponding edge of G7. We note that if g1g2 = g3 in G then ¢ g9
is defined in PG” and is a path of length 2 so it cannot be equal to g7 which is a path
of length 1. We therefore replace PG? by a groupoid where the elements ¢g7¢J and gJ
become equal. If i = j where ¢ € Ob(G) and j € X then 17 = 1;.

Let p = (97,95,...,97) be an arrow of PG, that is a path of length n in G7 from
u=35(97) to v =1(g7), say. If for some i in 1 < i < n the product g;g;1; is defined in
G and has the value g, then (¢7,...,97 1,97, 979,--.,97) is a path from u to v. Also
if some g; is an identity element of G then (¢7,...,97 1,971,.-.,95) is a path from
u to v. If n = 1 this is the empty path at u. We call these two reduced processes
elementary reductions of p, and we write p = p’ if there exists a finite sequence of

paths p = po,...,pr = p' (k > 0) such that for r = 1,...,k — 1; p, is an elementary
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reduction of p,.; or vice versa. We say that a path in G7 is o-reduced if it has no
elementary reductions. This defines an equivalence relation on PG? and we write [p]
for the equivalence class containing p. Equivalent paths have the same source and
target so we can assign these as the source and target of the equivalence class.

The equivalence classes form a graph with vertex set X. We denote this graph by
U,(G). The objects are the elements of X and arrows are equivalence classes. If p = p/
and ¢ = ¢ and pq is defined in PG?, then p'q’ is defined and pg = p'¢/, so U,(G) is
a groupoid with multiplication [p|[¢] = [pg], the identity elements are the classes [(),]
where (), is the empty path at v and [p] is inverse to [p].

We now identify edges of G with their images in G to simplify notation. A path
p in G7 is either one of the empty paths (), or is of the form (g1, g2,...,9,) where
the g; are arrows of G satisfying source and target relations o(#(g;)) = o(s(gis1)) for

1=1,...,n—1.

Definition 1.2.15 A o-reduced word is either the empty path (), for v € X or a
path (g1,92,...,9,) for n > 1 where the g; are non-identity edges of G satisfying
o(t(g;)) = o(s(git1)) for i =1,...,n — 1 but the products g;g;+1 are not defined in G.

The following theorem, corollaries and proofs in this subsection appear in Chapter
10 of [16] and are used in Section 2.1.4 of this exposition to obtain normal forms for

elements of the fundamental groupoid of a graph of groups.

Theorem 1.2.16 FEach arrow of U,(G) is represented by exactly one o-reduced path.

Proof The proof is given on page 74 of [16]. The proof of theorem 2.1.7 on page 35 of

this exposition could also be modified to prove the above theorem. 0

Corollary 1.2.17 If two distinct arrows of G have the same image in U,(G) then they

are identity elements at vertices v, v' such that o(v) = o(v'). O
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Corollary 1.2.18 If G is the free groupoid on a graph I' then
(1) Ob(G) = V(I),
(ii) T is embedded in G,

i11) every non-identity of G is uniquely expressible in the form g7tgs? ... g forn > 1
1 92 n

1

where g; are edges of I', the g; are &1, and no adjacent pairs gg=* or g~'g occur,

and
(iv) the identities of G are not expressible in the above form.

Conversely, if G satisfies (i), (i), and (iv) for a subgraph T, then I" generates G freely.
0

Proof The free groupoid on I' can be constructed as U, (G') where G’ is the disjoint
union of unit groupoids, Z, one for each edge of I' and ¢ is determined by the source
and target maps of I'. We denote the non-identity arrows of Z (associated to each edge
g of T') by g and g~!. Then the only products of non-identity edges which are defined
in G" are the products gg~! and g~ 'g, so the o-reduced paths are the empty paths and

€1 ,E2

the paths g7'g5” ... g;" as described above. The corollary follows from the theorem. [J

We use universal groupoids to construct free products of groupoids.

Example 1.2.19 Free Product of Groupoids
Let 44 : Gi — H and iy : Go — H be groupoid morphisms with object maps p; :
Ob(G1) — Ob(H) and py : Ob(G2) — Ob(H). We call H = G; * G, the free product of
groupoids G; and G, with respect to the morphisms 7; and 5 if the following universal
property holds: for j; : G; — K and js : Go — K whose object maps are of the form
Op; and Ops where 0 : Ob(H) — ODb(K) there is a unique morphism ¢ : H — K such
that ¢i; = 71 and @iy = Jo.

To construct H explicitly we take X = Ob(G;)UOb(G2) and let Ob(G;) LOb(Gs) —
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X be the natural map. Then

where i; and iy are the injections of the coproduct, H = U,(G; U Gy), j1 = o*i; and
Jo = 0"iy. O

The above example can be generalised to give the free product of more than two
groupoids.

We use the free product in the following proposition and the proof is taken from
Brown [1]. We include the proof as it shows how an element of a connected groupoid
can be written uniquely as a conjugate of a vertex group element and an element of a

spanning tree.

Proposition 1.2.20 If G is a connected groupoid and T a spanning tree in G then
G ~ G x F where G is an arbitrary vertex group and F is the free groupoid generated
by T.

Proof Let i, : G(u) — G for some v € Ob(G) and iy : T — G be inclusion maps. Every
element of G(z,y) can be written uniquely as t,a't;* for a’ € G(u) and t,, t, € T where
t, is the unique element of T'(u, x).

The morphisms f; : G(u) — K and fy : T — K which agree on u define a morphism
f:G = Kby f(a) = fat,) f1(a’) f2(t;) and f is the only morphism such that fi; = f;
and fiy = fo. O

1.2.6 Groupoid Pushouts and Presentations

In this subsection we will show how group constructions such as free products with
amalgamation can be constructed using universal groupoids and pushouts.

The following construction is taken from Higgins [16] and shows that coequalisers
exist in the category of groupoids. This construction is used to construct pushouts of

groupoids.
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Let 0,¢ : G — H be groupoid morphisms with object maps fop, ¢on : Ob(G) —
Ob(H), and let oo : Ob(G) — X be the coequaliser of 0o}, and ¢oy, in the category
(H), and if
v :'H — K is any groupoid morphism such that v = v¢, then v has the form v = y*o

Set. Then oqy, induces a universal groupoid morphism o : H — H' = U,
where v* : Uy, (H) — K is the groupoid morphisms uniquely determined by .

The groupoid morphism - is the coequaliser in Gpd of 6 and ¢ if and only if v* is
the coequaliser of §" = 06 and ¢’ = 0¢; this follows from the definition of a coequaliser.

If g is any arrow of G, the arrows #'(g) = ¢/'(g) of H' have the same source and
target. For arrows p and ¢ of H' we write p ~ ¢ whenever p = hy(0'g)hs, ¢ = h1(¢'g)ho
for some g € G and hy, hy € H'. This relation on H’ generates an equivalence relation
= and the equivalence classes form a graph I" with the same vertex set K as H'.

Since p = ¢ implies hp = hg, it is clear p = ¢ implies hp = hg and ph = qh.
Hence pp’ = qp = q¢' whenever pp’ is defined. Thus I' inherits a groupoid structure
from H’ and the canonical map 7 : H' — I' is the coequaliser in Gpd of " and ¢'. It
follows that 6" and ¢’ have coequaliser 7o : H — I'. Thus Gpd admits coequalisers. By
Proposition 1.1.9 since the category of groupoids admits coproducts and coequalisers,
the category of groupoids admits colimits.

The presentation of groupoids by generators and relations is a special case of the
above. Since free groupoids are defined on graphs a groupoid presentation is given by
a graph and relations.

Suppose we are given a graph X, and a set R whose elements are ordered pairs of
arrows (r1, 7o) where 1, 7o € F(X). Let D be the disjoint union of unit groupoids one
for each element of R. Then there are unique groupoid morphisms 6;,0y : D — F(X)
given by 0(r1,re) = ry and Oy(r1,72) = 79.

If ¢ : F(X) — G is the coequaliser in Gpd of 61, 05 we write G = (X | R) and say G
is the groupoid with generators X and relations r; = ry where (ry,75) € R. The triple
(X, R, ¢x) where ¢ : X — G is the restriction of ¢ on X is a presentation of G in the
category Gpd.

To construct pushouts of groupoids explicitly we use universal groupoids. Consider
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the following pushout of groupoids:
C——=A
B \Lz
B —y> P.
To obtain P we first form the pushout of object sets to obtain the objects of P.

Ob(C) —2~ Ob(A)
ﬁl lz
Ob(B) —— Ob(P).

We recall from subsection 1.1.2 that a pushout in the category Set is a set of

equivalence classes. Hence
Ob(P) = (Ob(A) L Ob(B)),/(a(v) = 5(v))

where v € Ob(C). We then use the universal groupoid methods to get the following
pushout:
Ob(A) U Ob(B) —>— Ob(P)

l

U,(AU B).

AUB—;

The groupoid U, (A U B) has the correct object set for P but no identifications have
been made on the arrows. The arrows of P are given by the coequaliser

a/

¢ == U (AUD)

as explained above.
We now show how this construction of a pushout of groupoids can be applied to

the trefoil group.

Example 1.2.21 Trefoil Group Pushout
The trefoil group can be given by the pushout of groups

C—=A

|

B——=T
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where C'; A and B are free groups on one generator ¢, a and b respectively and a(c) = a?

and 3(c) = b*.

We first form the pushout of object sets. Since C'; A and B are all groups they each
have one object which we denote ¢, -4 and - respectively. Hence T" has one object
which we denote -7

We then construct the pushout

{48} —— {1}

AUB—~U;(AUB).

Let U := U,(A L B). The maps i and 7’ are the identity maps on objects and o maps
-4 and - to -p. The groupoid map ¢’ is ¢ on objects and o'(g) = g € U(o(sg), o(tg)).
The groupoid U consists of words of elements which are not composable in A L B.
Hence U = A x B which is the coproduct of A and B.

To obtain the pushout of A <"—( I B we need to construct the coequaliser
of

=y
where o/ = o’ and 3’ = o’[5.

We give some examples of words which are equivalent. From the construction of
the coequaliser at the beginning of this subsection arrows p and ¢ of U are related if
p = hia(c)hy and g = hyf3(c)hy for some ¢ € C' and hy, hy € U.

If c = ¢, hy = a' and hy = b* then hia(c)hy = a'a®b* = a'*t37b% and hyB(c)hy =
a'b? bt = a'b¥+*. Hence a1 ~ a'b¥*F. If i =0, j =1 and k = —2 then a’h2 ~ ¢
where e is the identity element of U.

If ¢ = ¢ and hy, hy are word in A x B then hia*hy ~ hib*hy. Hence a® ~ b%
which we expect since the trefoil group has relation a® = b2.

32

The elements of T are words in A+ B where no a occurs. We pick a representative

from each class and these representatives are the elements of 7. O

We now give the general construction of an HNN-extension of groups using pushouts

in the category of groupoids.
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Example 1.2.22 HNN-extension Pushout

Let A and B be subgroups of a group C and ¢ : A — B be an isomorphism, then C'
is a subgroup of C'x, (the HNN-extension of C')with an extra generator ¢ so that ¢ is
given by conjugation by ¢.

Coey = (C % (1)), /{tat = ga} | a € A}
This HNN-extension can be obtained by the following pushout of groupoids.

AuAL2 o

-y

AxT——=Cxy
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Chapter 2

Graphs of Groups and Normal

Forms

In this chapter graphs of groups, fundamental groupoids and normal forms are con-
sidered. This work is based upon Higgins’ paper, The Fundamental Groupoid of a
Graph of Groups [16] which is a modification of the work of Serre in Trees [23] on the
fundamental group of a graph of groups. Higgins’ work establishes a normal form for
elements of the fundamental groupoid of a graph of groups.

In the first section we use the material of Higgins and Serre and apply the theory
to the motivating examples of this exposition. We also give a different proof of the
uniqueness of the normal form using a diamond lemma type argument.

The second section includes Knuth-Bendix methods which are used to formulate a

GAP4 [141] program showing how the normal form of elements can be computed.

2.1 Fundamental Groupoid of a Graph of Groups

In this section we define a graph of groups for computational purposes, the fundamental
groupoid of a graph of groups and hence the fundamental group of a graph of groups.

We show how Higgins’ work on the fundamental groupoid gives Serre’s classical
results on fundamental groups of graphs of groups.

A normal form theorem using the fundamental groupoid of a graph of groups is
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given and applied to free products with amalgamation, HNN-extensions and a group

which combines free products and HNN-extensions.

2.1.1 Graph of Groups

Graphs of groups are most widely used in Bass-Serre theory which provides connections
between trees and amalgams. For a full account we refer the reader to Serre [23] where
Bass-Serre theory first appeared.

Serre shows how a fundamental group of a graph of groups can be obtained by
choosing a vertex or a tree in the graph.

Haataja et al [15] in Bass-Serre Theory for Groupoids and the Structure of Full
Regular Semigroup Amalgams apply Bass-Serre theory to groupoids to obtain results on
semigroups. This paper also includes results on normal forms for graphs of groupoids.

Scott and Wall [22] in Topological Methods in Group Theory replace graphs of groups
by graphs of spaces and relate the two by the fundamental group. We use results from
this paper in Chapter 3 which will then apply to graphs of free crossed resolutions and
the fundamental groupoid of a graph of free crossed resolutions.

A graph of groups is classically defined in Serre [23], for computational purposes of

this chapter we will give an equivalent definition.

Definition 2.1.1 A Graph of Groups I'c := (I', G, H, ®) consists of the following:

—_

. a graph I' with involution,

2. a family of groups: G :={G, | ue V(I"};

3. a family of subgroups H := {H, C G, | y € E(I')}; and

4. a family of isomorphisms ® := {¢, : H, — Hy | y € E(I')} such that ¢,”' = ¢y.

Since the normal form is established for elements of the fundamental groupoid we
aim to construct graphs of groups whose fundamental groupoid contains the group(oid)
we are interested in.

We give for completeness the definition of a graph of groups morphism.
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Definition 2.1.2 A graph of groups morphism g : I'q — D'y, is given by a 4-tuple
(7’ g? h? w):

1. v is a graph map which preserves the involution:7y = ~v7;
2. g is a family of group homomorphisms g, : G, — G; )}

3. his a family of group homomorphisms h, : H, — H j{(y); namely the restrictions

hy = 98(y)‘Hy

such that the following diagram commutes for each y € E(T).

Gy~ H, - H, .G,

2 |1 l"

! ! !
Gvsy 1 H“/y by H@ Gy

1

We refer the reader to page 534 of [3] for details of complexes of groups which are a
generalisation of graphs of groups, morphisms of complexes of groups and homotopies

of complexes of groups morphisms.

2.1.2 Fundamental Groupoid

In Chapter 1 we defined the free groupoid of a graph and constructed universal groupoids.
We now combine these two types of groupoids to obtain the fundamental groupoid of
a graph of groups.

Let I'q := (I', G, H, @) be a graph of groups and let F(I") be the free groupoid on
the underlying graph UT with no involution with the relations y ! =7 for ally € E(T).
We use the same letters y and 7 for elements of F(I') and the corresponding elements
of F(T').

Let G be the disjoint union of the groups G,, for all u € V/(I'). If we consider V (T")
as a discrete groupoid then we can set V(I') = Ob(F(T')) = Ob(G).

Let A(T'¢) be the free product groupoid F(I') * G of the graph of groups amal-

gamated over V(I') which is given by the universal groupoid construction where p; :
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V(') — Ob(G) and p, : V(I') — Ob(F(T")), namely the pushout groupoid

V() —"—G
S
F(I) —= A(Tg).

An element of A(T'¢) which we call a graph of groups word is represented either by
()u where u € V(T') or by a word

W= (g1,Y1,92; - - - > Gn» Yns Gn41)
g1 g2 g3 gn—1 gn
0.0 Gl .
where y; € E(I'), v1 = s(y1), vi = s(y;) = t(y;—1) for 1 < i < n, v, = t(y,) and
g; € Gy, fori=1,...,;n+ 1. Such a word is said to be of type p = (y1,...,Yn), where
p is a directed path in I', and represents an element of F(I'). The length of a word
of type p is n. A subword of w = (wy, ..., wap_1) is (w;, ... w;+;) where i > 1, j >0
and i + 7 < 2n — 1. A normal form exists for words of the groupoid A(I'g) given by
theorem 1.2.16.

The fundamental groupoid w1 (') of a graph of groups I'g is the quotient of the
groupoid A(I'g) by the relations ¢,(h) = yhy (or equivalently, hy = y¢,(h)), for all
ye E(') and h € H,.

The 71 -value of a word w = (g1, Y1, 92, - - - » Gns Yn, Gnr1) is the element |w| = g19192 - - - GnYnGns1
of m(I'c), where we use the same letters g; and y; for elements of E(I') and G respec-
tively and their projections into m (I'q).

We now construct a normal form for elements of the fundamental groupoid of a
graph of groups. For each edge y € E(I') we choose a left transversal T;, of H, in
Gs(y), containing the identity element lgs(y) of Gy). Thus each g € G, can be
written uniquely as 7,(¢g)hy(g) where 7,(9) € T}, hy(9) € H, and when g € H,,
7y(9) =1 € Gy, hylg) = 9.

The normal form of a graph of groups word w is the 7-value of the m-reduced word

of w.
Definition 2.1.3 A word w = (g1, Y1, 92, - - - Gns Yn, gnr1) 18 a w-reduced word if
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(i) gieTy fori=1,...,nand g1 € Gyy,), and

(ii) if y; = Y,y for some 2 < i < n then g; # 1g, -

We define the reduction of words by using the relation ¢,(h) = yhy. We have two

types of reduction: coset and length.

Definition 2.1.4 If u = (g,y,4’) is a subword of a word w € A(I'g) then the coset

reduction (u, w) is the word obtained from w by replacing u by v = (7,(g9), y, ¢") where
9" = dy(hy(9))g"-

g g’ 7y(9) g"
), () ), ()
o— >0 — e—>eo

Definition 2.1.5 If u = (y, 1¢,,,,¥) is a subword of a word w € A(I'q) then the length
reduction (u,w) is the word obtained from wu by replacing u by lg,,,- The length of

the word is decreased by two.

L6y ey
s C) g )
e —— 00— 0 — [ ]

Hence a m-reduced word is a word in which no coset and length reductions can be
applied. The reduction process removes subwords (y, 1,7) of words and moves h in Th
to the right.

To show that after a finite number of steps reduction will produce a 7-reduced word

we outline an algorithm of the process.

Algorithm 2.1.6 Reduction algorithm
Given a word w = (g1, Y1, 92, - - - Gns Yn, gns1) € A(I'q) we relabel the ith letter wy.
Set k:=1, len :=n+ 1.
If len = 1 return w := (wy).
While k£ < len do
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Cr = (w2k—1>w2k>w2k+1)
w := CosetReduction(cy, w)
While (1 < k < len) and (way, = 16, (yp_,)) and (way—2 = wy;') do
l == (w2k—27 Wak—1, w2k+1)
w := LengthReduction (I, w)
od
od

return w.

In Section 2.2 the algorithm will be used to compute the normal form of a graph of

groups word using GAP4.

2.1.3 Fundamental Group

In this subsection we give details of Serre’s fundamental groups of a graph of groups
and how they relate to Higgins’ fundamental groupoid of a graph of groups. Serre [23]
defines the fundamental group of a graph of groups in two ways, by a vertex and by
a tree, whereas Higgins’ [16] fundamental groupoid of a graph of groups involves no
choices.

We begin by defining Serre’s fundamental groups of a graph of groups, then show
how these fundamental groups can be obtained from the fundamental groupoid.

Let F(T', G) be the quotient of the free product of groups G,, and F'(T") the free group
on the edge set F(I") by the normal subgroup generated by elements yy and y¢,(a)y'a
for all a € H, and y € E(I'). Elements of G(I'¢) are words ¢19192 - - - gn¥YnGn+1 Where
yi € E(I'), g: € Hy, gn1 € Gyy,) and s(y;—1) = t(y;) fori =1,... n.

The fundamental group m (I, G)(u) at a vertex u is the set of elements of F(I', G)
where s(y;) = t(y,) = u, this set forms a subgroup of F(I', G).

The fundamental group m (L', G)(T') of a graph of groups at a maximal tree T of T’
is the quotient of F(I', G) by the normal subgroup generated by elements y of E(T). If
gy denotes the image of y in m(I', G)(7") the group m (I', G)(T') is generated by groups
G, and elements g, subject to the relations a = g, '¢,(a)g,, 957 = g,”" if y € E(T),
a € Gyy and g, = 1if y € E(T).

By taking the universal group U(m(I'g)) of Higgins’ fundamental groupoid 7 (I'g)
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we obtain F(I',G). The group m (', G)(u) is identified with the image of the vertex
group 7 (I'g)(u) under the canonical morphism m(I'q) — U(m(I'¢)). We note that
all vertex groups are embedded in U (m(I'g)) by this morphism.

By proposition 1.2.20 m;(I'g) is the free product of the vertex group m (I'g)(u)
and the free groupoid generated by 7. Hence U(m (I'g)) is the free product of the
isomorphic image of 71 (I'g)(u) and a free group generated by the image of 7.

The group obtained from U, (m(I'g) by adding extra relations to kill the image of
T is isomorphic with m (I', G)(u).

We will use these relationships between fundamental groups and the fundamental
groupoid to state corollaries to theorem 2.1.7.

In this work we will use the fundamental groupoid as it involves no choices whereas
with fundamental groups we are working with a fundamental group given by a vertex

or a tree.

2.1.4 Normal Form

In this subsection we give an alternative proof of Higgins’ normal form theorem [16].
Higgins uses van der Waerden’s method in proving the normal form for graph of groups.
In this exposition we use Cohen’s account of normal forms and the diamond lemma
method in Combinatorial Group Theory[l1] to prove the uniqueness of the normal
form. The diamond lemma approach is also used in Knuth-Bendix proofs as shown in

subsection 2.2.1.

Theorem 2.1.7 Normal Form Theorem (P.J. Higgins 1976)

The m-reduced form of a word w is unique.

Proof We use a diamond lemma type argument to show that distinct m-reduced words
have distinct mi-values. To show this we prove that if two m-reduced words have the
same 7i-value then they are equal.

We look at two different sequences of reduction for a word w. We assume that the
first steps in the sequences are different. If the two reductions in the first steps occur
to disjoint parts of the word w (the non-overlapping case) it is clear from the diagram

below that the resulting words w’ and w” can by a sequence of reductions be reduced
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to a common 7-reduced word w*.

Given a word w = (a,3,7,9d,e) where 3, § are subwords and «, 7 and ¢ are
substrings we can reduce w by reduction r; which reduces [ to 5" and by reduction ry
which reduces 6 to ¢’. The reductions r; and ry are the four combinations of coset and

length reductions. We get the following commutative diamond.

w = (a,ﬂ,v,é,e)‘

1 2

w' = (a,ﬂ’,v,é,e)‘ w” = (a,ﬂ,v,é’,e)‘

72 T1
w* = (Oé, /6/7 e 5/7 5) ‘

Now we consider two reductions in the first steps of the sequence to occur to the

same part of a word w. When a part of a word can be reduced in two ways we call this
an overlap. There are four possible types of overlap.

We denote the coset reduction (g,v,9') — (7,y,0,(h)g")) by ¢, and the length
reduction (v, 1¢,,y) — (1g,) by [, in the following diagrams.

(1) If w=(a,9,y,1a,,7,7h,y’, ') we can use coset and length reduction on w to get

w’ and w” respectively.

w=(a,9,9,16,,7,7h. Y, 9’|

e

w' = (OA, gTha y,7 glv 8) ‘ w"” = (Oé, 9,Y, 1Gv7 @7 T, y/7 (by’ (h'>g,7 6) ‘
=1 ly
(Oé,’T//h//h,, y/7g/7€) ‘ (Oé,gT, y,7 ¢y’(h>g,76) ‘

=1

(Oé, T//h'//7 y/7 (by’ (h'>g/7 6) ‘

c
c, y’

(Oé, T//v y/a ¢y’(h//)¢y’(h)g/7 8) ‘

/

w* = (CE, T//v y/7 ¢y’(h//h)gla 5) ‘
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(2) If w = (a,7h,y,1¢,,7, g'e) we can use coset and length reduction on w to get w’

and w” respectively.

w = (Oé, Tha Y, ]-G/Uay> g/v E)

"

w, = (O{, T7 y? ¢y(h)7y7 g,7 6)‘ w - (a7 Thg/7 E)‘

g

(@.7.9, L., 5, 65(0y (1))g )|

(Oé, Y, ]-GU) yv hg/7 E) ‘

T

w* = (a, Thg’,é‘)‘

(3) If w= (c,7h,y, Tl ,y, ¢, e) we can use two coset reductions to get w’ and w”.

w = (a,Th,y, T hyge’:‘

/\

w' = (o, 7y, 0y (W)WY g €) w' = (a,7h,y, 7.y, by (W)g,2)]
= Cy
(Oé, 7Y, Tl/h"? ylv g/7 8) ‘ (Oé, 7Y, ¢y(h)7/7 y/7 ¢y’(h,>g,7 5) ‘
Cyr =5
(Oé, 7Y, T”7 y,7 ¢y’(h,/)g/7 6) ‘ (OK, T,Y, T”/h”/7 y/7 ¢y’(h,)g/7 8) ‘
Cyr

= (OK, 7-7 y7 7-”/7 y/7 ¢y’(hm)¢y’(h/)glu 6)

w* = (aa T,Y, 7—//7 y/v ¢y’(h//)gl7 8) ‘

To show that (o, 7,y, 7", ¥, ¢y (R")py(R')g', €) =3 w* we need to verify that 7" = 7"
and ¢, (h") = ¢ (K" )¢, (h'). We use the equalities =; and =, to obtain ¢, (h)7'h’ =
7"h" and ¢, (k)T = 7"h". Substituting the second equation into the first gives
("W )W = 1"h". Hence 7" = 7" and h""h' = h” which gives the result.
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4) If w = (,9,v,1¢,,7, lg,, vy, ¢’,€) then we can use two length reductions on the

overlapping part to obtain w’ and w”.

w=(,9,9,1¢,.,7 1c,,y, 4, €)

/ \
w' = (9,16, Y, 9’6)\ = (2,9,9,9'¢)|
= (. 9,9, 9’8)
Now take two equivalent words w and w’ and consider a list wq, ..., w, such that

wy = w and w, = w" and for each 7, one of w;; and w; comes from simple reduction
from the other. Suppose there is some r such that w;,; comes by simple reduction
from w; for ©+ < r and w; comes by simple reduction from both w;,; for + > r. Then
w, comes form both w and w’ by reduction.

If there is no such r then there must be some k such that both w;_; and wy,; come
from wy, by simple reduction. We then obtain a new list which shows the equivalence
of w and w’ by deleting wy and wy; or by replacing wy by a word w* such that both
wy_1 and w4y reduce to w*.

Since the length of the list decreases there must be a word w* that comes from w

and w’ by reduction. O

Remark 2.1.8 From the sequences of reduction we get relations of reductions which
correspond to braid relations. Given n-strings from a lower to an upper bar a general
n-braid is constructed iteratively by applying b; to i = 1,...,n — 1. The application
of b; switches the lower endpoints of the ith and (i 4+ 1)th strings keeping their upper
endpoints fixed with the (i + 1)th string brought over the ith string. If the (i + 1)th
string passes below the ith string it is denoted b; *. Topological equivalence of a braid

word generated by b; for e = 1,...,n — 1 is given by the following relations
bjbk = bkb for 1 < j<l{3—1<n—1
blb]bl = bj+1bibj+1 for 1 g] < n—1.

We can compare these braid relations with the relations of reductions. In case 3 of

/

the above proof we have c,c, = c,c,c;,. Applying ¢, to the left hand side does not
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affect the reduction so we get c¢,c,c, = ¢,c,c,. From the non-overlapping case we get
Cy;Cy; = Cy;Cy,. The operation b; of passing the ith string over corresponds to mapping

an element h; “over” y; to ¢y, (h;) by the coset reduction ¢; in a graph of groups word.

The scheme of the above proof is similar to methods used in Subsection 2.2.1 on
Knuth-Bendixz procedures which try to create a set of rules to reduce algebraic expres-
sions to a normal form. In many results the set of rules needs to be Noetherian and
confluent to obtain a normal form. Noetherian is a finiteness condition similar to the
condition that a word can be reduced to a m-reduced word. Confluent means if there
are two rules that can be applied to an algebraic expression it will still lead to the same
unique normal form. This can be shown by Newmans’ lemma [2] page 176 which is
similar to the diamond lemma [11] page 6.

The following corollaries and proofs are taken from Higgins [17].

Corollary 2.1.9 The maps G, — m(I'q) are injective.

Proof If w and w’ are distinct elements of G, then they are distinct reduced words.

Hence they lie in different equivalence classes. 0

Corollary 2.1.10 The elements of the fundamental group m (I'c)(zo) at xy are

uniquely expressible as values of m-reduced words w with s(w) = t(w) = xg

Proof This result is a special case of theorem 2.1.7. O]
The HNN-extension is such a case and is given below as example 2.1.17.

Corollary 2.1.11 FEach non-identity element of the universal group

U=U(m(T'g)) is uniquely represented by a m-reduced word.

Proof The universal group U of m(I'g) is obtained under the mapping that identifies
all the objects of m(I'g) to a single object. Recall that each edge of a universal
groupoid is represented by exactly one o-reduced path by theorem 1.2.16 and that if two
distinct edges of the groupoid G have exactly the same image in the universal groupoid
U,(G) then they are identity elements at vertices v and v’ such that o(v) = o(v’) by

corollary 1.2.17. So combining these two results, if two arrows have the same image
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under the map 7 (I'g) — U,(G) then they are both identities of m(I'g) giving the
result. O

Corollary 2.1.12 The generating set E(I') U G is embedded in the groupoid m (I'q);
hence the set E(I') U G, is embedded in the group U = U(m(Tg)), where G, denotes

the disjoint union of the vertex groups with all the identity elements removed.

Proof The elements of E(I') UG are distinct 7-reduced words, so represent distinct
elements of m(I'g). The elements of E(T") U G, remain distinct in U. O

Corollary 2.1.13 Let I' be connected and choose a vertexr v and a spanning tree T
Let p: m(Tg) — m(T'q)(v) be the morphism obtained by killing T. Then each G, for
u € V(I') is embedded in m (I'g)(v) by p.

Proof The group G, can be identified with a subgroup of the vertex group of m(I'g)
at u, by corollary 2.1.12. The morphism p is a deformation retraction by theorem 6(ii),
page 92 in [16] and therefore maps G, isomorphically to a conjugate subgroup of the

vertex group at v. 0]

For a graph of groups word w = (g1, Y1, - - - Gns Yn, gns1) to be reduced in the sense

of Serre, if n = 0 then ¢; # 1 and if n > 0 and y; = ¥,_, for some i then g; ¢ H,,.

Corollary 2.1.14 Let w be any word which is reduced in the sense of Serre [23]. Then

the m-value of w is not an identity arrow in m (I'g).

Proof We show that the normal form of w is of length exactly n and therefore its value
is not an identity.
The case n = 0 is trivial, so suppose that n > 1 and define 7,...7,,hy,..., hy,

inductively by the equations

gl == T1h17 1 S Ty17 h’l S Gsy1

higivr = Tixahivr, Tigr € Typys higr € Gy,

Then w = (71,41, .., Tn, Yn, s) where 7, € T, and s € Gy,,). If y; = 7;_; for some i =
2,3,...,nthen h;_y and h; lie in H,, that is 7; # 1. This shows that (71, v1, ..., 70, Yn, 5)
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is a normal word. O

The last corollary contains theorem 11 of Serre [23] and Britton’s Lemma see corol-
lary 2.1.15 below.

Let G* := (G,y | y"tay = ¢(a) for all a € A) be an HNN-extension, the letter g;
will denote an element of G and € = +1. A sequence (go, ¥°, g1, - - - Gn, Y%, gn) for n >0

is said to be reduced if there is no consecutive sequence (y~', g;,y) with g; € A or

(y,g;,y~ ") with g; € B.

Corollary 2.1.15 Britton’s Lemma
If the sequence (goy°gi - - - Gn_1Y°gn) 1s reduced and n > 1 then

(90Y°91 - - - Gn-1Y°gn) # 1 in G*.

Proof Britton’s Lemma is a special case of corollary 2.1.14 where I" has only one vertex.
O

2.1.5 Examples

In this subsection we give examples of graphs of groups and normal forms for free
products with or without amalgamation, HNN-extensions and groups which combine
free products and HNN-extensions. Normal forms already exist for free products and
HNN-extensions, we refer the reader to Lyndon and Schupp’s Combinatorial Group
Theory [19].

We aim to show that the fundamental groupoid of a graph of groups is a more
powerful method for obtaining normal forms as it allows smaller rewriting processes
at the vertices. This process of obtaining a larger process from small processes is an
example of local to global methods. In the following example we use graphs of groups

to obtain a normal form for the trefoil group, the motivating example of this work.

Example 2.1.16 Normal Form for the Trefoil Groupoid

y
IfT := u—=wv we can assign two groups G, and G, having subgroups H, and
Yy

Hy respectively and isomorphisms ¢, : H, — Hy and ¢y : Hy — H, to the vertices
and edges of I'. This graph of groups will provide a model for the free product with

amalgamation G, *4, G,.
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For the trefoil groupoid let G, := (a) and G, := (b) having subgroups H, := (a®)
and Hy := (b*). The isomorphisms are given by ¢,(a*) = b* and ¢y = ¢, "

We choose left transversals T, = {1, a, a*} of H, and T; = {1, b} of Hy. To calculate
the normal form in the fundamental groupoid we use the relation (a®) = (y, ¢,(a*),7) to
obtain the following reductions: (a*,y) reduces to (y, b*) and (b*,7) reduces to (7, a*)
by coset reductions and (7, 1¢,, y) reduces to (1¢,) by length reduction. If we consider

6 as a product of a coset and subgroup element.

the subword (a’,y,b°) then a” = aa
By coset reduction, (a”,y,b™%) reduces to (a,y, ¢,(a®)b~°) = (a,y,b*,b7°) = (a,y,b7").
If w=(a",y,b-5%7,a 1, y,b° 7,a") then using algorithm 2.1.6 we have the follow-

ing sequence of reductions:

a oy bC 7, a_ll, y, 1°,7,a")
a,y,b” 2,?, oy 02,7, a") by coset reduction on (a’,y, b?)
a,y,1,7,a"* y, 0,7, a") by coset reduction (b~%,7,a )
a3y, 0", 7,a") by length reduction (y, 1,7)

a2, b‘l,y, a7) by coset reduction ( ,y, bg)

a®,y,b,7,a*) by coset reduction (b=, 7, a").

= (
= (
= (
= (
= (
= (
The result is a m-reduced word w = (a?,y, b,7, a).

In the trefoil groupoid we have two isomorphic vertex groups m (I'g)(u) and 71 (I'g) (v).
The first is generated by (a) and (y, b,7) with (a*) = (y, ?,7). If we relabel (y, b, 7) by
(¢) then we obtain the familiar trefoil group presentation (a,c | a® = ¢?). The normal

2ca* in the trefoil group.

form (a?,y,b,7, a*) above becomes a
A m-reduced word w = (g1, Y1, - - Gn, Yn, gnt1) in the trefoil groupoid is reduced if

fori=1,....n, g €1y or 7y, gnt1 € Gy, and if y; = 7, then g; 1y # 1. O

More generally, if we have the free product with amalgamation (a,b | a™ = b™), we
obtain a graph of groups as defined in the above example but with subgroups H, = (a")
and Hy = (b™) and isomorphisms ¢,(a") = 0™ and ¢y = ¢,

Using the normal form theorem, a normal word in a graph of groups is a m-reduced
word. A m-reduced word of 7(I'¢)(u) is a word (7y,y,...,7,,y,r) where 7, € T, for ¢

odd, 7; € T for i even, r € G, and if y; = 7, for some ¢ then 7; # 1.
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Relabelling (y,7;,7) by (7;) then we obtain a normal form (7y,...,7,,r) where
7, € T, or Ty, v € G, and no 7; is in the same transversal as 7;4;.

Hence the normal form of an element of the group m(I'g)(u) with relabelling for
a free product with amalgamation graph of groups corresponds to the normal form
theorems for free products with amalgamation as given in Lyndon and Schupp [19].

We now use graph of groups to obtain a normal form for an HNN-extension.

Example 2.1.17 Normal Form for an HNN-extension
Let I'¢ be the graph of groups given by the graph I' := zCqu and assigning a
group G, and two isomorphic subgroups H, and H= of G,,.

Let G, := {a,b) be the free group on two generators having subgroups H, := (a?)
and H; := (b*). We have isomorphisms ¢,(a®) = b*> and ¢z = ¢, "

We choose the left transversal T, of H, to contain all freely reduced words on a and
b which do not end with a power of a except possibly a and a? and the left transversal
T of H= contains all freely reduced words which do not end in powers of b except
possibly b

To calculate the normal form we use the relation (z,0?,Z) = (a®) to obtain the
reductions (b*,7) reduces to (z,a*) and (z,a®) reduces to (z,b*) by coset reductions.

If w = (a®v?,z, aba, z,1°, Z, a®b) we have the reductions;

w = (a®b?, Z, aba, z,b°, Z, a®b)
= (a*.b* %, aba, 2,b°, 2, a’b) by writing ¢g; as 71.hy
= (a*,%,a%a, 2,0°, Z, a*b) by coset reduction
= (a®,%,a%ba, z,0.b°, Z, a®D) the element a'ba is in T, so move to gs
= (a*,%,a%a, 2,0, Z, a*°D) by coset reduction.

to obtain the normal word (a3, z, a*ba, 2, b, z, a'®b).

Since the fundamental groupoid of I'g for this example has one vertex it is a
fundamental group with generators a, b and z and relations ¢,(h) = Zhz for each
h € H,. If we relabel Z by 27! then we have a normal form for elements of the group
{a,b,z | ¢.(h) = z7thz for all h € H,) which is a HNN-extension of the group G,. The

letter z is called a stable letter in the literature and acts as a conjugator. O
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We now use graphs of groups to define free products of groups.

Example 2.1.18 Free Product
Let I'q be the graph of groups given by the graph I’
I'=uv—=v <—Z_> x
Yy z

groups G, := (a), G, := (b) and G, := (c); subgroups the identity subgroups of the
respective groups and the isomorphisms are given by the identity maps of the identity
elements.

The transversals contain all the freely reduced elements of the respective groups,
for example T, of H, is {b' | i € Z}.

A 7m-reduced word starting and finishing at v has the form
(bﬁlv klv bl@Qv k27 cey bﬁn’ krn bT)

where k; = (7,a,y) or (2,¢%,%), p,q,0; € Z and r € Z.

If we relabel (7,b",y) by (b°) and (z,¢?,Z) by (¢?) we get words which are combi-
nations of powers of a,b and ¢. The fundamental group at v with this relabelling is
a group with generators a, b and ¢ and no relations which is the free product of the
groups G, G, and GG,. Since the groups G,,, G, and GG, are each free on one generator

the fundamental group at v is the free group on three generators. O

We now consider a graph of groups for a free product of three groups and amalgamations

of their subgroups to obtain the group with presentation (b, m,n | v> = m?® = nb).

Example 2.1.19 Free Product with Amalgamation
Given the graph I, groups G, := (a), G, := (b) and G, := (¢).

z
= uv—=v—zx
Yy z

We choose subgroups H, := (a*), H; := (b*), H, := (b*) and H; := (c’), and isomor-
phisms ¢,(a®) = b%, ¢.(b*) = ¢® where ¢y and ¢; are the respective inverse isomor-

phisms.
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We have the following left transversals:

Ty: {1,&,&2} Tg:{l,b}
T, ={1,b} T = {1, ¢ Y.

The reduction relations are (y, 0% %) = (a®) and (z,c°,z) = (b*). If we consider the
group 71 (I'g)(v) and relabel (7, a,y) by m and (z,¢,Z) by n we obtain the group with

presentation (b, m,n | b* = m?® = n°). O

We now combine graphs of groups of free products with amalgamation and HNN-

extensions to construct a group which we will call a “mixed amalgam.”

Example 2.1.20 Mized Amalgam
Consider the graph I' which is a combination of the graphs given in examples 2.1.16
and 2.1.17.

Let the graph of groups have graph I' as above and groups G, := (a) and G, := (b).
For the pair of edges {y,7} we have the same subgroups and isomorphisms as for the
trefoil groupoid; let H, := (a*), Hy := (b*) with ¢,(a®) = b* and ¢5 = ¢, . For the
pair of edges {z,Z} we associate subgroups H, := (a”), H; := (a®) and isomorphisms
6.(a7) = a® and ¢z = ¢ .

We choose left transversals

T,={1,a""a"?} Ty={1,b7"}
T.={l,a',a*a?*a*a’ a"’ T.={l,a',a % a? a "}
To calculate the normal form of elements we use the following relations (a*) = (y, ¢,(a*),7)
and (a”) = (2, ¢.(a"), %) to obtain the reductions (a*,y) = (y, b*) and (a™, z) = (2, a®)

by coset reductions.

If w=(a®,y,0%,7,d% 2,a*,Z,a,y,b,7,a) then by applying the reduction algorithm
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we get the following sequence of reductions.

= (a™,y,0%,7, 0% 2,0", 7,0,9,b,7,0) by (a’,y) = (a7, 6,(a%))
= (a™y, 1,7,a" 20", Z,0,y,0,5,0) by (0%,7) = (1,7, ¢5(0°))

= (a", z,a",%Z,a,y,b,7,a) since (y,1,7) = (1)

=(a” \Z,0,Y,b,7, a) by (a'®,2) = (a7, 2, ¢.(a'"))
= (a” ,Z,a%,y,b,7,a) by (a'*,7) = (a7, %, ¢=(a"))
=(a” z,a7%,y,b", 7, a) by (a*,y) = (a7%,y, ¢,(a*))
=(a” : ,a‘z,y,b ', ga®) by (01, 7) = (071,77, 65(b™%)).

If we relabel (y,b,7) by m and Z by z~! we obtain the group, m (I'g)(u) with presen-
tation

(a,m,z | a® =m?, a" = za°z"1).

In subsection 2.2.2 we give output from a GAP4 session for the above group. O
Example 2.1.21 Identity Graphs of Groups

If we choose graphs of groups where the groups, subgroups and isomorphisms are all

identity groups and identity morphisms then we get the following four particular cases.

1. When I' := u é v then graph of groups words have the following forms
v

(Ly, 1L,y 1,.... Ly, 1,y 1) € Alc)(u)
(Ly, Ly, 1,....1,5,1,y,1) € A(lg)(u,v)
(Lg, Ly, 1,...,1,y,1,5,1) € A(lg)(u,v)
(Ly, Ly 1,... .1y Ly 1) € Alc)(v)

Since we have length reductions (y,1,7) = (1) and (7,1,y) = (1), elements
of the fundamental groupoid of a graph of groups have the following forms
{1, Luyl,, 1,71, 1,}. Hence the fundamental groupoid is isomorphic to the unit
groupoid.

2. When I' := EC UQ z then graph of groups words have the form
(1,25,1,25,1,...,1,25,1,25,1) € A(l'g)(u) where ¢ = +.
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We have length reductions (z,1,27') = (1) and (271, 1,2) = (1), so elements of
the fundamental groupoid are {1,1z1z...1z1,1z7'127...127*1}. The funda-

mental groupoid is isomorphic to the free group on one generator.

3. If I' has one vertex and 2n loops {zi,zi_l | 1 < i < n} then the fundamental

groupoid of the graph of groups is isomorphic to the free group on n generators.

4. Let T be an undirected tree and let I" be obtained from T by adding an identity
loop at each vertex and replacing each edge by a pair of directed edges {v;,7;}-
The fundamental groupoid of the graph of groups is the connected groupoid on
V(I") with trivial object groups. O

The methods used in the examples above can be adapted easily to obtain normal
forms for groups obtained from graphs with more edges and loops and normal forms

can be computed in GAP4.

2.1.6 Graph of Groupoids

In this subsection we define graphs of groupoids, and graphs of groupoids words. We
then give a normal form theorem for graphs of groupoids words and an example of a
groupoid HNN-extension as a graph of groupoids.

Haataja et al [15] study an analogue of Bass-Serre theory for groupoids. In their
paper a normal form theorem is given for a free product of groupoids with amalgama-
tion. The normal form theorem we give in this subsection is more general and includes
the free product with amalgamation as a special case.

A Graph of Groupoids T'g := (I',®,$,®) consists of the following: a directed
graph I' with involution; a family of groupoids & = {G, | v € V(I')}; a family of
wide subgroupoids $ = {H, C Gy | v € E(I')}; and a family of isomorphisms
®:={¢,: H, — Hy | y € E(T")} such that ¢, = ¢y.

We impose the condition that the subgroupoids are wide so we can write the
groupoid elements as products of a transversal and subgroupoid element.

For each edge y € E(I') we choose a left transversal 7, of H,, in Gy, containing the
identity elements of G,(,). Thus each g € G, can be written uniquely as 7,(g)h,(9)
where 7,(g9) € 7, hy(g9) € H,.
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We adapt the ideas for graphs of groups and let ' be a graph of groupoids and
F(T) be the free groupoid on the graph I' as defined for graph of groups. Let & be
the disjoint union of the groupoids G, for all u € V(I'). Let A(I'g) be the free product
F(T) * & of groupoids. The normal form follows by adapting the methods of graphs of
groups in Subsection 2.1.2.

An element of A(I'g) called a graph of groupoids word is represented either by (),
where v € V(I') or by

W= (91,Y1,92: -+ > G Yns> Gt 1)
where y; € E(I), v1 = s(y1), vi = s(y;) = t(y;—1) for 1 < i < n, v, = t(y,) and
gi € Gy, for i =1,...,n+1 and subwords (g;, i, gi+1) = (Tihi, Yi, Tix1hit1) must satisfy

t(py, (hi)) = s(1i41) for i =1,...n.

Definition 2.1.22 A graph of groupoids word w = (g1,%1,92; - - - Gns Yn, Gns1) 18 7-

reduced word if
(i) gi€Ty, fori=1,....,nand go11 € Gyy,);
(ii) if y;1 = g, for some 2 < i < n then g; # 1.

We define the reduction of words using the relation ¢, (h) = yhy and have two types
of reduction: coset and length as for graphs of groups.

Adapting the proof of Theorem 2.1.7 to groupoids we obtain the following result.

Theorem 2.1.23 The w-reduced form of a graph of groupoids word is unique. O

We now give an example of a groupoid HNN-extension.

Example 2.1.24 Groupoid HNN-extension

Let an HNN-extension graph of groupoids be given by the graph I' := = C U Q z. We
assign the groupoid G, := S3 x Z where S3 has presentation (a,b | a®> = b* = abab = 1)
to the vertex u, and subgroupoids H. and H> to the edges z and Z. The subgroupoid
H. has elements {(1, 1), (a, 1y), (a?, 1o), (1,1;), (b, 1;)} and H; is an isomorphic sub-
groupoid to H, with elements {(1, 1¢), (b, 10), (1, 11), (a, 11), (a? 1) }. The isomorphism
¢ is defined by

(g,1;) ifi=0

(g,1p) ifi=1

¢Z(gv 12) = {
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and ¢z = ¢; .
We choose left transversals 7, and 73 in ‘H, and H- respectively.
7; = {(L ]-0)> (1a L_l)a (b> 10)> (ba L_l)a (]-7 11)> (aa ]-1)> (aza ]-1)> (1a L)a (CI,, L)> (a27 L)}
,]% = {(1a ]-0)> (1a L_l)a (CL, 10)> (aa L_l)a (0,2, ]-0)7 (0,2, L_l)a (1a ]-1)7 (bv ]-1)7 (]-7 L)) (bv L)}

If we apply the reduction algorithm to the graph of groupoids word w := ((1,1;), 2, (b, 1¢), Z, (a, t ™)

then we get the following sequence of reductions:

w=(1,1y), 2 (1,10)(b,19), %, (a, 1), 2, (a, 1;) by (b, 1) = (1,10)(b, 1p)
= (L, 11),2,(1,10), 7, (b, 1) (a, 071, 2, (a, 1) by ¢.((b, 10)) = (b, 11)
= (1,11),2,(1, 10), %, (ba, e ™), 2, (a, 11) by (b, 1o)(a,:™") = (ba,s™")
= (ba,u ™), 2, (a, 1) by (z,(1,10),2) = (1, 11)
= (a®, 171 (b, 10), 2, (a, 1;) by (ba, ™) = (a®, 1) (b, 1p)
= (a%,17), 2, (b, 11)(a, 1) by ¢:((b,10)) = (b, 11)
= (a®,1™), 2, (a®b, 1}) by (b, 11)(a,1;) = (a®b, 1)

to obtain the reduced graph of groupoids word (a?,:71), 2, (a®b, 1;).
This HNN-groupoid HN N has groupoid presentation

HNN = <(CL, 10)> (bv 10)’ (1> L) | Zgbz(h)E =h : forh € HE)

with three generators and five relations. O

2.2 Implementation

In this section we give details of the implementation of graphs of groups and the
reduction process of a graph of groups word in GAP4.

To obtain a function that returns a unique normal form for a graph of groups word
we need: a normal form function for elements of the groups associated to the vertices
of the graph of the graph of groups; a representation for the structure of a graph of

groups and the reduction process for a graph of groups word.
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2.2.1 Normal Form and Knuth Bendix Methods

The normal form of a group element can be obtained using Knuth-Bendix methods
which is a procedure that attempts to obtain a set of rules to reduce elements to a
normal form. For more details refer to Epstein et al Word Processing in Groups [12]
and Becker and Weispfenning Grébner Bases [2].

We give details here as the Knuth-Bendix methods model the scheme of the proof
of theorem 2.1.7.

For computational purposes it is more convenient to use semigroups. Given a group
G with presentation (A | R) we can obtain a semigroup presentation (A" | R') of G.
The set of semigroup generators A’ is obtained from A by adding formal inverses. The
set of semigroup relations R’ contains pairs (g, w) where w € R is a word of A and
pairs (g,aa™!) and (¢,a™'a) for all a € A.

A group presentation is given by a quotient of a free group by a normal subgroup.
For semigroup presentations we have free semigroups factored by congruences.

Let S be a semigroup and R a symmetric relation on S. The quotient of S by R
is the set of equivalence classes of S under the equivalence relation generated by the
equivalences sjasy ~ s1bss for all a, b, s1, so € S with (a,b) € R.

To obtain unique normal forms we use ordering of elements. There are many dif-
ferent orders that can be used, the most common is length-lezicographic order. Lexi-
cographic order ranks the set A* of strings over the set A’ by comparing the letters in
the first position where the strings differ. In length-lexicographic order w < w’ if and
only if w is shorter than w’ or they both have the same length and w comes before w’
in lexicographic order.

We use ordering to determine reduction rules. Given a set A', a reduction rule
over A’ is denoted | — r where [ and r are strings over A and [ > r in the length-
lexicographic order. We call [ and r the left and right hand sides of the rule.

Let PR be a set of reduction rules over A’. Let a and b be strings over A’. We
write a ? b if there exists strings w; and wy over A and a rule [ — r in R such that
a = wilwy and b = wyrws,.

We let % denote the transitive closure (a % b if and only if b can be obtained

from a by repeated application of rules in R) of e Let % denote the reflexive,
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symmetric and transitive closure of SR. The set of equivalence classes can be identified
with the semigroup (A’ | 2R) where R is the set of unordered pairs (I,7). The set R is
a rewrite system for the group G on A if G ~ A’/ % .

All sequences of reduction in length-lexicographic order terminate. A string w is
either irreducible or can be reduced to some irreducible string w’ which cannot be
reduced further. We say that w' is a R-residue of w. The set of irreducible strings
under R is denoted Irrg.

A set of reduction rules SR is complete if all strings have unique PR-residues and
k-complete if all strings of length at most k& have unique R-residues. A necessary and
sufficient condition for completeness is that if w — v and u — v’ then there is a w such
that v % and v’ % w where % denotes the transitive, reflexive closure of -

This is called confluence of the rules.

Lemma 2.2.1 If*R is a complete set of rules, the set Irrey is a semigroup with mul-
tiplication defined by concatenation followed by taking the residues. The map Irreg —

(A'/R) is a semigroup isomorphism.

Proof We refer the reader to the proof of lemma 6.2.1 in [12]. O

The confluence of the rules ensures that the normal form of a word w is the same
even if there are two different reduction rules that can be applied.
The proof of the following lemma is taken from Lemma 6.2.4 [12] and uses a diamond

lemma type argument. We note the similarities to the proof of theorem 2.1.7.

Lemma 2.2.2 Let k be a positive integer or infinity, and let R be a set of rules over
A’. Then R is k-complete if and only if, for all a,b,c € A* with |abc| < k (where |abc|
denotes the length of the string abc) the following conditions are satisfied:

(i) Suppose that b # € and that ab — a' and bce — ¢’ are reduction rules of R. Then

. . . tr t.r
there exists a string s and reductions abc — ac — s and abc — da'c — s .
R R

(ii) Let b — b and abc — b" be reduction rules of R. Then there exists a string t

. t.r tr
and reductions abc — ab’'c — t and abc — V' —— t.
R R
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Proof The two conditions are implied by k-completeness. Conversely, if the two condi-
tions are satisfied, we prove by induction on the ordering that each string has a unique
residue.

We look at two different sequences of reduction. We assume that the first steps in
the sequences of reduction are different. If the two reductions in the first steps occur
to disjoint parts of the word w it is clear that the resulting word words w’ and w” can

be reduced to a common word s.

‘w* = ad'(de ‘

The word wx is either irreducible or can be reduced to an irreducible word.
There are two overlapping cases where two different reductions can be applied to
the same part of a word. The first overlapping case uses the first condition of the

lemma.

The second overlap case uses the reduction rules of the second condition.

w' = aabce

Again both words are either irreducible or can be reduced to an irreducible word

by repeated application of reduction rules. O
The lemma checks that all pairs of reduction rules and their overlaps will reduce
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to irreducible strings s and s’. If the strings are the same then R is complete. If not
then R is not complete but the lemma gives a method to make R complete. If s and
s as described above are not the same irreducible word then we adjoin to PR the rule
s — s or 8 — s depending on the length-lexicographic order. We keep repeating this
process until there are no non-confluent rules.

We can now give the Knuth-Bendix algorithm. For full details refer to [12].

Algorithm 2.2.3 Knuth-Bendix Algorithm

Let S be a semigroup and A’ a finite ordered set of generators. Given a finite set Ry of
reduction rules for S, we construct a sequence of finite sets of rules fR; for each ¢ > 0
by induction. To obtain R;,; from R; we add rules to make up for failures of the two

confluence conditions of lemma 2.2.2.

The algorithm can be refined more by omitting redundant rules which are rules that
are reductions of rules.
All the results in this section hold for semigroups and groups. We now give an

example.

Example 2.2.4 Normal Form on S3 using Knuth-Bendix

Given the symmetric group Sz on three symbols with presentation (z,y | 23 = ¢y* =

xyxy = 1) we have the following relations:
Ro = {2* = 1, y* = 1, zyay — 1}.

Now we look for overlaps with these rules. The dashed arrows denote the reduction

rule determined by the length-lexicographic ordering.

TTTYTY

We add these rules to Ry

R ={2" =1, v = 1, ayzry — 1, yry — 2°, ayzr — y}
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and repeat the process of checking for overlapping cases.

We add these rules to R; to get
Ry o= {2’ =1, ¥ = 1, ayzy — 1, yry — 2°, ayzr —y, 2°y — yz, y2° — xy}.

Checking for overlaps all the pairs now resolve to the same word. The rule xyzy — 1

is the only redundant rule.

So we omit zyry — 1 from Ry to obtain a rewrite system R for S3. If we enumerate

elements w of the free group on x and y under the rules R we get elements w:

w | Wy x? 3 1 yr? | xy
1 Ty 2%y | yx yry | x?
x YT xyx |y v:r | x
y v L] ey e | Y

All words of length 3 reduce so all elements of length greater than 3 reduce so the
rewrite system is 3-complete. The group has elements {1, z, y, 22, zy, yx} which are

unique normal forms. O

We now have a method for obtaining normal forms for elements of groups and

semigroups.

2.2.2 Implementation and GAP4 Output

GAP4 [11] is a computational discrete algebra program in which new structures may be

implemented as objects with attributes and properties. We have developed a collection
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of GAP4 functions to implement graphs of groups and reduction of words to normal
forms. The input data for a graph of groups is a weighted graph with involution I’
given by the ordered sets vertices V(I') := {vy,...,v,} and edges E(I") := {y1,.. ., Ym}
where y; := [s(vi), yi, t(y;)]; an ordered list of groups G := {G,,, ..., G,, } where G,, is
H,,}

where H,, is a subgroup of G(,,); and an ordered list of isomorphisms ® : {¢y,, ..., ¢y, }

the group associated to the vertex v;; an ordered list of subgroups H := {H,,, .. .,
where ¢,, is the isomorphism from Hy(,,) — Hyy,).

The weighted graph with involution, FpWeightedDigraph is given by two lists;
vertices and edges. The edges are triples [s(y),y, t(y)] where s(y) and ¢(y) are vertices
and y the edge. We choose the edge y to be represented in GAP4 by a generator of a
free group so that for an edge [s(y),y, t(y)] the involution edge is [t(y),y ", s(y)].

We implement a graph of groups I'¢ as an object GraphOfGroups with representa-

tion having attributes:

DigraphOfGraphOfGroups, the weighted directed graph with involution
Groups0£fGraphOfGroups, the family of groups
Subgroups0fGraph0fGroups, the family of subgroups

Isomorphisms0fGraphOfGroups, the family of isomorphisms.

A graph of groups word is given by a triple (I'q,v,w) and is implemented as an
object Graph0fGroupsWord whose representation has attributes:
Graph0fGroups0fWord, the graph of groups ['g

Source, the source vertex v of the word w

Word0fGraph0fGroupsWord, the word in A(T'g).

For a graph of groups word we write the position of the edge in the list of edges
instead of the weighted label of the edge. This relabelling simplifies the code and

computation.

Example 2.2.5 Let T have V = {5,6} and £ = {{5,y,6},{6,y~",5}}, with G =

{Gs = (a), Ge = ()}, H = {H, = (¢’), Hyr = (*)} and & = {¢,, ¢,-1}
where ¢,(a®) = b*. Then the word (b,y™ ', a,y,b,y™ " a) is represented by the list
b,2,a,1,b,2,al. O
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The operation ReducedGraph0fGroupsWord determines the reduced word of a graph
of groups word using Algorithm 2.1.6. The operations IsGraphOfGroups, IsGraphOfGroupsWord
and IsReducedGraphOfGroupsWord are used to test that an object is a graph of groups,
a graph of groups word or a reduced graph of groups word respectively.

When calculating the reduced word of a graph of groups word we use the functions
NormalFormKBRWS and LeftTransversals0fGraphOfGroups which we outline below.

NormalFormKBRWS is a function that gives a normal form for a group element. It
uses standard Knuth-Bendix rewriting techniques on semigroups. Given a group G =
(X | R) and a word w in the free group on X, the function NormalFormKBRWS first
constructs the free semigroup S on X, then creates a Knuth-Bendix rewriting system
K BRW S which is confluent on S. We then map w to its corresponding element w’ in
S, using K BRW S we get the reduced word rw’. We then map rw’ to the group G to
obtain the normal form of the group element.

GAP4 has a function that determines the right cosets of a subgroup in a group.
In RightTransversals0fGraphOfGroups, right cosets for the subgroups H, in the
group G, are determined and a coset representative is chosen by the representative
function in GAP4. We then apply NormalFormKBRWS to get the normal form of the
coset representatives.

The function LeftTransversals0fGraphOfGroups is used to obtain left coset rep-
resentatives. For each coset representative ¢ in the right transversals the function
LeftTransversals0fGraphOfGroups computes NormalFormKBRWS of ¢+~! in the appro-
priate group.

Given a graph of groups I'g := (I', G, H, ®) a word w = (g1, Y1, - - - Gns Yn, gns1) and
the vertex v of the group G, to which the element g; belongs, a normal form can be
obtained in GAP4.

We now give an example of the implementation of graphs of groups in GAP4. Let

['¢ be the graph of groups as defined for the trefoil group in Example 2.1.16 on page 41.

Example 2.2.6 Trefoil Groupoid implemented in GAP4
With GAP4 running the package is accessed in the usual way..

gap> RequirePackage("xres");
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#I ————- The XRES share package -———————-——-
#I -- For graphs of groups and crossed resolutions --

true

We first define the graph G1 with 2 vertices and 2 edges.

gap> f1 := FreeGroup("y");; y := Generators0fGroup(f1) [1];;
gap> V1 := [5,6];;

gap> E1 := [ [5,y,6], [6,y"-1,5] 1;;

gap> Gl := FpWeightedDigraph( Vi, E1 );;

We now define the lists of groups, subgroups and isomorphisms.

gap> za := FreeGroup( 1, "a" );; gza := Generators0fGroup( za );;
gap> SetName( za, "za" );; a := gzal[ll;;

gap> hy :
gap> zb :

Subgroup( za, [a~3] );;

FreeGroup( 1, "b" );; gzb := Generators0fGroup( zb );;
gap> SetName( zb, "zb" );; b := gzb[1];;

gap> hybar := Subgroup( zb, [b~2] );;

gap> homy := GroupHomomorphismByImagesNC(hy,hybar, [a~3], [b~2]);;
gap> homybar := GroupHomomorphismByImagesNC(hybar,hy, [b~2],[a"3]);;
gap> gps := [ za, zb ];;

gap> sgps := [ hy, hybar ];;

gap> isos :

[ homy, homybar ];;
We then combine the lists to form a graph of groups GG1.

gap> GG1 := GraphOfGroups( G1, gps, sgps, isos );

Graph of Groups: 2 vertices; 2 edges; groups [ za, zb ]
A graph of groups word in GG1 is a triple (G1,v,w) where w is a word with source v.

gap> L1 := [ a”7, 1, b™-6, 2, a~-11, 1, b"9, 2,a"7 1;;
gap> gwl := GraphOfGroupsWord( GG1, 5, L1 );
(5)a1"7.z.b1°-6.z"-1.a1"-11.z.b179.z"-1.a1"7(5)

To calculate the normal form we use ReducedGraphOfGroupsWord
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gap> ReducedGraphOfGroupsWord(gwl) ;
(5)a1"-1.z.b1"-1.2"-1.a1710(5)

We note that this reduced word is different from the reduced word in Example 2.1.16

since the set of transversal elements are not those we made in the example.

gap> LeftTransversals0fGraphOfGroups( GG1 );
[ [ <identity ...>, al"-1, a1"-2 ], [ <identity ...>, b1"°-1 1] ]

The following are interesting examples of normal forms for graph of groups words for
the trefoil group as a free product with amalgamation. If we set the InfoLevel to 2

the steps in the reduction process are printed.

gap> SetInfolLevel( InfoXRes, 2 );

gap> L2 := [ b"6, 2, a, 1, b, 2, a ];;

gap> gw2 := GraphOfGroupsWord( GG1, 6, L2 );
(6)b176.z"-1.al.z.bl.2"-1.a1(5)

gap> ReducedGraphOfGroupsWord( gw2 );

#I w = [ <identity ...>, 2, al”10, 1, bl, 2, al ]

#I w [ <identity ...>, 2, al”-2, 1, b179, 2, al ]

#I w [ <identity ...>, 2, al"-2, 1, b1°-1, 2, al"16 ]
(6)<identity ...>.z"-1.a1"-2.z.b1"-1.z"-1.a1"16(5)

gap> L3:=[ a3, 1, b -2 1;;

gap> gw3 := GraphOfGroupsWord( GG1, 5, L3 );
(5)a173.z.b17-2(6)

gap> ReducedGraphOfGroupsWord( gw3 );

#I w = [ <identity ...>, 1, <identity ...> ]
(6)<identity ...>.z.<identity ...>(6)

The following reduction of a graph of groups word illustrates length reduction.

L5 := [ b°2, 2, a0, 1, b70, 2, a°0, 1, b0, 2, a”0 ];
[ b172, 2, <identity ...>, 1, <identity ...>, 2, <identity ...>, 1,
<identity ...>, 2, <identity ...> ]
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gap> gwb:=GraphOfGroupsWord(GG1,6,L5);

(6)b172.z"-1.<identity ...>.z.<identity ...>.z"

-1.<identity ...>.z.<identity ...>.z"-1.<identity ...>(5)

gap> ReducedGraphOfGroupsWord(gw5) ;

#I w = [ <identity ...>, 2, al”3, 1, <identity ...>, 2,
<identity ...>, 1, <identity ...>, 2, <identity ...> ]

#I w = [ <identity ...>, 2, <identity ...>, 1, b172, 2,
<identity ...>, 1, <identity ...>, 2, <identity ...> ]

#I shorter w = [ <identity ...>, 2, al"3, 1, <identity ...>, 2,
<identity ...> ]

#I w = [ <identity ...>, 2, <identity ...>, 1, b172, 2,
<identity ...> ]

#I shorter w = [ <identity ...>, 2, al"3 ]

(6)<identity ...>.z"-1.a173(5) O

Example 2.2.7 Mized Amalgam implemented in GAP4
We now define the graph of groups for the mixed amalgam of groups in example 2.1.20

and apply the reduction of the graph of groups word.

gap> GG2;
Graph of Groups: 2 vertices; 4 edges; groups [ za, zb ]
gap> Display(GG2);
Graph of Groups with :-
vertices: [ 5, 6 ]
edges: [ [ 5, z,5]1, [ 5,=2z-1,5]1, [5,y, 61,
[6, y-1, 51 1]
groups: [ za, zb ]
subgroups: [ Group( [ a1”7 ] ), Group( [ al"5 1] ),
Group( [ a1"3 ] ), Group( [ b1°2 ] ) ]
isomorphisms: [ GroupHomomorphismByImages( Group( [ a1"7 ] ),
Group( [ a1"5 1), [ a1t°7 ], [ a1"5 ] ),
GroupHomomorphismByImages( Group( [ al"5 ] ),

29



Group( [ a1"7 1 ), [a176 1, [ a1°7 1),
GroupHomomorphismByImages( Group( [ a1"3 ] ),
Group( [ b172 ] ), [a1"3 ], [ b172 ] ),
GroupHomomorphismByImages( Group( [ b172 ] ),
Group( [ a1"3 1), [ b12 1, [a1"3 1) ]

Apply the reduction algorithm to the word w as given in Example 2.1.20.

gap> w := [ a"2, 3, b"6, 4, a"2, 1, a"4, 2, a, 3, b, 4, a l;;

gap> gw:=Graph0fGroupsWord(GG2,5,L);

(5)al"2.y.b1"6.y"-1.a1"2.z.a1"4.z"-1.al.y.bl.y"-1.a1(5)

gap> ReducedGraphOfGroupsWord(gw) ;

#I w [ a1™-1, 3, b178, 4, al"2, 1, al™4, 2, al, 3, bl, 4, al ]

#I w [ a17-1, 3, <identity ...>, 4, al~14, 1, al~4, 2, al, 3,
bl, 4, al ]

#I shorter w = [ al™-1, 1, al1"14, 2, al, 3, bl, 4, al ]

#I w [ a1™-1, 1, a1"-1, 2, al1"22, 3, bl, 4, al ]

#I w [ a1™-1, 1, a1"-1, 2, al"-2, 3, bl1~17, 4, al ]

#I w= [ al"-1, 1, al"-1, 2, al"-2, 3, b1"-1, 4, al1"28 ]

(5)al~-1.z.al"-1.z"-1.a1"-2.y.b1"-1.y"-1.a1"28(5)

The word of the reduced graph of group word has the same normal form as given in

example 2.1.20 with the following transversal.

gap> LeftTransversals0fGraphOfGroups( GG2 );
[ [ <identity ...>, al"-1, al"-2, al"-3, al"-4, al"-5, al™-6 ],
[ <identity ...>, al”-1, al™-2, al~-3, al™-4 ],

[ <identity ...>, al"-1, al"-2 ], [ <identity ...>, b1"°-1 1] ] O
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Chapter 3
Total Groupoids and Total Spaces

In the first section of this chapter we consider graphs of groups and how they relate to
cylinder constructions in the category of groupoids. We define the total groupoid for
a graph of groups and show how this relates to the fundamental groupoid of a graph
of groups.

The second section defines CW-complexes and graphs of CW-complexes which will
then be adapted to graphs of crossed complexes in Chapter 4. Given a group we
can construct a CW-complex such that the fundamental group of the CW-complex is
isomorphic to the group, this isomorphism provides the connection between graphs of

groups and graphs of CW-complexes.

3.1 Cylinders

This section involves graphs of groups and techniques used to fit it into a groupoid set-
ting involving cylinders from abstract homotopy theory. The notion of a total groupoid
of a graph of groups is explored and its connection to the fundamental groupoid of a
graph of groups.

We refer the reader to Kamps and Porter, Abstract Homotopy Theory and Simple
Homotopy Theory [18] which derives abstract homotopy theory from the structure of

cylinders.
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3.1.1 Mapping Cylinders

In this subsection we define mapping cylinders which will be used later in this section
to define total groupoids for graphs of groups and give examples of mapping cylin-
der constructions in the category of groupoids which will model free products with
amalgamations of groups.

We begin by defining a cylinder which is given by a functor, mapping cylinders and

double mapping cylinders which are objects in a small category.

Definition 3.1.1 A cylinder, M = (M, ig,i1,0), in a category C consists of a functor,

M : C — C called the cylinder functor, together with three natural transformations

’éo,il . Idc — M
o: M — Ide
such that oiqg = 011 = Ide.

If we apply the cylinder functor M of M to an object C' of C we write M (C') for the
cylinder. As the name “cylinder” suggests we can represent a cylinder by the following

picture.

Figure 3.1: Cylinder

We now give examples of cylinders in the categories of topological spaces and
groupoids which will be used to define the total space of a graph of spaces of a graph

of spaces and to obtain total groupoids for graphs of groups respectively.

Example 3.1.2 Topological Space Cylinder

A cylinder on the category of topological spaces can be given by a cylinder functor
M:X — X x[0,1]
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where X is a topological space and [0, 1] the unit interval, together with the three

natural transformations

io X — X X [0, 1] Z()(ZL’) = (l’,O)
iliX—>XX[0,1] 21(113'): l’,l)
o: X x[0,1] —X o(x,t) ==z
where t € [0, 1]. O

Example 3.1.3 Groupoid Cylinder
A cylinder on Gpd can be defined by a cylinder functor

M:G—-GxZT
where G is a groupoid, Z is the unit groupoid, together with the natural transformations

i0:G—GxI  ig(g9) = (g,1p)
i1:G—GxIT i(g9)=(g,11)

and 0 : G X T — @ is the projection onto G. O

The above examples are the canonical cylinders for the respective categories and
throughout this exposition the term cylinder will refer to the canonical cylinder.
In Subsection 1.2.1 we defined homotopy of two groupoid morphisms. We use

cylinders to define homotopies of arrows in arbitrary categories.

Definition 3.1.4 A homotopy between arrows f,g: X — Y of C exists if there is an
arrow ¢ : M(X) — Y where M is a cylinder of C such that ¢ig = f and ¢i; = g.

If a homotopy X — Y exists, then we say X and Y are homotopy equivalent (or of
the same homotopy type). A map from X — Y is nullhomotopic if it is homotopic to
some constant map.

We now define mapping cylinders and double mapping cylinders which can be

thought of pictorially as gluing objects of a category to the ends of a cylinder.

63



Definition 3.1.5 A mapping cylinder of f, My, where f: C'— Ais an arrow in C is
given by a pushout in C

C 2= M(C)

f kg

A—.>Mf

Jf

where M (C) is a cylinder in C.

A mapping cylinder can be represented by the following picture where A is “glued”
to one end of a cylinder M (C).

A M(C)

Figure 3.2: Mapping Cylinder

We now define a double mapping cylinder of two arrows f and g of a category C
as a colimit. We relate this construction to a total groupoid of a graph of groups with

one pair of involutary edges in Subsection 3.1.3.

Definition 3.1.6 A double mapping cylinder of arrows f: C — A and g: C — B in

a category C is the colimit of the diagram

C C
W
A M(C) B.
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This means we have a diagram

C C
N N
A M(C) B

My,
such that the following universal property holds:
(i) jaf = kig and jpg = ki,

(i) If jy : A — D, j5: B — D and k' : M(C) — D are any maps such that
Juf =K'y and jzg = E'i; then there exists a unique map [ : My, — D such that
lja=j", ljg = j5 and Ik = k.

The colimit of the above diagram can be constructed by repeated pushouts.

C B

i1 Jg

C—2 o M(C) e M
f kg

A My My,

Jif
We can construct the double mapping cylinder as a two stage pushout where we
construct a pushout of a mapping cylinder which itself is a pushout. Given a mapping
cylinder
c 2= M(C)
f kg
A—— My

Jf
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we construct the pushout
g

C B
ifl ljB

where we define iy = kyiy : C — My. Then My, is a double mapping cylinder with
ja =9jgr, k = ¢'ky and jp. We note that the above pushout is the composite of the
top right and bottom right pushout squares in the repeated pushout construction.

We can represent a double mapping cylinder by the following picture.

A M(C) B

Figure 3.3: Double Mapping Cylinder

The double mapping cylinder is also a homotopy colimit of the diagram

f g

A<=—C—B

since My 4 is a colimit and & is a homotopy & : jaf ~ jgg.
We now give a definition and result which hold in the categories 7 op, Gpd and
FCrs, the category of free crossed complexes. We refer the reader to Kamps and

Porter [18] for further detail and more general results.

Definition 3.1.7 An arrow i : A — X of C is a cofibration if and only if the diagram

A io(A)
X

M(A)

lix]

io(X) M(X)

is a pushout.
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The following result is used to give an explicit construction of a mapping cylinder

in the category Gpd. We refer the reader to the proof of Proposition 7.4 in [18].

Proposition 3.1.8 Let
f

A—B
zl j
X e Y
be a pushout in which i is a cofibration and f is a homotopy equivalence. Then g is a

homotopy equivalence.

3.1.2 Groupoid Mapping Cylinders

In this subsection we use the cylinder functor for groupoids to construct mapping
cylinders and double mapping cylinders in the category of groupoids.

Let f: G — H, g: G — K be morphisms of groupoids and suppose we have pushout

diagrams
) ki1
G——=Gx1 G ——— My
fl lkf gl l
Hj—f>Mf K—>Mf,g

where My is a mapping cylinder of f and My, is a double mapping cylinder of f and
g in the category of groupoids.
We now give examples of a mapping and a double mapping cylinder which are used

to model the trefoil group.

Example 3.1.9 Trefoil Double Mapping Cylinder
The trefoil mapping cylinder is given by the pushout of groupoids

C-2s0xT

1

A== My

where C' and A are free groups on one generator ¢ and a respectively and f(c) = a®

and 7y(c) = (¢, 1o).
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By proposition 3.1.8 the groupoid morphism A — M/ is a homotopy equivalence

and the fundamental groups of My are homotopy equivalent to A.

(0)={a" :neZ} M¢(0,1) ={a"v:n € Z}
() ={"ta":neZ} M;1,0)={"a":ne€Z}

where ¢ is abbreviated from (1,¢).

My
My

The group C' “disappears” although there is a groupoid presentation of My with C'

present.
(a, (¢, 1), (1,0) | (¢, 1g) = a’)

We use this presentation since C' needs to be present for “gluing” at the other end
of the cylinder.

Let B be the free group on b and define the maps g : C — B by g(¢) = b and
iy : C — My by composition of two maps k; and 7;. This map takes an arrow of C'
and maps it to the end of the cylinder where no identifications have been made.

We construct the following pushout.

%

|

B—>Mf,g

So iy = kpiy : C — My gives ¢ — (¢,17) and g : €' — B is defined to be the
injective map g(c) = b,

Using the construction of pushouts in Subsection 1.2.6 My, can be given by a
universal groupoid factored by an equivalence relation. Hence My, is a groupoid with

presentation

{a,b,o | a® = b*1).
which is also the presentation of the trefoil groupoid of Example 2.1.16. O

A double mapping cylinder for the diagram A S ¢ —2~ B where A, B and C
have group presentations (X |R), (Y|S) and (Z|T') respectively is a two object groupoid

with presentation

(X,Y, Z, 1| flc) =1g(c)™": forall c € C).
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3.1.3 Total Groupoids for Graphs of Groups

In this subsection we use ideas from abstract homotopy theory and apply it to graphs

of groups using cylinder constructions.

Definition 3.1.10 A graph of groups I' consists of a graph I with involution, a group
G, for each vertex v € V(I') and a group G, for each edge y € E(I") such that G, = Gy

together with an injective homomorphism p, : Gy — Gy

The total groupoid of a graph of groups I'g is the groupoid obtained by taking the
disjoint union of groupoids associated to the vertices and edges and then factoring by

an equivalence relation generated by relations, as follows.

Definition 3.1.11 Given a graph of groups, I'g, the total groupoid Tot(I'g) is defined

as the quotient of

(UiG,:vevimy)u(uiG, xT:ye B}
by the relations
GyxI — GyxIby(gt)—(9,07")
Gy x 1y — Gy by (9, 10) = 1,(g).

For the graph of groups with one pair of involutary edges the total groupoid is
homotopy equivalent to a double mapping cylinder. Hence the total groupoid for the
graph of groups for the trefoil groupoid is the double mapping cylinder of example 3.1.9
given by taking the homotopy colimit of

N N

G, xT

The following theorem provides a connection between the fundamental groupoid

and total groupoid of a graph of groups.

Theorem 3.1.12 The total groupoid of a graph of groups with one pair of involutary
edges is homotopy equivalent to the fundamental groupoid of the given graph of groups.
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In Sections 3.2 and 4.2 the total space and the total crossed complex which are

similar to the total groupoid construction are connected to the fundamental groupoid.

3.2 Graphs of CW-complexes

The study of algebraic topology is a combination of algebra and topology as the name
suggests. It is a method of assigning algebraic structures such as groups to topological
spaces and homomorphisms to continuous maps. An example of this is calculating the
fundamental group of a space which associates a group to a space with a base point. In
this exposition we associate a group to a CW-complex and use the theory of algebraic
topology to get more information about the group.

In this section we define CW-complexes, graphs of CW-complexes and give a result
proved by Scott and Wall in Topological Methods in Group Theory [22].

In Chapter 4 we associate a crossed complex to a CW-complex and adapting Scott

and Wall’s result to crossed complexes.

3.2.1 CW-complexes

An important class of spaces are CW-complexes which are spaces constructed in stages
by attaching cells. Whitehead formally defined CW-complexes by adding combinatorial
structure to spaces which provided a better understanding of homotopy groups. We
refer the reader to Fritsch and Piccinini Cellular Structures in Topology [13] for more
details.

The main result of CW-complexes is Whitehead’s Theorem 3.2.9 below. This the-
orem is the key to the results in this subsection and used to prove Proposition 3.2.19.

We begin by defining some spaces. Let D" = {z : |z| < 1} C R""! be the unit
disk and S™ its boundary.

Definition 3.2.1 A CW-complex X is a space X which is the union of an expanding
sequence of subspaces X™ such that inductively X is a discrete set of points and

X" is the pushout obtained from X" by attaching disks D"*! along attaching maps
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Jn S — X"
Jpp1 U S ——J, 11 x D
X" D ¢any
Thus X" is the quotient space obtained from X" U(.J, 1 x D"*1) by identifying (j, z)

with j(z) for x € S™ where J,, 11 is the discrete set of such attaching maps j.

Each resulting map D"*' — X is called a cell. The subspace X" is called the n-
skeleton of X. A continuous map f : X — Y of CW-complexes is cellularif f(X™) CY"
for all n > 0.

We define the fundamental groupoid and homotopy groups of spaces since CW-
complexes provide information on homotopy groups. We first consider fundamental
groupoids and homotopy groups which are used to define the fundamental crossed
complex of a CW-complex in Subsection 4.1.4.

We have defined the fundamental groupoid of a graph, we can also define the
fundamental groupoid of a space. Instead of paths in a graph we have paths in a space.
Let X be a space. The category of paths PX on X has object set, Ob(PX) = X
and for any z,y € X the set of arrows Arr(PX) is the set of paths from z to y. The
fundamental groupoid (X)) of a space X will be a groupoid such that m1(X)(z,y) is
the set of equivalence classes of PX(z,y). We let m1(X)(x) denote the fundamental
groupoid which has object set = and has arrows, equivalence classes of PX (z, x) paths
starting and ending at x. This fundamental groupoid is called the fundamental group
at x. We refer to [1] for more details.

We also have nth homotopy groups m,(X, A, zq). Let (X,z) be a based space.
A based pair (X, A, xg) is a pair of spaces X, A with base point xy in which A is
a subspace of X and contains xy. If (X, A, zo) and (Y, B,yo) are based pairs then
(X, A, x0), (Y, B,yo)] is the set of homotopy classes of based pair maps
B (X, A x9) — (Y,B,y). Let s, = (1,0,...,0) € S™ be the common base point
of 8" and D"*! for n > 1. The nth homotopy group of a based pair (X, A, )
is m,(X, A, z0) = [(D", 5" s,.1),(X,A,70)]. We note that the based pair maps
correspond to the characteristic maps for CW-complexes.

Given a group G we can construct a CW-complex such that the fundamental group

71



of the CW-complex is isomorphic to G. Let G be a group with presentation (A | R).
We can construct a CW-complex X such that m(X) ~ G.

Let Xy = {*} asingleton point. Now consider the generators of the group ay, ..., a,.
We associate each a; to a 1-cell which is a map from the boundary of D"*! to X. The
space X! = aé/AS; is a wedge of 1-spheres based at * one for each generator a € A.
The fundamental group of X' is isomorphic to the free group on A.

To each relation we associate a 2-cell which is a map from a relator circle S} to X!
Then X? is the pushout as described in Definition 3.2.1. We now have a 2-dimensional
CW-complex with fundamental group isomorphic to G. Adding cells of dimension
greater than two does not affect the fundamental group. We refer to [22] for details of

this result.

Definition 3.2.2 A filtered space X* is a space X which consists of a sequence of
subspaces.
X X'cxtc...cx"C...CX.

Definition 3.2.3 A filtered space is connected if the following conditions hold for each
m > 0:

(i) ¢(X*,0): If j > 0, the map my — 7 X7 induced by inclusion is surjective.

(i) ¢(X*,0)(m = 1): If 5 > m and v € X° then the map 7, (X™ X™ 1 v) —

7o(X7, X™ 1 v) induced by inclusion is surjective.

A CW-complex filtered by its skeleta is a filtered space. A CW-complex with skeleta
filtration is a connected filtered space.

We now define properties and attributes of topological spaces and hence CW-
complexes. A topological space X is contractible if it is homotopy equivalent to a
point. A topological space is simply connected if it is path connected and m (X)(z) = 1
for some € X. Thus contractible spaces are simply connected.

A subset A of a topological space X is a retract of X if there is a continuous map
r: X — A such that ri = 14 where i : A — X is the inclusion map. The map r is
a retraction. A subset A of X is called a deformation retract if there is a retraction

r: X — A such that ir ~ 1x where ¢ : A — X is the inclusion.
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Definition 3.2.4 A space is aspherical if for every n > 2 and every continuous map
f:S™ — X, there exists a continuous map ¢ : D" — X with the restriction to the

subspace S™ equal to f.

If a CW-complex X is aspherical then we denote it K (G, 1) where G is the group
isomorphic to the fundamental group of X.

The weak topology on X is determined by {U,} where A € A is the topology whose
closed sets are those subsets V' for which V' N U, is closed for every A € A.

We define coverings and universal coverings of spaces which we use in the proof of
Proposition 3.2.19.

Let X and X be topological spaces and let p : X — X be continuous. An open set
U in X is evenly covered by p if p~*(U) is a disjoint union of open sets S; in )Z', called

sheets, with pls, : S; — U a homeomorphism for every .

Definition 3.2.5 An ordered pair ()?,p) is a covering space of X where X is a topo-

logical space if
(i) X is a path connected space,
(i) p: X — X is a continuous map,
(iii) each x € X has an open neighbourhood U, that is evenly covered by p.

Definition 3.2.6 A universal covering space of X is a covering space ()Z',p) with X

simply connected.

We state the following theorems, corollary and proposition without proof. We refer

the reader to Rotman, An Introduction to Algebraic Topology [21] for the proofs.
Theorem 3.2.7 Every connected CW-complex has a universal covering space.

Theorem 3.2.8 If (X, p) is a covering space of X, then p, : mo(X) — mp(X) is an

isomorphism for all n > 2.

Theorem 3.2.9 Whitehead’s Theorem

If X andY are connected CW-complexes, and if f : X — Y is a continuous map such
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that f. : m, (X, z0) — (Y, f(20)) is an isomorphism for all n, then f is a homotopy
equivalence (so that X andY have the same homotopy type).

Corollary 3.2.10 A connected CW-complex is contractible if and only if m,(X) = 0

for all n.

Proposition 3.2.11 The universal covering space of a K(G,1) space is contractible.

Pullbacks in the categories of topological spaces and groupoids induce exact se-
quences giving information on the arrows in the category. Given two maps of spaces
f:A— X and p:Y — X the pullback of f and p

Y
A—f>X

f

B——

I3
=

is the subspace B of A x Y given by
B=AxxY ={(a,y) € AxY: f(a) = p(y)}.

We now state a result on induced covering maps using pullbacks and refer the reader

to result 9.7.2 page 368 of [1] for a proof.

Proposition 3.2.12 Ifp: Y — X is a covering map, then for any map f : A — X,
the induced map p : A Xx Y — A s also a covering map. Further if p is an n-fold

covering map, so also is p.

We also have analogous results for groupoids. Let f : L — G, p: H — G be
groupoid morphisms. The pullback of f and p

|~

—>H

?| »

L—=G

f
is the subgroupoid M of £ x H given by
M=LxgH={h)e LxH: f()=ph)}
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If f: L — Gandp:H — G are morphisms of groupoids, and p is a covering
morphism then p : £ xg H — L is a covering morphism.
We now show how pullbacks of spaces and groupoids are linked, by the following

result. We refer the reader to result 9.7.5 page 369 of [1] for a proof.

Proposition 3.2.13 Suppose given a pullback of spaces. Then there is an induced
morphism of groupoids
0:m(AxxY)—>7mA X, x 7Y

which 1s the identity on objects. Further, if p is a covering morphism of spaces, then 0

1 an isomorphism.

The following proposition is used to prove Proposition 3.2.19.

Proposition 3.2.14 Suppose that we have a pullback of groupoids as given above and
that p is a covering morphism. Let (1,y) € Ob(M), so that f(I) = p(y) = x, say. Then

there 1s a sequence
ML, y) = L(1) x H(y) === G(x) =ML Xrg moH

which 1s exact.

For details of the exactness of the sequence refer to [1] page 370.

3.2.2 Total Spaces and Aspherical CW-complexes

We now define a graph of spaces and give the result that we will adapt to crossed
complexes to determine the asphericity of groups. We will concentrate on the case of

graphs of C'W-complexes as this is sufficient for the results that we will use.

Definition 3.2.15 A graph of CW -complexes I'x is given by a graph I" with involution
and an assignment of C'W-complexes X,,, X, to each vertex v of V(I') and to each edge
y of E(I") respectively; and satisfying X, = Xy, and a cellular map f, : X, — Xy, for
each edge y € E(I).

We now define the total space of a graph of CW-complexes.
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Definition 3.2.16 Given a graph of C'W-complexes, I'x, the total space Tot(I'x) is
defined as the quotient of

(U{szv eV(r)}) U (U{Xy xI:yeE(F)})
by the identifications

Xy, xI — XyxIby (z,t)— (x,1—1)
Xy x0 — Xy by (2,0) = fy(x).

To relate the total space and to the fundamental groupoid m(I'g) of a graph of
groups we recall the construction of m (I'c).
We have the free product groupoid A(I'g) = ‘I7I(F)Gv « F(I') which is the amalga-
ve

mation over vertex set V(I') of ‘I7I(F)Gv and F(I'). We then factor by an equivalence
ve

relation to obtain m (I'g).

For spaces, we let A(I'x) = \|7|(1“)XU ' where * is the amalgamation of spaces over
ve

vertices.
If (X, Xo) and (Y, Yp) are spaces with base points then X %Y is given by the pushout

X0|_|}/0—>XOUYE)

| |

XUY —=Xx*xY

For A(T'x) we have the spaces (X, V(I')) where X = X, and (', V(T')). The space
X I is the space amalgamated over V(T').
The total space Tot(I'x) can then be given by the quotient of

A(Dx) U (u (X, x1:y€ E(r)})
by the identifications

Xy xI — XyxIby (z,t) — (x,1—1)
Xy x0 — Xy by (2,0) = fy(x)
Xyx1 — Tby (1) —y.

which can be thought of as “gluing” cylinders onto A(TI'x).
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We choose spaces such that 7 (X, V(I')) ~ G and 7 (I', V(T")) ~ F(I).

The following example relates to the free product with amalgamation of groups.

Example 3.2.17 If given a graph I' := uév then the total space Tot(I'y) is
7

given by the disjoint union of the spaces X,, X,, X, x I and X5 x I associated to the

vertices and edges of I' and the following identifications;

Xy x 1 — XyxIby(x,,t)— (5,1 —1)
X, x0 — X, by (z,,0) — f,(z,) =z,
Xy x0 — Xu by (l’y, O) — fy(l’y) = Ty,

where the suffix of x denotes what space the element belongs to. We then have the

following classes of elements;

[Iv’ (x@ O)a (zy’ 1)]
[, (2,0), (27,1)]
[(zy,1), (xg,1—1)] fort #0,1

We note that these identifications are related to adjunction mappings and mapping

cylinders. O

Graphs of groups, C'W-complexes and aspherical CW-complexes are used in this
thesis to determine whether a group has an aspherical presentation. We need a con-
nection between these structures.

Given a graph of groups I'¢ (defined classically), we can associate connected 2-
dimensional C'W-complexes X, and X, to the vertex and edge groups with 7 (X, %) >~
G, and m (X, *) ~ G,. The injective group homomorphisms i, : G, — Gy, induce a
homomorphism 71 (X, ¥) — 71 (X, *) and a continuous map (X, *) — (X, *) by

the following result.

Lemma 3.2.18 For any homomorphism ¢ : w1 (X2 x) — m(Y,y) there is a map

a: X =Y with o, = ¢ (where a, is the induced morphism of fundamental groups.

Proof The cells of X? give a presentation m;(X?) = (ay,...,a, | 71,...,7m) = (A | R).

The image of the generator a; by ¢ is an element of m;(Y") represented by a map
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(S, 2) — (Y,y). The family of maps for all a; is used to define a! : X! — Y and o}
is the map of fundamental groups induced by a'.

We then have the following diagram.

(A| Ry ~m(X? 1)

which commutes, by construction of a'. Hence aj(r;) = 1. For each 2-cell of X, with
characteristic map y : (D?, S') — (X?, X', z) the class of x|s: is r; and the class of
a'-x|st is al(r;) = 1. Thus o' -y, is nullhomotopic, so there is a continuous extension
Y+ D* — Y with 9|1 = a' - (xj]s1). By definition of X as an identification space,
the diagram

1 . 2 . 051 w
X U(&(D x j)) >ty

inc U{Xj}l

X2
defines a map a : X — Y such that a|x1 = o' and « - x; = ¢;. Since 7 (X, z) is a
quotient of 71 (X?!, x) it follows that a, = ¢. O

So we can now define a graph of C'W-complexes where we can recover the original
graph of groups. For any graph of two dimensional C'W-complexes we can attach cells
greater than or equal to three to each X, and X, to obtain aspherical C'W-complexes
K, and K, with the same fundamental groups. Adding cells of dimension greater than
two does not affect the fundamental groups.

The map f, : X, — X extends to a map k, : K, — K, so we have a graph
of aspherical C'W-complexes still inducing I'g. The total space Tot(I'k) is obtained
from I'x by adding cells of dimension greater than or equal to three so it has the same
fundamental group.

The aspherical C'W-complex K, is a space of type K(G,, 1) its homotopy type is
determined by G, (similarly K (G, 1)). Also the map k,, is determined up to homotopy
by i, : Gy — Gyy). Thus I'k is determined up to homotopy, and its fundamental group

is unique up to isomorphism.
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Proposition 3.2.19 Scott and Wall (1979)
(i) If U'q is a graph of groups, each map G, to the fundamental group of U'q is injective.
(i1) If Tk is a graph of aspherical spaces, the total space Tot(I'x) is aspherical.

Proof Given a graph of aspherical spaces, for each vertex v of I', the space
L,=K,u{ U K, xI}
t(y)=v

admits K, as a deformation retract as the cylinders K, x I glued to K, collapse down
to K,. Hence L, is a contractible space.

By the results that every connected CW-complex has a universal cover and if the
CW-complex is aspherical then its universal cover is aspherical, the universal cover EU
of L, is contractible.

Further as G, — G, is injective the sequence induced by the pullback of spaces

K,— K,
K,—=K

- v
Ly

where i, is injective on m of K, and K, shows that l?y is the universal covering space
of K, and hence contractible. So L, can be obtained by attaching copies of I}y x I to
K,.

We now construct a space Y = UY™ by induction. Choose any vertex vy of I' and
set EUO. For any n > 1, the space Y ! will have had a number of copies of [?y x I
attached each along I?y x 0 for various edges .

We define Y™ to be the union of Y"~! with a copy of Zt(y) for each such copy of
K, x I in Y"1 identified along K, x I. For Y we glue the L,’s to Y for those v of
the form t(y) = v for y in L.

Since we are attaching contractible sets along contractible subsets each Y"1 is
contractible.

We set Y = UY™ with the weak topology then Y is also contractible. There is
a projection Y — Tot(I'k). By construction of Y, Tot(I'k) is evenly covered by Y

which proves (ii). Since for each K, C Tot(I'x) the induced covering of K, contains
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the universal covering by the sequence obtained from the pullback of spaces

K, Y

)

K, — Tot(Ik)

and 7 (K,,z) — m(Tot(I'k)) is injective. O

We note that we have already proved part (i) of proposition 3.2.19 by theorem 2.1.7.
In the above proposition 7 (I'g) is defined as the fundamental group of the total space

of the graph of groups and hence different methods are employed.
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Chapter 4
Crossed Complexes

This chapter defines crossed complexes of groupoids which are analogous to chain
complexes but contain non-abelian information in dimensions 1 and 2. The motivating
example of a crossed complex is obtained by applying the fundamental crossed complex
functor to a filtered space. This connection between filtered spaces and crossed com-
plexes allows modelling topological proofs with crossed complexes. The fundamental
crossed complex provides an algebraic model of a filtered space in which we can carry
out calculations.

After defining a crossed complex, we show how to construct a free crossed resolution
of a finite cyclic group and we define the tensor product of crossed complexes. In
Section 4.2 we will apply these resolutions to the results on crossed complexes obtained
from CW-complexes.

For the motivation and history of crossed complexes we refer the reader to Brown

and Higgins, Crossed Complezes and Non-Abelian Extensions [5].

4.1 Crossed Complexes over Groupoids

This section gives the definitions of different types of crossed complex; explicit examples
and morphisms of small free crossed resolutions. We then show how CW-complexes

and crossed complexes are related by the fundamental crossed complex functor.
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4.1.1 Groupoid Modules and Crossed Modules

In this subsection we define groupoid actions, groupoid modules and crossed
groupoid modules, which are used to define crossed complexes over groupoids in sub-
section 4.1.2.

A right action of a group H on a set S is a function S x H — X, (s, h) — s" such
that s* = s and (s")" = s") for all h, h' € H. The set S is called a H-Set. The
right action of a group on a set is the same as a contravariant functor F': H — Sets
where H is viewed as a groupoid with one object denoted *, and F'(x) = S for some S
in Sets, the value of F'(h) is a bijection of S, and s" = F(h)(s).

We can adapt the idea of H-Sets to H-Sets where H is a groupoid. A right action
of a groupoid on sets is equivalent to a contravariant functor F' : ‘H — Sets. So if
h € H(u,v), F(u) = X, and F(v) = X,, then F(h) is a bijection from X, to X,

h ’ F(h)

F(n
L N A F(u) )

F(v) F(w) € Sets.

For x € X, (:ch)h/ = 2" provided h, k' are composable in H. For each object group
H(u) of H, F restricts to an action of m(H,u) on X, = F(u).

Further, we extend the notion of H-Sets to H-Gpds. A right action of H on
groupoids is a contravariant functor F' : H — Gpds where for u € Ob(H), F(u) = X, a
groupoid, F(1,) is the identity morphism on X, and for h € H(u,v), F(h) : X, — X,
is a groupoid isomorphism and we write g" for F(h)(g). The action of u—">v € H
on x—2=y € F(u)is gh Lyh € F(v). For each object u of H, F restricts to an
action of m (H, u) on F(u). We shall only be interested in groupoid actions on totally

disconnected groupoids, since these actions occur for crossed modules of groupoids.

Definition 4.1.1 Suppose G and H are groupoids over the same object set and G is
totally disconnected. Then a groupoid action of H on G is given by a partially defined

function

Arr(G) x Arr(H) —  Arr(G)
(9.h) = ¢"

which satisfies, for all g € G(u), h € H(u,v) and h; € H(v,w),
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(i) ¢" € G(v), and (1,)" = 1,,
(ii) (9g91)" = g"g1", and

(iii) g®™) = (¢g")" and g' = g.

(991)"™M
g g gt gr Q
P, YD w
h h1
U v w

Figure 4.1: Action of H on G

We call a groupoid action of H on G an H-action on G. The following two examples

are well known group actions and are used to construct a free crossed resolution of a

group.

Example 4.1.2 Given a group G and subgroup H of G the trivial action of H on G
is given by the function (g, h) — g. O

Example 4.1.3 Given a normal subgroup H of a group G, the conjugation action of
H on G is given by the function (g, h) — h=tgh. O

The following example is the corresponding conjugation action for groupoids.

Example 4.1.4 If G is the largest totally disconnected subgroupoid of a groupoid ‘H
then H acts on G by ¢" = h™'gh. O

We now define H-modules and free H-modules which we will use to construct a free

crossed resolution.

Definition 4.1.5 An H-module (M, H) is a pair of groupoids, where M is a family
of abelian groups M(u), u € Ob(H), together with a specified action of H on M.

A morphism of groupoid modules is a pair (6,¢) : (M, H) — (N,K) where ¢ :

H — K is a morphism of groupoids and 6 is a family of morphisms of abelian groups
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O(u) :== M(u) — N(é(u)) preserving the actions, that is 0(v)(m") = (6(w)(m))*")
when m € M(u) and h € H(u,v).

Definition 4.1.6 An H-module (F,H) is free on generators X (u), u € Ob(H) if there
exists a map X (u) — F(u) for all u and given any H-module (M, H) and maps f(u) :
X (u) — M(u) for all u € Ob(H) there exists a unique morphism (F,H) — (M, H).

The following example is used in subsection 4.1.3 to give a free crossed resolution

of finite cyclic groups.

Example 4.1.7 If C, is a cyclic group of order r with generator x then a free C,-
module (F,C,) is a free abelian group of rank r. If F' is a free group with generator y
then (F,C,) is additively generated by y-1,y-z,...,y-2"~*. We say that (F,C,) is

free on one generator y together with a circular C,-action. O

We recall that for any group G, the set Z[G] denotes all formal sums of the form

> a,g where a, € Z and only finitely many of the a, are non-zero. The set Z[G] has a
geG

natural structure of a free abelian group with basis the set |G| of elements of G. Right
multiplication gives an action of G on Z[G]: (> ay9) -9 = > a,(gg9’). We show there

is an isomorphism between a free C,-module and Z[C, .

Proposition 4.1.8 A free C.-module (F,C,), given by a C.-action on a free group F

on one generator where y is the free generator of (F,C,), is isomorphic to Z|C,].

r—1 r—1
Proof The isomorphism (F,C,) ~ Z[C,] is determined by > a;y - 2' +— > ax’. O
i=0 i=0

We now define two special types of groupoid module, crossed modules and free
crossed modules. For more details on free crossed modules and their construction see

Brown and Huebschmann, Identities among relations [9].

Definition 4.1.9 A crossed module X = (n : G — H) consists of an H-action on G
and a morphism of groupoids p : G — H, satisfying

(i) u(g") = h~"(ug)h,
(ii) g"" = g1 ‘g
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for all g, g1 € G, h € H whenever the terms are defined.

Definition 4.1.10 A morphism of crossed modules X1 = (1 : Gi — Hi) to Xy =
(p2 : Go — Ha) is a pair of groupoid morphisms (6 : G; — Gy, ¢ : H; — Hs) such that
Pp1 = o6 and the actions are preserved, 6(g") = 0(g)*")

Crossed modules allow for free models of the inclusion map N — F of a normal
subgroup of a group and give non-abelian information. We now give examples of crossed

modules for groups and groupoids.

Example 4.1.11 There is a crossed module of groups (0 : ' — C,.) where F' is the
free group on the generator y, 0 is given by d(y) = x, and the action of C, on F'is the
trivial action y* = y. More generally, any morphism of abelian groups (u: A — A’)

can be regarded as a crossed module where the action of A on A’ is trivial. O

Example 4.1.12 A conjugation crossed module of groups (i : N — G) is given by N
a normal subgroup of a group G, i the inclusion map, and nY = g~ 'ng.

This generalises as follows. Suppose H is a connected groupoid and N is a totally
disconnected normal subgroupoid of H. Then the inclusion map i : N’ — H and the

action n” = h~'nh gives a crossed module of groupoids. O

We now define a free crossed module using graphs and a universal property.

Definition 4.1.13 Let H be a groupoid, and I' a totally disconnected graph where
V(I') = Ob(H). The path groupoid PI' is a totally disconnected union of free groups
and the rank of PI'(u) is the number of loops at w in I'. A graph morphism v : I' — I'H
which is the identity on vertices determines an unique groupoid morphism v : PI' — H
which is the identity on objects. We define the free crossed H-module on v to be a
crossed module X(v) = (0 : C(y) — H), together with a groupoid morphism 7 : PI" —
C(7) such that

(i) 7 =7,

(ii) if X = (u: G — H) is a crossed module and f: PI' — G is a groupoid morphism
which is the identity on objects such that pf = ~, then there is a unique morphism
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(f, 1) : (X)(y) — X of crossed H-modules such that f'7 = f.

We now give examples of free crossed modules for groups and groupoids.

Example 4.1.14 If H is a free group on Y then the identity crossed module (1 : H —

H) is a free crossed module on Y. The action is essentially conjugation. O

Example 4.1.15 If (0 : F — G) is a free crossed G-module on X — G where G is a
group then (8" : F'x {0,1} — G xT) is a free crossed G x Z-module on X xI' — G xT

where I' consists of two identity loops. O

Example 4.1.16 If (X : R) presents the group G then we get a free crossed F(X)-
module (d; : C(R) — F(X)). The group C(R) is generated as an F(X)-group by
the set R and its elements are of the form ¢ = ]ﬁ[(rfl)“l where n > 0, 7, € R, and
e = {+, —}. The morphism 9, is defined by 52(7“5)71: u~ ¢ (r®)u subject to the crossed

module rule ¢ = ¢t ee; for ¢, ¢; € C(R). O

The following result is used in Subsection 4.1.3 defining a small free crossed reso-

lution which then makes computations neater.

Lemma 4.1.17 If (i : M — P) is a free crossed P-module on one generator m and

P is abelian, then M is also abelian and is acted on trivially by pu(M).

Proof As a group, M is generated by elements m? for all p € P. But mPm? = m®+9) =
mla+P) = mImP. Hence M is abelian. So if n € M, then m*™ = n~'mn = m and u(n)

acts trivially on m and so on M. O
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4.1.2 Crossed Complexes

Crossed complexes are similar to chain complexes but can hold non-abelian information.
The concepts of morphisms and homotopies of crossed complexes are modelled on the
chain complex analogues. For more details on connections between chain and crossed
complexes we refer the reader to Brown and Higgins, Crossed Complexes and Chain
Complexes with Operators [7].

In this subsection we give the definition of a crossed complex and properties of
crossed complexes. We also define the tensor product of crossed complexes which will
be used in for constructing the total crossed complex of a graph of crossed complexes

n section 4.2.

Definition 4.1.18 A crossed complez (C, x) (over a groupoid) is a sequence

Xn+1 Xn Xn—1 X3 X2
ST Cn ——Cp_1 e C2

C==0C
given by
1. a crossed module of groupoids (x2 : C; — C;) with object set Cy, and
2. for n > 3, C;-modules C,, such that the image of y, acts trivially on C,,, and

3. for n > 3 the C;-morphisms x, : C,, — C,_1 are Cij-operator morphisms which

satisfy xn_1xn = 0.

The arrows of the groupoid C, are said to be in dimension n and we write x for x,
when the dimension is clear.

For n > 2, C, is a family of groups {C, (u) }uec, and for n > 3 the groups C, (u) are
abelian. We use additive notation for all groups C,(u) and the groupoid C; and denote
the action of h € C; on g € C,, by g".

A morphism of crossed complexes f : (C,x) — (D,d) is a family of morphisms of
groupoids f, : C, — D,, for n > 0, compatible with the C;— and D;— morphisms and
the C;, Dy actions: 0, f, = fa_1Xn and fo(g") = fu(gn) 1.

The category of crossed complexes, Crs, has objects all crossed complexes and

arrows all morphisms of crossed complexes.
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An m-truncated crossed complex (C, x) consists of all the structure for a crossed
complex but only for n < m. An m-truncated crossed complex for m =0, 1 and 2 is
a set, a groupoid, and a crossed module respectively. To turn an m-truncated crossed
complex into a crossed complex we let C,, be a trivial C;-module for n > m.

As for groupoids we have an unit interval object in the category of crossed complexes

which we will use to define a cylinder in the category of crossed complexes.

Example 4.1.19 The unit interval crossed complex Z := (Z, 1) is determined by the
groupoid Z in dimensions 0 and 1 and Z,, for n > 2 consists of two objects and their

identity arrows. The morphisms i, for n > 2 are identity morphisms. O

The fundamental groupoid m(C,x) of a crossed complex (C,x) is the quotient of
the groupoid C; by the normal totally disconnected subgroupoid x2Cs. By definition
of a crossed complex, C, for n > 3 has the induced structure of a m(C, x)-module.

A crossed complex is free if C; is a free groupoid on some graph I'y, Cs is a free
crossed Ci-module for some v : I'y, — Cp, and for n > 3, C, is a free m;C-module on
some graph I',,. A crossed complex (C, x) is exact if for n > 2, Ker(x,,) = Im(x,41)-

If (C,x) is exact and G is a groupoid, then (C, x) together with an isomorphism
m1(C, x) — G is called a crossed resolution of G. 1t is called a free crossed resolution of
G if (C, x) is also free.

We now define the tensor product of crossed complexes constructed by Brown and

Higgins [6].

Definition 4.1.20 If (A, «) and (B, 3) are crossed complexes, then
(C,x) = (A, a)®(B, 3) is the crossed complex generated by elements a®b in dimension
m + n, where a € A,,, b € B, with the following defining relations:

1. ta®th = t(a®b).
2. (a®@b)"®" =g @b ifm >0, n>2, b €B.
3. a" ®@b=(a®@b)¥®ifm>2 n>0, a € A.

4. If b+ b is defined in B,,, then

a@b+axb ifm=0,n>1lorifm>1, n>2
(a@b)® faxb ifm>1, n=1.

a®(b+b'):{
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5. If a + d’ is defined in A,,, then

a@b+d @b ifm>1, n=0orifm>=2 n>1

a+d)®b= )
( ) {a’@b—i—(a@b)“@tb itm=1n>1.

(The reversal of addition is significant only when m =n = 1.)

6. x(a®b) =
(e @b+ (—1)™(a ® 5b) itm>2 0>,
—(a® Bb) — (ta @ b) + (sa @ b)*®® iftm=1,n>2,
(=)™ a@th) + (=1)™(a @ sb)*** + aa @b if m>2, n=1,
—ta®b—a®sb+sa®@b+a®th iftm=1 n=1,
a® b iftm=20, n=>2,
aa®b ifm>2 n=

a®sb ifm=0 n=1,
sa®b ifm=1 n=0

s(a@b):{

a®th ifm=0,n=1,

tla®b) =
( ) {ta@b iftm=1, n=0.

We now give an example of a tensor product of crossed complexes which we will

use to define a cylinder and homotopy of crossed complexes.

Example 4.1.21 The crossed complex ARZ := (A, «)®(Z, 1) is generated by elements
Up—1 @, a, ®0 and a, ® 1 in dimension n. The morphisms 0, : (A®T), — (ARTL),—

are defined as follows:

op(a, ®0) = ana, ®0
n(a, ®1) = apa, ®1

an_1®1—an_1®0 ifn=2
la®1) = —p 1 @1+ (a1 ®0)*4® + v, qa,_1 @t if nodd
a1 @1 — (a1 ®0)4% + @, 10,1 @1 if n > 2 and even
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For work on graphs of crossed complexes we need a crossed complex cylinder C®Z,
and Z in the category of crossed complexes is used to denote the crossed complex of

the unit groupoid Z see Example 4.1.19.

Definition 4.1.22 A cylinder in the category of crossed complexes can be defined by
the functor
MEC):C—CRZT

together with the natural transformations
ZQC—>C®I ’éo(C):(C,O)
11C—>C®I ’él(C):(C,l)
and o : C x T — C is the projection onto C.

We recall from Chapter 3 that homotopies of morphisms is defined using cylinders.

Definition 4.1.23 A homotopy h : f =~ ¢ of crossed complex morphisms f,g :
(C,x) — (D,0) is given by a crossed complex morphism h : (C,x) ® (Z,i) — (D,9)

such that the following diagram commutes.

/C,x)
io !
(C.x) ® (Z,1) g (D,0)
\(C )/
» X

Proposition 4.1.24 Specifying a homotopy h : f ~ g is equivalent to specifying the
morphism g together with a map ¢, : C, — D,y1 which satisfies the following.

(i) t(¢oco) = gco
(ii) t(pncn) = t(ge,) forn > 1

(11i) ¢n(cn - c1) = (Pncy) - ger formn = 2

90



(iv) ¢1(c1 +c)) = (g1c1) - ge1 + ¢ic)
(v) énlci+¢,) = dncn) + Onc), forn > 2.

The morphism f is then completely determined by

S(%CO) = fa
Sa(prer) = (ger) ™'+ (¢oscr) ™" + fer + ot
1 (Pncn) = (gcn) ™+ (fen) - dotcn + (¢n-10ncn) ™" forn =2

Definition 4.1.25 Two crossed complexes are homotopy equivalent if there exists
crossed complex morphisms f : (C,x) — (D,d) and ¢ : (D,d) — (C,x) together
with homotopies h : fg ~ Idc and k : gh >~ Idp.

Proposition 4.1.26 Given free crossed resolutions (C,x) and (D, ) of two groups G
and H, the tensor product (C, x)® (D, ) gives a free crossed resolution of their product
G x H.

We refer the reader to the proof of Theorem 3.1.5. Theory and Application of Crossed
Complexes [24] for the proof.

4.1.3 Free Crossed Resolutions

In this subsection we will give a small free crossed resolution F¢, of the cyclic group
C, of order r. We will then consider a corresponding free crossed resolution F¢, of the
cyclic group of order rl and construct a morphism of crossed complexes from F¢, to
Fc,,- The aim of this subsection is to move away from the abstract definitions and to
exploit the computational features of crossed complexes.

We give a free crossed resolution (F, ¢) over a group G = (X | R) by considering
the following diagram of a morphism of a free crossed resolution to a crossed complex.

We omit the object set Cy of a crossed complex when working with groups.

o2

Fs Fa Fs Fo Fi
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We let F; be the free group on the set of generators of G and ¢* is the identity on
generators. We choose ¢y : Fo — F; to be the free crossed module of the presentation
and we can recover the group G from the top resolution by the quotient Fi/¢o(F3)
which is isomorphic to G.

Given free crossed resolutions F; and Fp of groups G and H and a group homo-
morphism f: G — H, then f can be lifted to a morphism f : 75 — Fy which is unique

up to homotopy. The following result is well known but given for completeness.

Theorem 4.1.27 Let (C,x) be a free crossed complex of the group G, let (D, d) be an
exact crossed complex of the group H, and let o : G — H be a group homomorphism.
Then there exists a morphism of crossed complezes k : (C,x) — (D,d) such that
0*k1 = ax® where 0* : D1 — H and x* : C; — G and any two such morphisms of

crossed complexes is unique up to homotopy.

Proof We first define k; : C; — D;. The group C; is free on X; say and y* is
surjective, so for each x € X choose ki(x) such that §*k;(x) = ax*(z). Then extend
to a morphism.

The group Cs is a free crossed Ci-module on Yo' : Xy — C;. If x € X, then
0*k1x2(x) = ax*xa(z) = 1. By exactness kjxa(z) € Imds.

We choose ky(x) € Dy such that doko(z) = k1x2(x). Since dy : Dy — Dy is a crossed
module and Cy — C; is free on X5 then we extend ks on X5 uniquely to a morphism
ko : Co — Dy such that doke = kyxo.

For n > 2 we consider the following diagram.

Xn+1 Xn
Cn-l-l Cn Cn— 1

We know that 0, _1kn,_1xn(x,) = 0. By exactness k,_1Xn(,) = 0,(y,) for some y,,.
Let k,x, = y,. By freeness this defines k,,. As x,, generates C,, d,k, = kn_1Xn-

So suppose k,l: (C,x) — (D,d) such that 6*k; = ax* and 6*l; = ax*. Then there
exists a homotopy h : k ~ (.

Recall X; is the generating set for C;. By properties of morphisms of crossed

complexes, for all x € X3, ¢ fix = fopxr = pgiz. Therefore ¥(fiz — g12) = 0 and there
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exists hix € Dy such that dohix = fix — grx. Since C; is a free group there exists a
unique g;-derivation h; : C; — Dy such that dshici = fie1 — gieq for all ¢; € Cy.

Let x € X5 where X5 is a generating set for C, and d3hoxr = for — gox — hyxaw.
Then there exists an hox such that dy(foxr — gox — hyxex) = 0.

0203hox = 09 for — d2gox — doh1 2T
= fixeT — gix2x — O2h1X2T

= fiXoT — giX2% + giX2® — fiXo¥
= 0.

For x € X,, (n > 2) where X, is a generating set for C, and 0, 1h,z = f,x — g,z —
hp—1Xnz. Then there exists an h,x such that d,(f,x — g,z — hp_1xnx) = 0.

5n6n+1hnI - 5nnt - 5719711' - 5nhn—1XnI
= fn1an — Gn—1XnT + hn—2Xn—1an + In—1XnT — fn—anx

= 0 since h,_oXn_1XnT = 0.
O

We will illustrate the above process by lifting the injective morphism f: C, — C,.,,
of cyclic groups to a morphism of small free crossed resolutions of finite cyclic groups.
This is needed for homotopy pushout calculations.

A free crossed resolution for finite cyclic groups is given by Brown and Wensley [10]
which we now describe.

A free crossed resolution F¢, := (A, ) of the group C, is given by a sequence

Qn41 « Qn—1 [e71 asg a2
..L>An_">An_1 n A3 A2 -Al

where each A, is free on one generator a,,, say.

We choose C,. to have group presentation (a | a” = 1), A; := (a;1) to be the free
group on one generator aj, and o : A; — C, to be defined by a*(a;) = a.

The crossed Aj;-module A, is free on one generator as with as(ay) = aj. By
Lemma 4.1.17 A, is also a free C,-module on the generator as. Thus in dimensions

n > 2, we have an isomorphism of C,-modules A,, ~ Z[C,], but it is convenient to keep
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the separate notation. We denote the A;-action on an element a, € A, by a, - a; An
element of A, is of the form a, - z where z € Z[C,] and so A, is additively generated
by @, an - a,...,a, - a"~'. The group A; acts on A, by its image under o* so an
element @’ of C, acts on the generators a, - a* of A, by cyclically permuting them,

(an -a')-a? = a, -a"). We set ay(as) = @} and o, : A, — A,_; for n > 2 is given by

an_1-(a—1) for n odd
o (an) =
an_1 - Ny(a) for n even and n > 4.

where N,(a) :=1+4+a+---+a" ! and a,(a, - a') = a,(a,) - a*. We note that N,(a) -

(a — 1) = 0 which we use to check the crossed complex F¢, is exact.
r—1
An element of A; can be represented by > x;a’. To check Imay, 11 = Kera,, we have
i=0
two cases where n is odd and n is even.

For n odd, the kernel of «,, is determined by,

r—1 r—1

ozn(z:ciai) = inai (a—1)
: i=0
= (wo+za+-+mz_1a" ") (a—1)
(21 — o) + (zo +21)a+ -+ (Xp_g — 2p_1)a” L.

For the last equation to equal 0, all the x; equal the same value. Hence the kernel of
a, = IN,(a) for all | € Z.

The image of a1 is given by,

r—1 r—1
an+1(Zx,~a’) = Z:Eia’ - N,(a)
i=0 i=0

= xo+za+---+a,_a"

+ X1+ Toa 4 A Tpa” T
+a1 + 00+ -+ x9a" !
= k(l+a+a®+---+a" ") where k = (zg+ -+ +1,_1)
= kN,(a)
which gives the result Im(a,11) = Ker(a,,) where n is odd. Similarly for n even.
We call this free crossed resolution of the cyclic group C, the small free crossed

resolution of C,.
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Similarly the small free crossed resolution F¢, := (B, ) of the group C,; is given

by the sequence

Bn 1 Bn—
L P Bn B Bn—l L Ba 83 B3 82 B2 817

where C,; := (b | b = 1), where B,, for n > 2 is generated by b, as a free Z|C,;]-module,

and morphisms [, are defined on generators as follows:

byt forn =2
Bn(bn) = byq-(b—1) forn odd
by—1 - Ny(b) for n even and n > 4.

Given small free crossed resolutions F¢, and F¢,, for C, and C,; and the inclusion
f: C, — Oy defined by f(a) = b' we can construct a morphism f : (A,a) — (B, 3)
of free crossed resolutions and label the family of morphisms f; mapping an element
in dimension ¢ of F¢, to an element of dimension ¢ in F¢,. We consider the following
two diagrams where we use the notation Z[C,| and Z[C,,] in the resolutions as this is

more suggestive.

== Z[C,] == Z[C,] == Z[C,] = Z[C,] == A A== C,
J/fs lle lfs J/fz lfl lfl lf
2100 -2 700 2 7)o 2 700 -2 B, B, =,

The morphism f; on the free groups should make the second diagram commute.
Since fa*(a;) = f(a) = b and 3*(b;) = b we choose f(a;) = bt.
To construct the morphisms f; we use the conditions of a crossed complex morphism

that squares commute, f, 1, = 3,f,, and the action conditions are preserved.

Theorem 4.1.28 The inclusion f : C, — C,, given by f(a) = b’ lifts to a morphism

of small free crossed resolutions of groups C,. and C,; defined on generators by

b, forn=1
folay,) = b, forn even
by - Ni(b) forn >3 and n odd.
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Proof We first check the action conditions and note that f,(a, -a’) = f,(a,)-f(a’). In
calculating a? and b? we regard p as in Z, and q as in Z,,.
folan -a"-d’) = fula,-a™*?)
= fulan) - f(aHj)
= fulan) - bt

falan -a’) -f(a’) = fu(an) - f(a') - f(a)
= fn(an) O Y
= fulay) - pli+7)

We now check the squares commute. We begin by checking the first square fias = (s fo.

fraz(as - ai) = fi(az(az) - ai) Bafa(as - ai) = Ba(f2(az) 'f(ai))

= fi(a] - @) = [Ba(by - 0")
= fi(ay) - f(ai) = Ba(b2) - b
= b’{l z _ b?{l b

We now consider the following two squares for the general cases f,,_1«a,, = 3, f, where

n > 2.
Ny (a)

1 710,]
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For n odd we have the following checks.

forom(an - a') = foi(an(ay,) - @)
= for(tn-(a—1)-a")
= foo1(an) -fla—1) - f(a")
= b,_1- (bl —1)- bt

Bufnlan -a') = Bu(falan) - f(a"))
= Ou(by - Ni(D) - ")
= Bu(bn) - Ni(b) - b
= bp_y-(b—1)- Ny(b)-b"
= by - (0 —1)-0"

Similarly for n even we have the following checks.

foran(an-a') = fua(an(a,) - d)
= fo-1(an-1- N(a) - a')
= fac1(an_1) - £(N,(a)) - £(a")
= by_y - Ny(D) - N, (b') - b
= bp_y - Nyy(b) - b"

Bufulan -a') = Bu(falan) - f(a"))
= Bu(ba-b")
= Bu(ba) - V"
= b1 Ny(b) - 0"

4.1.4 Fundamental Crossed Complexes

In this subsection we define the fundamental crossed complex functor which provides

the link between CW and crossed complexes. To obtain relationships between CW and
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crossed complexes we will consider the following categories and functors.

B
Crs=—____— —=Top

T

N

SimpSet

The motivating example for crossed complexes is given by the fundamental crossed

complex functor 7. The fundamental crossed complex w(X,) of a filtered space
X XoCXpC-rCX,C---C X,

where 71 (X,) is the fundamental groupoid (X3, Xo) and for n > 2, 7,(X,) are the
relative homotopy groups 7, (X,,, X,,_1, z) for all  in X,. For n > 2 there is an action
of m(X) on m,(X.), a boundary map 9§ : m,(X,) — m,_1(X,) and source and target
maps s, t: m(X,) — Xo. This defines a crossed complex. Hence given a CW-complex
X we can obtain a crossed complex C' such that 7(X) ~ C. To show that given a
crossed complex C' we can obtain a CW-complex X such that 7(X) ~ C we need to
define the functors N, B and | |.

The category Simpset has objects simplicial set and arrows simplicial maps. The

functor | | is the geometric realisation of a simplicial set. If K is a simplicial set, then
K] = (U (K, x A")/ ~

where A™ is the standard n-simplex and ~ is the equivalence relation generated by
(diz,t) ~ (z,0t) if € K, and t € A"! and (s;z,t) ~ (z,0't) if x € K, and
te AmL

We have already defined the category of crossed complexes. The nerve functor
N applied to C a crossed complex gives a simplicial set defined in dimension n by
(NC),, = Crs(rA", C).

The functor B is called the classifying space functor. Given a crossed complex C,
B(C) is the geometric realisation of the nerve of C, B(C') = |[NC/|.

We can now show that given a crossed complex C' we can obtain a space X such
that 7(X) ~ C. Let C be a crossed complex and C,, be the m-truncation of C. We

98



then have a crossed complex which we call a filtered crossed complex
C.:CyCC;C---CCpC--e

This gives rise to a filtered space B(C,). It is proved in Ashley, T-complexes and
Crossed Complexes [1] that there is a natural isomorphism 7B(C™) ~ C.

We now state results on crossed complexes and their relationship with CW-complexes
to prove theorem 4.2.3.

If X, is a filtered space defined by the skeletons of a CW-complex X then 7(Xj) is
a free crossed complex. Further, if X is aspherical then 7(Xj) is exact and so a free
crossed resolution of m1(Xs, Xo) = m1(X,,, Xo) for all n > 2. We refer the reader to
Whitehead, Combinatorial Homotopy 2 [25] for details and proof.

If X and Y are CW-complexes with skeletal filtration X, Y, then we have the

isomorphisms of crossed complexes
(X)) @ w(Ys) = (X ®Yy)

where X; ® Yy = (X ® YY), is the skeletal filtration of the product X x Y and 7(X;) ®
7(Ys) denotes the tensor product of crossed complexes. We refer the reader to Brown

and Higgins [3] for details.

Theorem 4.1.29 If the CW-complex X s the union of a family of sub-complexes X,

A € A, closed under finite intersection, then the natural map
colimym(X,)A — 7(X,)

s an tsomorphism.

If C is a free crossed resolution of a group G, with basis elements z, in dimensions
n, then there is a CW-complex X with n-cells in one-to-one correspondence with the
elements of z,, n > 0, and an isomorphism of based CW-complexes 7 X* ~ C. Further a
morphism ¢ : C'— D of such based crossed complexes is realised by amap f: X — Y
of based CW-complexes such that 7f = ¢. For further details refer to Whitehead,
Combinatorial Homotopy 2 [25] and Simple Homotopy Types [26].
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4.2 Graphs of Crossed Complexes

In this section we adapt the methods used in subsection 3.2.2 on graphs of CW-
complexes by defining graphs of crossed complexes and the total crossed complex of a
graph of crossed complexes. The total crossed complex is used to obtain a free crossed
resolution. We give details of the relationship between the total crossed complex and
the fundamental crossed complex of a total space. The second section gives details of
computations and gives concrete presentations for free crossed resolutions built from

small free crossed resolutions.

4.2.1 Total Crossed Complex

In this subsection we define a graph of crossed complexes and a graph of free crossed
resolutions induced from a graph of groups. We then give an example of a graph of small
free crossed resolutions which will be used in subsection 4.2.2 to obtain information
about fundamental groups of graphs of groups.

We then define the total crossed complex of a graph of crossed complexes by double
mapping cylinders of crossed complexes in an analogous way to homotopy colimits of
graphs of groups.

The main result of this chapter is that the total crossed complex of a graph of re-
duced free crossed complexes gives a free crossed resolution of the fundamental groupoid
of the graph of fundamental groups.

We adapt definition 3.2.15 of a graph of CW-complexes to define a graph of crossed
complexes I'¢ as we will be exploiting the relationship between

CW-complexes and crossed complexes in theorem 4.2.3.

Definition 4.2.1 A graph of crossed complexes I'¢ is given by a graph I' with invo-
lution, crossed complexes C, and C, associated to each edge and vertex respectively

with Cy = Cy and a morphism of crossed complexes p,, : C, — Cy, for each edge y..

We form a graph of crossed complexes ' based on a graph of groups I'g by choosing
a free crossed resolution for each group, and morphisms of free crossed resolutions for

each morphism of groups.
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We now define the total crossed complex of a graph of crossed complexes. We model
this definition on Definition 3.2.16 of the total space of a graph of spaces. This will

enable the modelling of Proposition 3.2.19 by crossed complexes.

Definition 4.2.2 Given a graph of crossed complexes I'¢ the total crossed complex
Tot(I'¢) is defined as the quotient of

{UC,:ueVI)u{uC,®Z:ye EI)}
by the identifications

C,RT—CyT (@) — ()
Cy ®0— Ct(y) (C% ® 10) — ,uy(cZ).

Given a graph of free crossed resolutions we model the free crossed resolution by
K (G, 1) spaces and hence obtain an associated graph of aspherical spaces. By Propo-
sition 3.2.19 the total space of a graph of aspherical spaces is aspherical; and by the
fundamental crossed complex of an aspherical space is a free crossed resolution we have
the result that the total crossed complex of a graph of free crossed resolutions is a also
a free crossed resolution.

The results of subsection 4.1.4 are used to realise the graph of crossed complexes
by a graph of CW-complexes I'x. By Scott and Wall, proposition 3.2.19 Tot(I'x) is
aspherical. The above results show m(Tot(I'x)) ~ Tot(I'c). Hence Tot(I'c) is a free

crossed resolution and we obtain the following theorem.

Theorem 4.2.3 The crossed complex Tot(I'c) is a free crossed resolution of m(I'g).

4.2.2 Computations

Given the graph of groups with graph I' := u év , groups G, = Gy = C,, G, =
U

Cri, Gy := Cyy, and morphisms p,(a) = b and pg(a) = ¢™ we can form a graph of
crossed complexes. We choose small free crossed resolutions F¢, = (A, «) F,; = (B, 3)
and F¢,, = (C,x) of the groups C,, C,; and C,.,, respectively and lifted morphisms
Fe.,

and C, — C,p,.

— Fec,, and Fe, — F,, which we label f and g of the group morphisms C, — Cyy
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The total crossed complex has generators b, € F¢,, ¢, € Fe,, and a,—1 ® ¢, a, ®
0, a, ®1 € Fr, ® 7 in dimension n. The morphisms «, 3 and x are the small free
crossed resolution morphisms. The morphisms d,(a,_1 ®t) are given by example 4.1.21.

We also have the following identifications, given by the definition of the total crossed
complex. We identify (a, ® 0) with f,(a,) and (a, ® 1) with g,(a,).

Combining the definitions of §,(a,_1 ®¢), £,(b,) and x,(c,) and the identifications
we can define the morphisms of the total crossed complex of the given graph of free

crossed resolutions.

52(CL1®L) = —(*A®L)—(a1®0)+(*®b)+(a1®1)
= (m®1)—(a;®0)
= gi(a1) — fi(ar)

o m l
= ' —b

The formulae for 9, where n > 2 can be given in general for n odd and n even. We

begin with n odd.
(a1 ®1) = —(an_1 ® 1)+ (an_1 ®0)* ) + (10,1 ® 1)

= _gn—l(an—1> + (fn—l(an—l))(*A(g)L) + ap—1 - Nr(a) Xt
= —Cp1 Tt (bn—l)(*A@)L) +ap_2- Nr(a) Xt

Similarly with n even.
6n(an—1 ® L) = (an—l ® 1) - (an—l ® 0)(*A®L) + (an—lan—l ® L)
= gn—l(an—1> - fn—l(an—l))(*A@)L) +ap_1- Nr(a) Xt

(
= ¢uo1- Np(e)+ (b - Nl(b))(*f“@‘) +a,o-(a—1)®

Hence the total crossed complex is generated by b, ¢,, a, ® 0, a, ® 1 and a,_1 ® ¢ in

dimension n and the morphisms are defined as follows:

On(an, @ 1)
- b for n =2
= —Cpo1 + (by1)*4®) £ a5 No(a) @0 for n odd
Cno1 - Non(c) + (bpq - Ny(b))4®) 4+, 5 -(a—1)®¢ forn >3 and n even.
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Conclusion
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Notation

Categories

C category

Ob(C) objects of C

Arr(C) arrows of C

rc underlying graph of C

1, identity element at v

C(u,v) set of arrows from u to v in C
cor opposite category of C

CxD direct product of categories C and D
Ggps category of groups

Gphs category of graphs

Sets category of sets

T op category of topological spaces
Gpds category of groupoids

Crs category of crossed complexes
Pr category of directed paths in I'

Crossed Complexes

Z|G| free abelian group

(F,C,) free C,-module

X crossed module

C=(C,x) crossed complex

T =(Z,1) unit interval crossed complex

m(C, x) fundamental groupoid of a crossed complex
(A, a)® (B, ) tensor product of crossed complexes
Fe. small free crossed resolution of C,
C. filtered crossed complex

Graphs

r directed graph
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I'q)

Functors
F:C—D
| |

set of vertices of I"

set of edges of I"

source vertex of edge e

target vertex of edge e

set of edges from u to v

empty path at v

set of directed paths from u to v
graph map D : ' — I'C

graph

graph of groups

graph of groupoids

graph of spaces

graph of aspherical CW-complexes

groupoid

free and fundamental groupoid of T"
unit groupoid

tree groupoid

direct product of a group and tree groupoid
generating set

normal subgroupoid

quotient groupoid

left cosets

universal groupoid

disjoint union of vertex groups

fundamental groupoid of a graph of groups

functor

geometric realisation functor
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STL
Dn

nerve functor
classifying space functor

fundamental crossed complex functor

mapping cylinder of f

double mapping cylinder of f and g
integers

real numbers

unit interval

n-sphere

n-disk

filtered space
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